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Outline

» Review numerical analysis basics

» Conclude results for diffusion with
source analysis

« Introduce finite-volume method for
convection

» Note need for average ¢ value at cell
faces for convection terms

» Examine use of arithmetic mean as
average value and show its problems
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Review Numerical Analysis

« Finite-difference expressions
— Forward, backward, central
— Truncation error from Taylor series
proportional to step-size, h, to nt power is
called nt order error ¢ = O(h?)
* Finite difference grids x;, y;, z,, t, with
U(Xis ¥ir Zo 1) = U
» Used Taylor series to get expressions
for derivatives on grids

+ Greater error on non-uniform grids
Northridge

First Derivative Expressions

' fi+1 - fi
First order forward fi= h +OM

! fi — fi—1
First order backward i == +0M

. =1
Second order central =%+O(h2)

Second order :Mm(m)

forward 2h
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Other Expressions
Second derivative ~ fi = %“ﬁhz)

Arithmetic mean f; :%Jromz)

Uneven step sizes hy,; = Xi.; — X;; I; = iy /by

fia—fiy  GUhA, -h? fivhd N

Xigp =X 20 by by 30 by by
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Error

Truncation and Roundoff
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Finite-volume Approach Finite Volume Example
* Integrate P_DE_ over a small volume  Consider 1D diffusion and source only
« Where derivatives occur, replace them 4 do o, d dp v
by finite-difference expressions ~ Variables o d (s ov = J(Ger e s pax-o
« Where source terms occur, replace ﬂf&:dﬂt * Integrate over finite-volume grid
terms like [,,SdV by S,,,AV \ * T * ~ B
g Volume \ Xw =X Xy = Xiap Xp =X Xe = Xis1p2 Xg= Xisq
— Say is average S for control volume /(-
« Finite Volume grid notation atFaces / e = Xp = Xws up = Xp =Xy s pe = Xe = Xp s pe = Xe —Xp
. : . : e ddo 90) (a0 L5ay -
T =% M Aj dx+ [ SV = AJ’ [ )+ SAV = [FA o j [FA o )W +SAV =0
SXyyp = Xp — Xy Dup = Xp — Xy s Spo = Xo — Xp ; S = Xg — Xp . What are I' and d¢/dx at w and e faces?
Northridge ! Northridge ¢
Finite Volume Example I Finite-Volume Example Il
« Use mean value for coefficient « This represents equation for one node
—T,=(p+T)2and T, = (T, + Tp)2 — Need to write equations for all nodes
« Use central difference for d¢/dx - ﬁgr‘slz f°L:Fee_'d_'ﬂer_'?onnoat;?:;bfrgas,er
- IS W I, 1I+1, 1- | I |
— do/dx]e = (0g — ¢p)/Ox dd/dX],, = (dp — dy)/SX

* aW,|(')|-1 - ap,\¢| + aE,|¢\+1 = _Su,\

. . d d -
» Substitute into [FA[T(:J —[FA(T(:) +SAV =0 « Apply this result for nodes fromi=1toi=N-1

w

— Define 3av =5, 45,00 * Nodes i =0 and i = N are boundary conditions
— Example: constant property values:
GAZT a0t s s, LA TAm o [TA LA o), P property
o HKyp P Ko Ko Hog  Hap e I'=1kg/m-s 1kg ( )
_ _LA _ LA _, _TA LA ¢ _ « A=1m?
Define a B BTt BTt oS, s a, S, m T'A m-s VL

