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Outline

» Review basics of integrating Navier-
Stokes and continuity

» Pressure and the staggered grid

* Finite-volume momentum equations
— Momentum equation coefficients

* Finite-volume continuity

* Finite-volume momentum and continuity
combine into an equation for pressure

* Solving the equations
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Review False Diffusion

» Upwind differencing causes errors
similar to having a “diffusion” coefficient
that is too large

» Causes smearing of results

» Especially noticeable in flows with sharp
gradients and shock waves

« Effectis reduced if flow is aligned with
grid (not always possible to do this)

« Different from artifical diffusion
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Review Navier-Stokes

« Continuity and momentum equations

» Apply previous work for general
variable, ¢, to finding u, v, and w

» Must consider nonlinearity (e.g., u¢ can
be uu, uv, or uw for momentum)
— Use “outer iteration process”
» Assume values for u, v, and w

» Use these values to compute the convec-
tion/diffusion coefficients ag, ay, etc.

* Use new u, v, w values to update ag, ay, etc.
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Review Navier-Stokes Approach

» Compressible flows

— Solve continuity and momentum for three
velocity components and density

— Get pressure from equation of state
» Incompressible flows
— Mach number is low

— Density is a problem input, often related to
temperature (may or may not be constant)

— Solve continuity and momentum for three
velocity components and pressure
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Review Incompressible Flows
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» Mach number is low (< ~0.3)

» Density (e.g., p = p/RT) may depend on
mean, but not local pressure

+ Can have equations like p = po( 1+ BT)
for where B = —(1/p)(0p/dT)p

» Density may be constant, but need not
be for incompressible flows
— Furnace flows a good example of this

 Basic idea is that density does not
depend on local pressure
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Review Steady 2D Problem

» Continuity and momentun equations
— Have x and y direction convection-diffusion

— Now have source term and pressure
gradient

opu dpv_
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opwu dpwa _ 3P 0 ou 3 du g
OX oy OX 8x OX ay oy
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Review Problem with Pressure

» Consider the x momentum equation for
the u velocity component at point P
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» Second-order expression ép| _ pg - py

for pressure gradientat P ox|p  28x
 With this expression the velocity at P is
not affected by the pressure at P

— Also a checkerboard pattern of pressure

.Mould compute as zero pressure gradlent
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Review Staggered Grid
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Review Staggered Grid Il

X1 X X, X X
L LT E S
A R TR
$Viaged M 4 °P ¢
] i ---r-=Y+ Jocations
1
| u;; | Uis1g!
—_
P’Itj'""""p'l‘ """ = i713 Y7 location
1 P : ofu
- —
V ) 1
L B Vi N ! Tlocation
1 bl 1
AX ! of v
-":-uun—'*"pz-l"-—-’uwﬂyr-le
! - 1
Riwtheidgs o

Finite Volume Equations

» Extend previous results for one
dimension to two dimensions

» Can use any of the difference methods
discussed for convection and diffusion
— Have four faces, n, e, s, w, in 2D
— Apply same relations to get coefficients ay,

ag, ag, and ayy, using F = pu and D =T7/3 for
each face

— As before ap = (ay + ag + ag + ay, + AF)
* Here AF = (F, - F)) + (F.—F,)
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Finite Volume Equations Il

* Integration of pressure terms

op PPy, !

{Iaxdvj_ XL (x1 =% 1)A
iJ
:(le =P )AiJ =(P|J - pl—lJ)(yj+1 —Yj)AZ
0 - Py

(0] 20,0

AV i Yi—Yia
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Finite Volume Equations Il

» Have similar equations for u and v
* b represents integrated source term

* Note that a, coefficients vary from node
to node and are different for u and v
Ay Uiy, tagliy tagliy,; +ay Ui, —apU;

a(NugUUH :(pu P )Ai.] +by”

gV T asViy o a8V 8wV, —apVYy
aﬁll)jvljﬂ = (P = Py )A +by”
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Control Volume for u (e face)
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Control Volume for u (w face)

| — o
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equations for
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Control Volume for u (n face)

Control Volume for u (s face)
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Control Volume for v (w face)

TV|j+1

equations for
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Control Volume for v (n face)

f’lj+l equations for

Control Volume for v (s face)

equations for
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Rest Stop

* Now have F and D terms for momentum
— Can use any method (central, upwind, etc.)

to compute ag, ay, etc.

