Notes for section 4.3
Math. 481a, Spring 2026

Numerical Integration

b
A numerical quadrature is an approximation of [ f(z)dz of the form

Zaif(xi), for suitable choices of a; and g, x1,...,2, € [a,b], i =0,1,... n.
=0

The Lagrange interpolating polynomials will be used to derive various numerical quadratures. We select

distinct nodes g, x1 ..., %, € |a,b] and integrate Lagrange interpolating polynomial

Pn(@ = Z f<x2>Ln,z(x)

We obtain

b n b n
/ flayde =3 auf(e) + / [Tte - w0 £ () de, 1)

l
(m+ D) <%

where {(x) € [a, b] for each x and
b
ai:/Lmdx, foreach i =0,1,...,n.

The quadrature formula is

b n
/f(x) dzr ~ Zaz‘f(ffi),

with error given by
b

n

E(f) = ﬁ/g(yg — xi)f(”"‘l)(f(l‘)) dx,

a

Special cases: Trapezoidal rule

Let xo =a, x1=b, h=0—a,and n = 1.
(x — x1)

Pl(JT) = (,1‘0 _ 3;’1)

fwo) + 7——=

Formula with n = 1 becomes

1

/b o= [ [ 22 fan) + 2200 ) dx+%7(%’—fvo)(x—wl)f”(ﬁ(w))dw )

Since (x — xg)(x — x1) does not change sign for z € [z, z], the Weighted Mean Value Theorem for

Integrals shows that for some & € (xg, 1)

1 z1

/ (2 — 20)( — 22) f"(€(2)) d = f"(£1) / (2 — 20) (z — 1) d

o zo

1



2

The integral on the right hand side of the last equation becomes

x]

3 ot o h3
/(m—xo)(x—xl)dx: 3 - 5 0x2+xox1x] CCO:—E.
Zo
Thus, becomes
h h .
ey do = D 7o)+ ()] 15 7"(6). (Trapezoidal Rule) (3

Note 1
The error term for the Trapezoidal rule involves f"; hence the rule gives the exact result when applied

to any function whose second derivative is identically zero, i.e., any polynomial of degree one or less.
Special cases: Simpson’s rule

Let g < 1 = x9g + h < 9 = 29 + 2h. The third Taylor polynomial about x; is

1" (3) 4)
f(x) = f(zy) + f(x1)(x — 1) + / (Qxl)(x—xl)2+—f éa:l)(x—xl)g—i- f ;i(x))(m—xl)‘l,
integrating both sides of the last formula between zy and x; we obtain
¥ / " (3) 2
[ s e =)= a) + E0 = L0y 0] g

2

+ o7 [ 1(E) @~ )t do

o

As before (z —z;)? has the same sign for = € [z¢, 5] and the Weighted Mean Value Theorem for Integrals
implies that

i /f(4)(§(;1:))(a: — ) de = w /(x —a)tde = FO&) (& — 2, ) _ f(4)(§1)2h5 _ f(4)(§1)h5
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Zo

The formula becomes

f(4) (51) h5

xo 3
[ @y =2hpte) + 5 ) + g

Now, approximating f”(x;) by (see section 1 of Chapter 4)

" 1 h2 4
Fi@y) = 15 [f (o) = 2f (1) + flz2)] — ﬁf( (&)
the formula has the form
7 3 2 (4)
[ stas = angte + 5 o 1) — 21t + o] - 0 b+ T
= 5 o) + £ + flaa)] - 15 | 3196 - 579%60)]



/ F)de =5 [f(m) +4f () + fn2)] — o FO(E)  (Simpson’s Rule)

Note 2
The error term for the Simpson’s involves f®; hence the rule gives the exact result when applied to any

function whose fourth derivative is identically zero, i.e., any polynomial of degree three or less.

Definition. The degree of accuracy, or precision, of a quadrature formula is the largest positive

integer n such that the formula is exact for 2%, for each k =0,1,...,n

’ Closed Newton-Cotes formulas‘

If n is even, f € C""?[a,b], h = (b—a)/n, vy = a, and x; = 2o +ih (i = 0,1,...,n), then there exists
¢ € (a,b) such that
b

n n+3 f(n+2) K
/f(l’) dr = Zalf(xz) + }L(%Q)'(g) /tQ(t - 1) s (t - TL) dt.

If n is odd, f € C""a,b], h=(b—a)/n, zo = a, and z; = o+ th (1 = 0,1,...,n), then there exists
¢ € (a,b) such that

e )
(n+1)!

b n n
/f(w)dw=Zaif(xi)+ /t(t—l)--~(t—n)dt.

Case n=1; Trapezoidal rule

/f

Case n=2; Simpson s rule

l\DIb

3
[Flmo) + Flon)] — (), wo<E<m.

[ @ de =15 450 + S - 50O, w<e<n

Case n=3; Simpson’s Three-Eighths rule

z3

[ 1wy =B 50 + 350 + 35 + fa] - S F0E, <<

Zo

Case n=4;

/ ) dr = 22 (7 (an) + 821 (e0) + 12f(02) + 326 (1) + T (0] — o fOQ), o <€ <



’Open Newton-Cotes formulas

If nis even, f € C"2[a,b],h=(b—a)/(n+2), 2 1=a,x0=a+h, x;=x0+ih (i=1,...,n,n+1),
and z,, 11 = b, then there exists £ € (a,b) such that
n+1

Q/ﬁ@—1y~@—th

hn+3f (n+2) (5)

/f da:— alf(xz)+ (nt2)

Ifnisodd, feC"a,b],h=(b—-a)/(n+2), 2 1=a,z0=a+h, x;=x0+ih (i=1,...,n,n+1),
and x,,1 = b, then there exists £ € (a,b) such that

n+1
n+2 £(n+1)
/f dm—Za, ;) %1)(5) /t(t—l)---(t—n)dt.

n=0; Midpoint rule

1

[ 1@ s =omf@) + TrO,  ai<e<n

n=1; -
/ f@ydr =2 (1) + @]+ 2, wa<e<m
n=2; z5
[ $@rde =3 fe) ~ o) +2f ) 4 e f OO, wa<g<a
n=3; -

5
[ 1) ds = S L) + 1) + ) + 1)+ T OO, s <<