« TA=1lkgm/s B%E=8 =9 =

A 45, "0 =0 B A~ 20 =5, s X =UNwithL=1m Wm °
Northridge e = 3cPe + By + S, ° Nnrthrl(lge 1
Finite-Volume Example IV Finite-Volume Example V
« Consider source term + Get numerical values for all coefficients
_ . _ —-10 kg
—Let S = B¢ with p =-10 kg/m?s a1 —apP; +agPi =S, S,=0 Sp N s
- Get average source term
g —a, =N ap=ag +ay —S; 2N10kg
SAV:JB(pdV:AB_[(pdszBSX(pp ag =ay =N= P =ag +ay NS
AV OX . . .
_ Get values for S, and S, from definition Substitute into equation and rearrange
= 10 10
SAV =§, +S,0p Noj_ *(2N +W)(Pi +Noiy =0 = ¢j - [2+ NE }Pl +9iy =0
SAV = ABSxpp if S, =0and S, = ABSx iy
_ From AB: 1(pnF;2 ox = (1 myN P nd [E): 10 + Need to handle boundary conditions
kg/m3-s, S, = ABdx = (=10 kg/s) / N —Letder=2atx=0and ¢y, =3 atx=L=1
N;)i'iil';'lltlllﬁe " N;)i'iil';'lltlllﬁe 1
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Finite-Volume Example VI Finite-Volume Example VI
* Nodal values ¢g = der = 2 and ¢y = yigny = » System of equations to solve
3 set by boundary conditions —249,  +b, =2
— Ati=1 (1 node in from left boundary) ¢, — (2 + b 240, +; =0
10/N?)¢; + ¢, = 0 with ¢y = e = 2 gives —(2 + b —24¢3 +04 =0
10/N?)dy + ¢y = —Pper = —2 b3 244, =-3
— Ati=N -1 (1 node in from right boundary) ¢y., — (2 o Matrix form
+ 10/N2)dy.; + by = O With ¢y = drigne = 3 giVes ., — (2
+ 1O/NZ)¢N 1~ _¢nght =-3 -24 1 0 0 ¢l -2
— General equation applies at all other nodes 1 -24 1 0 | ¢, 0
— Pick N =5s0 10/N2=10/52=10/25=0.4 and 2 + 0 1 -24 1 03 - 0
10/N2 = 2.4 0 0 1 -24|¢] |-3
— Solve equations fori=1, 2, 3, and 4
Nnrt'il"ll'luulg':e 13 Nnrt'il"ll'luulg':e ”

Numerical and Exact Solution Numerical Error
3 0.025
*
*
2.5 0.020 } .
act N
merical L% 0.015 * peTErs
2 EN=10
=S AN=20
2 0.010 [
I—/ <<
0.005 u = " - u
05 F u
: ]
0 = = 0.000 A4AéAfAfAfA Af‘f‘ A
0 0.2 0.4 « 0.6 0.8 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Error in Gradient Convection Terms
Exact dHdx at x = 0 is -5.54268 « Steady equation with q 4 d
. ) e u
Second order First Order convection and diffusion puQ :71“7(')
dHdx Error dHdx Error t . di . dx dx dx
N=5 | -50175] 05252| -3.7719] 1.7708 €rms In one dimension
N=10 | -53713] 0.1713] -4.6014] 0.9413 « Steady continuity deu _
N =20 -5.5024 0.0403| -5.0648 0.4779 equation in one dimension dx
EanCt dHféX agx =L is 8-98"__‘50t — « Apply finite volume approach to
econd order irst Order .
T = <7 = integrate small volume
N=5 8.1181 0.8664 6.3976 2.5869 dou dou
N=10 8.7104] 0.2741]  7.5899] _ 1.3949) J' PUD 4 J' J' PUav =0
N =20 8.9184] 0.0661] 8.2704]  0.7141 dx dX dx
Nnrl'ilull'luulg':t v Nnrl'ilull'luulg':t 1
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Review Finite-volume Approach Integration of PDEs
* Integrate PDE over a small volume d
o dpu fdpu B
« Where derivatives occur, replace them o 0V = A_[ dx=0 = (puA), —(puA), =0
by finite-difference expressions Variables | f e
« Where source terms occur, replace <" deU(P dVie Aj dpuo .\ < (p_U(pA) (pU(pA)
terms like J,,SdV by S,,,AV \ C e _ \
Volume \ 1 —_ I = \
- S,y is average S for control volume boundaries ! ! ! Xe 4 d \. d d \
« Finite Volume grid notation atFaces ! J' - J"fri’ Adx;’[FA(p —(FA@)\
. | . ; Lo 1Y dx dx J dx dx L X Je ax )y
Xw=Xig X=Xz Xp =X Xe = Xir1z2 X=X | ] 77777 v T - _~ -
_ _ _ - do do) "~
Xwp = Xp = Xy 8Xyp = Xp = Xy s OXpe = Xe = Xp 5 OXpg = Xg —Xp (pU(pA)e —(pU(pA)W = TA—| —-|TA
- . et S et dx e dx w
Northridge " Northridge ®
Integration of PDEs Il Integration of PDEs Il
* Look at constant areas so that area * How do we relate face values to nodal
drops out of equation values for convection terms?
(pu9), (pug) :[rdwj _(rd@j Fe¢e — Fuw = De(0e —p )~ Duyl@p — )
dx Je dx )y « First thought: use (second-order accurate)
» Use previous results for diffusion terms arithmetic mean for face values
_Te+Ip (do) _oe—o0p _Lw+Tp (do) _op—ow P+ op +
=" (dX17 SXpg Tw=""5 [dx)W7 SXpwy Fe E2 F,_Fw ? 2(PW :De((PE_(PP)_DW((PP_(P\N)
+ Define F = pu and D = I'/5x 0—[D Fej(p +(D . FWJ(PW (D b FW)(P
- 5 |YE e - Py 5 |¥YP
Fe(Pe_FW(PW:De((PE_(PP)_ Dw((PP_(PE) © 2 "2 2t 2
Northridge = Northridge z

