Separable differential equations
Math. 481a, Spring 2026

A first order differential equation
dy
dr f(z,y),

when f(z,y) = g(z)h(y) for some functions g and h.
Example 1.

Solve the initial value problem
dy  32% +4x+2
P TR 0)=—1 1
. -1 y(0) (1)

The differential equation (1) can be written as
2y — 1)dy = (32° + 4z + 2)dx
Integrating the left side with respect to y and the right side with respect to x gives

y? — 2y =2 + 227 + 22 + ¢, (2)
where ¢ is arbitrary constant. To determine the solution satisfying the initial condition y(0) = —1 we substitute x = 0
and y = —1 into (2), obtaining ¢ = 3. Hence the solution is given implicitly by

y? — 2y = 2% 4 227 + 22 + 3. (3)
In this case we can obtain the solution explicitly by solving (3) for y in terms of z. Since (3) is quadratic in y we obtain

y=1+\z3+ 222+ 20 + 4. (4)
Equation (4) gives two solutions of the differential equation, only one of which , however, satisfies the given initial condition
y(0) = —1. This is the solution corresponding to the minus sign in (4), so the solution of (1) is

y=1—23+22%+ 2z +4. (5)

Remark 1. Note that if the plus sign is chosen by mistake in (4), then we obtain the solution of the same differential
equation that satisfies the initial conditions y(0) = 3.
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FIGURE 1. The integral curve of 3 = (322 + 4z + 2)/2(y — 1) that satisfies the initial condition y(0) = —1.

Please observe that the graph in Figure 1 does mot represent a function !!!!" Which branch of the graph represents the
solution satisfying the initial condition y(0) = —1 and which branch of the graph represents the solution with the initial
condition y(0) =37

Finally, we can determine the interval in which solution (5) is valid. Indeed, since x3 + 22> 4+ 2z + 4 = (z + 2)(2% + 2)

has only real zero at x = —2, the function y =1 — /a3 + 222 + 22 + 4 is defined for x > —2. The solutions of the initial
value problem (1) and some other integral (dashed) curves of the differential equation (1) are shown in Figure 2.
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FIGURE 2. Integral curves of y' = (322 +4x +2)/2(y — 1).

Example 2.
Solve the initial value problem
d 1
% =y’ cos(mz), y(0) = —3
The equation (6) can be written as
d
—12/ = cos(mz)dx.
Yy
Integrating the left side with respect to y and the right side with respect to x gives
1 1 . T
—g = ;Sln(ﬂ'f]}') + C, or y(x) = —m
To determine ¢, set x = 0 and solve:
1 1
y(0) =-- =5 ¢

Thus the solution to the initial value problem (6) is

FIGURE 3. Graph of the solution to (6).

Example 3.

Solve the differential equation

dy _ v

de 1+ 22+ 92 + 222

1

1 1
From <y2 + 1) dy = ———dx we obtain 2 +y=tan"Y(z)+c, ory=

1+=x

(1—c)—tan~—!(z)’

ory =

1

¢ —tan"l(x)’



Example 4.
Solve the differential equation
dN

E —I-N:Ntexp(t—l-Q).

From +dN = (texp(t + 2) — 1) we obtain
log |N| =texp(t+2) —exp(t+2)—t+¢c, or
N = texp(c)exp [texp(t +2) —exp(t +2) —t], or
N =cexp[texp(t+2) —exp(t +2) —t].

Example 5.
Solve the differential equation
dy
— =2zx.
exp(x) T x
From dy = 2z exp(—x)dz we obtain y = —2zexp(—x) — 2exp(—x) + c.
Example 6.

Solve the differential equation
dy
yexp(z)- = exp(—y) + exp(~22 —y)

1
From yexp(y)dy = [exp(—x) + exp(—3z)] dz we obtain yexp(y) — exp(y) + exp(—z) + 3 exp(—3z) = c.

This implicit solution cannot be solve for y as a function of x.