 Get finite volume representation of
continuity by integration over control
volume centered about p;

* Substitute finite difference momentum
equations into finite difference continuity
equation to get finite difference equation

for pressure
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Rest Stop |l
» Solve u momentum equation for u;;
— Define a;, for this equation as a;;
ayUiy TasUyy  +agli,; +8y Uiy —aply
— (u)
_(le — P )Ai.] +biJ
AUy = ayUyyy 85U +agliy; +8y Uiy,
(u)
_(pu — P )AJ —by d, A
a.
Zanbunb y =
_ _nb )Au

U, = +(pl—l.] — Py —
a; ;|
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Rest Stop Il

* Solve v momentum equation for vy,
— Define a, for this equation as a;;

ayVij tagVi g+ agVtay Vg —apV
_ (V)
= (pu - le—l)Au +b|j
ApVyy =V T8V +agV AV
(V)
_(le - pIJ—l)AIj _blj d _ﬁ
j =
Zanbunb alj
nb AIJ i‘J ’
v = +(pIJ—l — Py I
Caltfoeniay State Linhyersity a'i alj alj 24
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Integrated Continuity Equation

opu  opv
pe.. | [%+%}dv “0
i Y
| 9PY 4yd
ydz +
uiJ Ui+1J '[ OX
° 1> ° 4> o
P Py L I dedydz =0
N AV 8y

o IVIJ’ SySZJe'd(pu)+6x62'Td(pv):0
ot OY O [(p u )e - (p u )w]+ oxdz [(p V)n - (p V)Zg] =0
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Integrated Continuity Equation Il

The Rest is SIMPLE

* Now need to find way to solve for
pressures and velocity components

» Use SIMPLE algorithm due to Patankar
and Spalding (1971)
— Semi-Implicit Method for Pressure-Linked

Equations

» Started with guessed pressures, p*

» Solve momentum equations for u* and
v* based on p* pressures
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. Fyal(pu),-(pu), ]+
PR &atl(pv), - (pv),]=0
*Vlj+l [(,D UA )|+1J - (p UA )iJ ]+
I [(pVA)lju_(pVA)lj]:O
u, Uiv13 st p
[ ] -1> () =+ e | [i+) /I (YA o —
Py Pi Prew 2 (0ALs
. Put P (UA)- i
IVI_ 2 iJ
] Puat Py
a3 S el VA L=
PIJ—l. 2 ( )I]+1
P P (yp) =0
Northridge 2 ’
SIMPLE Two
zbanbu:b ( )d pw
U-* _ nl + * N W
iJ a“ pl -1J pIJ iJ a”
Zbanbu:b ( )d pw
V*- _ + * _n* S
li 4& Piyoi = Py Ay a,

I
 Define correction terms: u’, V', p’

)

— u=u*+u
Now subtract the momentum
- VEVity equations with u* and v* from
- p=p*+p the momentum equations
Calrnb e ety with u and v N
Northridge

SIMPLE Three

Zanbunb ( ) b-(u)
Uiy = nb Py — Py diJ -
&y a;
R Zanbunb ( . i b '(u)
Ui = Py =Py iy — S
a ay
zanb(unb _unh)
* __nb ® *
Uiy —Uy _a7+ (pl—u - pu)_(pl—w — Py )}ji.]
iJ
Zanbunb
! _ nb " '
T Uiy _T-"(phu - le)diJ
Northridge iJ 2

SIMPLE Four

Zanbunb b(u)
V= h +(pIJ—1 — Py )dlj -
a|j lj
zanbunb b(u)
V*>:”b7+(p* _p‘ﬁ»_i
Ij a 13-1 13 Mij a
j i 1j
zanb(unb _unb)
V=V = = a +[(puq — Py )7(pIJ—I —Pu )]du
Ij .
z anbulnb
T . .
Vlj = +(pIJ—1_ le)dlj
Northridge *