Integration of PDEs Il| Example Problem Solution
* Revise ¢, coefficient to include sum of » Constant p, u, and I' with ¢ = ¢, atx =0
o and ¢g coefficients andd=¢ atx=1L
F F F F dpue _d _do pude d do
0=| Dy ——¢ Dy +—X lpy —| D +—2+D,, ——X —F =T = =—"F=—"r
(e ZJ(PEJ{ W+2)(pw [e+2+w Zj(pp dx dx dx [ dx dx dx
0= a g+ ay W @ Pp Ozd(d(p_pU(pj = d—(P—ﬂq):Cl
= ) Lo dx\dx T dx T
ap :[De +79+ Dy —7‘”) -H&_FE —Fet+FyzFy)= pux pux pUX P
E E Adds zero | p=eT jcle Fdx+Cy|=e T |C——e [ +C,
De——e+D +—W+F -Fy=ag+ay +F.—-F,=ap pu
ﬂ
0 A Qe +aE(PW —(ag +aw +F. —Fy)op I _&r "
Nnrlhrl(lge ® Northridge pu 24
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Example Problem Solution |l Example Problem Solution IlI
+ Fit boundary condition ¢ = ¢, atx =0 cr L T oL —p, X
L r 2 PU, _PL=P0 | PP T
and ¢ = ¢ _atx =L to get C, and C, ol(x)= ou +Ce T o T T
cr . cr ef -1 el -l
o(x)= ’[;u +Cel = ¢,=¢(0)= '[;u +C, (p(x):(po_m:(PoJr(PL:(Po ep?ux
cr .Mt oot Tl eT
pL=0(L)=""-+Ce T = @ -9=Cee " -C, el he _uxl pux
pu oX)-gy 1 L1 e% el -]
O o LG o -9 _pu QL= ¢y AU puL Topu
T T gl R K PR e e et
el -1 el -1 pux
* Substitute C, and C, into ¢(x) o(x)-9o _¢ ZL -1 Pe = pul/l
Californiy State Uniyersity 5 Californiy State Uniyersity oL— put
Northridge 2 Northridge LYoo z
Exact Solution .. .
Apply Finite-Volume Equation

0=agpe +agpy —(ag +ay +F —Fy )op
« In this example pu and I" are constants

Pe =-10
_pZ:.5 — With pu constant F, = F,, in a, coefficient
e « Grid is uniform so &x is constant
—pe=-1 Fe IT' pu D F, T pu
- ag=D,——&=—-"— =D, +N=—+"—
—re2 ETReT T 2 M T TR
—pe-
—Pe =10 By P — @ +agp: =0 a =a: +a, +F,—F,=a; +a,
. \ » Boundary conditions atx=0and x =L
0 e different for convection and diffusion
0 01 02 03 04 05 06 07 08 09 1 Cabifornia Sate Liniyersity
M Northridge 28
Boundary Conditions Boundary Conditions ||

* Atx =0 (and x = L) we Know ¢ = o4  Equation for left boundary

and ¢ = ¢.....) and do not need mean +
(@nd ¢ = dgn) FR2Th_ Forer = D(o, —(Pl)—2D((P1 _(Pleft)

value equation for ¢ in convection term
+ + F F

R PEZPP _F, PP _ D (9 ~9p)- Dul(9p —0w) —(2+3DJ‘P1 J{D—zj‘l’z =~(F +2D)oyer

| ° | ° [ [---- ° | ° | ° | I | |

2 2
| ° | ° | ° | ° | | |

6 right left 1 2 3 4 5 6 right
« Equation for right boundary

|
left 1 2 3 4 5

+
F, ) ; P Pleft = De(‘PZ —(pl)— Diett ((Pl _(Pleft)

r r 2ar
67 left = OX B 67 =2D 29 Qomnis e Unjerdy = 30
X 2 X Northridge Diignt = 2D

