Notes for Chapter 1.1
Math. 481a, Spring 2026
Calculus Review

e The limits of functions

e Intermediate Value Theorem

e The Derivative and its interpretations

e Extreme Value Theorem

e The Mean Value Theorem for derivatives

e The Riemann integral (the definite integral)
e The Mean Value Theorem for integrals

e Taylor’s Theorem

Theorem (Taylor’s Theorem). Suppose f € C"[a,b], that f("*!) exists on [a,b]. and z¢ € [a,b]. Then
for every x € [a, b], there exists {(x) between xy and z such that f(x) = P,(x) + R,(x), where

Po(x) = f(zo) + f'(z0)(z — 20) + fﬂgf()) (x —20)® + - + f(”;(!xo) (x —x0)" = i f(k;(!x())( — z)"
and 0
Rati) = B et
Example

Find the second and third Taylor polynomial for f(z) = cos(x) about xy = 0. Use this polynomials to
0.1

approzimate cos(0.01). Use the third Taylor polynomial and its remainder to approzimate [ cos(x) dx.
0

The second Taylor polynomzial

cos(z) = f(0) + f'(0)z + f/;('o)xQ + f”’(;(:v))x3 =1- %x2 + éxg sin&(x),

where £(z) is between 0 and z. For x = 0.01, we have

1 1
cos(0.01) =1 — 5(0.01)2 + 6(0.01)3 sin £(0.01) = 0.99995 + 0.1(6) x 10~ %sin £(0.01).

We don’t know the value of £(0.01), however, since | sin z| < 1 for any z, we have the following estimation

for the error we are making in approximating cos(0.01) by 0.99995 (the second Taylor polynomial):
| c0s(0.01) — 0.99995| = 0.1(6) x 107%|sin£(0.01)] < 0.1(6) x 107°.

The error bound is much larger than the actual error. Indeed, the value of cos(0.01) = 0.999950000416665
with 15 digits accuracy, and thus

| cos(0.01) — 0.99995| = 0.416665 x 10~°.
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The larger error bound comes from the fact that we have used rough estimation |sin£(0.01)] < 1.
However, for 0 < ¢ < 0.01, |sinz| < |z|, and |sin&(0.01)] < 0.01. If we use this better estimation, the

resulting error bound becomes:

| c0s(0.01) — 0.99995| = 0.1(6) x 10%|sin £(0.01)| < 0.1(6) x 1075,

The third Taylor polynomzial

Since f”(0) = 0, we have
1

cos(z )—1—§$ +ix cos £(z),

where £(x) is between 0 and .
We note that the approximation is the same, but now we have better error estimation. Indeed, using the

estimation |cos&(x)| < 1, we have

1
4(0 01)*| cos&(x)] < 0.42 x 107°.

The example illustrates two main objectives of numerical analysis:

| cos(0.01) — 0.99995| =

(1) find an approximation to the solution of the given problem,

(2) determine a bound for the error of the approzimation.

The third Taylor polynomial gives:
0.1 0.1 0.1 0.1

1 1 ~ 1
[ (1-= Ly % - 1—— 12+ —
/cosxdx /( 2x) da:+24 x* cos(x) dr = 0. (0. top @ teosé(x
0 0 0 0

with
0.1

1
/cosa:dx ~0.1— 6(0.1)3 = 0.0998(3).

Since | cos z| < 1 for all z, the error bound is given by

0.1 0.1 0.1
1 4 ng 1 4 = 1 7
— < - — =
o /x cosé(x)dx| < 24/x |cos&(z)|dx < 4/x dr = 0.8(3) x 10~

0 0

The actual error is smaller:
0.1

1
/cosxdx - [0.1 — 6(0.1)3] =0.833134949 x 1077,

where 15 digits accuracy was used in evaluating the integral
0.1

/cosx dr = 0.0998334166468282.
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