ME 692 — Computational Fluid Dynamics




Navier-Stokes Part Two March 3, 2010

Make it Really SIMPLE Get Ready for Continuity

« Since correction terms will vanish as * Replace u’and v’ by u — u* and v — v*
iterations converge, ignore such terms ' * ( ' ' )j
Uiy =Ujy —Ujg =\Pj-iy —Pu By =

in sums over neighbors! . )
Uiy =Uig +(pl—1J —Pu )diJ

Z anbu;m

' nb ! ! - ! n . . ) .
Uy = a, +(p|fu — Py )diJ ~ (pl—lJ pubu vy =V -V :(puq —pd, =
Zanbu;nb Vij =V +(pu-1 “Pp )y =
V;j :nb—+(p;34 - Py )du ~ (D;H - Py )du « Substitute relations between u, v, and p’
a; into finite-volume continuity
Northridge . Northridge »
Finite Volume Continuity Substitute u, v into Continuity
Uy =Uj; +
P:J l IJ 1 IJ '
N - . Pris T Py _
Vi Py + Py (uA) B (pl—lJ . Pi )du 5 (uA)i+1J
l 2 1) Uiy =Uivig F n
u Ui, 1) ( | | )j Pyt P (UA)- "
o p® L PuthPu (uA), + P13 = Pis13 Misg > iJ
P 1 Pl 2 Y Ve =V 4 Py +p
4 P TPy (VA) _ IJ( ! ! ' }1 %(VA)IJH -
Iy, 5 lj+1 Piy—1 = Pig My ;
) *
Piie P T Pua (VA) -0 Vii+ _VIJ+1 + %(VA)U =0
1j '
I 2 : le p|J+1)d|j+1
Nnrtiﬁ'lulﬁt = N()l‘lhl‘l(lgt .
Finite-Volume Equation for p’ Finite-Volume Equation for p’ [l
P TP o PRI p
Pis13 TP [* ( r )d ] Prag TP a oyl —PRTPID Ay
%Aim Uity + P13 = Proas Micg |- S oy At W :
Dy ' LPun TPy A Pu tPIU-1 A i
pU +p|—lJ [ * ( ' ' }j ] | ) |J+1 IJ+1 > Vi ™
5 A Uiy +\P1og — Pig dig [+ R T R A N '
IRET Y A|+1Jd|+lJ<pIJ pl+lJ)
IJ+1 I\] * ! ! _j_‘ I_____________________________I
TR A [V- +(p -p )j ]— IR o e 5 ,
> tj+1 [Vij+1 T\P1y = Prys1 i A w%d”@” . )+
le +p|J—1 [* ( ' ' )j ]_ f===- I—_—_—_—_—_—_—_—_—_—_—_—_—_—_., i i
B A|j Vij +\Pra-1— P Byj = 0 ra—|;+;:_:w A|j+ld|j+l'(pl.] _ pUH)_,,
o o '?'ﬂ -l:', - wAudlp(pu P;J71)= 0
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Final Equation for p’

2,513 (P1y = Prata) + 13 (P — Proig) +
1341 (P = P+ (P — Piys) =Dy

ay =ay ta gy tapytayg

A1 113 Pro1g T3 Pr—1g + 1341 Py

+a13_1 P41 — Ay Py =by
* Solve final equation for p’
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Using Corrections

» Use of p = p* + p’ can lead to
divergence

— Use underrelaxation: p = p* + a,,p’, where
a,, is the underrelaxation factor (0 < o, < 1)

» Similar underrelaxation factors
(between 0 and 1) for velocity correction

* ' 1
Uj; =Ujg +au(pl—1J - le)diJ

* ' 1
Vij =Vj +av(pw—1 - le)dlj
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Putting it All Together

0. Start with initial guesses for p*, u*, v*
1. Start iterations

2. Compute coefficients in finite volume
equations for momentum and pressure

3. Do an iteration on u* and v* equations
4. Get p’ source term

5. Do an iteration on p’ equation

6. Use p’ to correct p*, u*, and v

7. Check convergence; if not converged
__return to step 1
Northridge

39

Conclusion
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« Wasn't that simple?

» Next week we will look at another
method called SIMPLER (for SIMPLE
Revised)

— It is more complex than SIMPLE

» Will also look at other methods for
solving continuity and momentum
— SIMPLEC
-PISO
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