+
Fe(Pright -Fy e Z(PW = Dright ((Pright _(PP)_ Dw((PP _(P\IV)

Northridge
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Boundary Conditions Il Equations
Foright — F PptPw _ ZD((pright —KPP)— D(op - o) » Non-boundary equations with F, = F,,
2 D = 0.5 kg/m2-s, and F = 0.1 kg/m2-s

On_1+ON_
F%ZZD(%QN —(prl)— D(pn_; —ONn_2) ApQPe +ag Py —appp =0

ag =D-F/2=045kg/m*.s  ay =D+F/2=055kg/m?-s
ap =ag +ay +F, —F,, =0.45kg/m?.5+0.55kg/m?-s+0=1kg/m>-s

F(Pright -

F F
(D+EJ(PN—2 *[3[)*5)%-1 =—(2D—F )grignt

e Data:L=1m,u=0.1m/s, I =0.1kg/m-s, * Left-boundary equation
dx=0.2m, p =1kg/m3 F F
—F = pu = (1 kg/m3)(0.1 m/s) = 0.1 kg/m?-s BEREE O ey e ~(F +2D)oer
) —.D =T/8x = (0.1 kg/m-s)(0.2 m) = 0.5 kg/m?2-s - —1.55¢; +0.45¢0, = —1.1Q}e
Northridge * Northridge »
Equations Il Equations I
. Dinht. . —1.55¢, +0.45, =-1.1
Right-boundary equation 055 by 1045k, o
F (.n_F  rn_F) 0550,  —dy  +0.45¢, =0
[D+ 2 j‘PN—Z (3D ZJ(PN—I =—(2D = F )oright 055  —bu  +045hs =0

0550, —1.450s =0
e Set D =0.5kg/m?s, F=0.1kg/m?-s

eV Il e
» Boundary equations for ¢, = 1 and 0 055 -1 045 0 |d5]=| ©
Brigne =0 0 0 055 -1 045 ||o,] | O
-1.55¢; +0.45¢, =—1.1 0 0 0 055 —145]¢s 0
_ 550N_p —1.45¢y_ =0 * Solution on next chart for F/D = 0.2
Northridge * Northridge .

Comparison of Numerical and Exact

Results (F/D = [lulx/[1 = 0.2) Changed InDUtS
1
oo | * Recalculate finite-difference coefficients
08 . for u = 2.5 m/s as only change

:

—
. \ —Exact
0.7 ® Numeric

—D=0.5kg/m2s, F=2.5kg/m2s, F/ID=5

0.6 f -275 =075 0 0 0 o 5

-3.

nosr 1.75 -1 =075 0 0 o 0

04 \\ 0 1.75 -1 =075 0 d3 (=] O

0.3 0 0 1.75 -1 —0.75]|| ¢4 0

02 f \\ 0 0 0 175 —-0.25]| s 0
0.1

¢ Solution on next chart

Cal -’n--.m:m-l‘:unr\'.-
0 0.2 04 yx 06 0.8 1 Northridge

36
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Comparison of Numerical and Exact .
FI)Results (F/D = [lurx/1 = 5) Resolve Grid
1.2 | / « Change &x from 0.2 to 0.05
16 p—r——— » Changes D to 2 kg/m?-s
4 —=-Numerical / * F stays at 2.5 kg/m?-s
1l / * F/D ratio changes to 1.25
. /\ — In first example F/D = 0.2
0t T~ \ / \ —In second example F/D =5
08 * F/D ratio = pudx/T is called the cell
o6 r \/ Peclet number
o4r + Results for 8x = 0.05 (F/D = 1.25) on
021 next slide
o’ - ; Northridge &
Comparison of Numerical and Exact i i
P Rosults (s s 1.25) What is Happening Here?
12 * When flow term F = pu is large
1 compared to diffusion term D = 8x/T" the
= use of average values does not
08 | recognize the directionality of the flow
v os p———" » Keeping the F/D rqtio small qllows use
= Numerical| of average values in convection terms
04 | — Requires small &x for large flow rates
» How can we use larger &x for large flow
0z r rates and keep accuracy?
0 N foersa State niyersiy 20
0 02 04 yx 06 058 1 orthridge
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