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64-bit representation of a real number (long real)

1985's IEEE (Institute for Electrical and Electronic Engineers) report specifies 64-bit 

(binary digit) representation for a real number.
The first bit is a sign indicator: s is 0 for a positive and 1 for a negative number.

This is followed by 11-bit exponent (called a characteristic):  c, and 52-bit binary fraction, 

f , called the mantissa.

Here, the base of exponent is 2.

52 binary digits correspond to between 16 and 17 decimal digits; thus we can

expect at least 16 decimal digits precision. The exponent of 11 binary digits corresponds

to a range between
 

0*2^10+0*2^9+0*2^8+0*2^7+0*2^6+0*2^5+0*2^4+0*2^3+0*2^2+0*2^1+0*

2^0;

0

and 

1*2^10+1*2^9+1*2^8+1*2^7+1*2^6+1*2^5+1*2^4+1*2^3+1*2^2+1*2^1+1*

2^0;

2047

Also note that

2^11-1;

2047

However, we also want a good representation for numbers with small magnitudes. To 

insure that 1023 is substracted from the characteristic, so the range of exponents varies 
from -1023 to 1024. Using a normalization for a unique representation, the floating-
point number is of the form

                                                                         

For the machine number

                      0 10000000011 

1011100100010000000000000000000000000000000000000000
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s:=0;

so the number is positive. The characteristic 

c:=1*2^10+0*2^9+0*2^8+0*2^7+0*2^0+0*2^5+0*2^4+0*2^3+0*2^2+1*

2^1+1*2^0;

The exponential part is

2^(c-1023);

16

and

f:=1*(1/2)^(1)+1*(1/2)^3+1*(1/2)^4+1*(1/2)^5+1*(1/2)^8+1*(1/2)

^12;

so the above machine number has the decimal representation

(-1)^s*2^(c-1023)*(1+f);

7057

256

evalf(%);

27.56640625

The next smallest machine number, NS,  is 

                       0 10000000011 

1011100100001111111111111111111111111111111111111111

and the next largest machine number, NL,  is

                       0 10000000011 

1011100100010000000000000000000000000000000000000001

The mantissa of the former is

f1:=1*(1/2)^(1)+1*(1/2)^3+1*(1/2)^4+1*(1/2)^5+1*(1/2)^8+1*(1/2)

^13+1*(1/2)^14+1*(1/2)^15+1*(1/2)^16+1*(1/2)^17+1*(1/2)^18+1*
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(1/2)^19+1*(1/2)^20+1*(1/2)^21+1*(1/2)^22+1*(1/2)^23+1*(1/2)

^24+1*(1/2)^25+1*(1/2)^26+1*(1/2)^27+1*(1/2)^28+1*(1/2)^29+1*

(1/2)^30+1*(1/2)^31+1*(1/2)^32+1*(1/2)^33+1*(1/2)^34+1*(1/2)

^35+1*(1/2)^36+1*(1/2)^37+1*(1/2)^38+1*(1/2)^39+1*(1/2)^40+1*

(1/2)^41+1*(1/2)^42+1*(1/2)^43+1*(1/2)^44+1*(1/2)^45+1*(1/2)

^46+1*(1/2)^47+1*(1/2)^48+1*(1/2)^49+1*(1/2)^50+1*(1/2)^51+1*

(1/2)^52;

while the mantissa of latter is 

f2:=1*(1/2)^(1)+1*(1/2)^3+1*(1/2)^4+1*(1/2)^5+1*(1/2)^8+1*(1/2)

^12+1*(1/2)^52;

The decimal representation of the next smallest machine number is

 

NS:=(-1)^s*2^(c-1023)*(1+f1);

Digits:=50;

evalf(NS);

27.566406249999996447286321199499070644378662109375

The decimal representation of the next largest machine number is

NL:=(-1)^s*2^(c-1023)*(1+f2);

evalf(%);

27.566406250000003552713678800500929355621337890625

NL-NS;

1

140737488355328

evalf(%);

The smallest positive number is
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                            0 00000000000 
0000000000000000000000000000000000000000000000000001

                      

smallest:=2^(-1023)*(1+2^(-52));

Digits:=800;

evalf(smallest);

which is approximately                                          

The largest positive machine number is
                               0 11111111111 
1111111111111111111111111111111111111111111111111111

largest:=2^1024*(1-2^(-52));

evalf(%);
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which is approximately                                        

Numbers occurring in calculations that are smaller than     
 

are treated as zero.

Floating-point representations in Maple are easy done. For example,

Digits:=10;

causes all arithmetic to be rounded to 100 digits. For instance, fl(fl(x)+fl(y)) is 

performed using 100-digit rounding arithmetic by

evalf(evalf(x)+evalf(y));

Implementing t-digit chopping aritmetic is slightly more complicated.

chop:=proc(x,t)

local e, x2;

if x=0 then 0

else

e:= trunc(evalf(log10(abs(x))));

if e>0 then e:=e+1 fi;

x2:=evalf(trunc(x*10^(t-e))*10^(e-t))

fi

end:

chop(12.226,4);

12.22000000

Digits:=10;

Solving a quadratic equation

solve({x^2+62.10*x+1},{x});

Digits:=4;
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sqrt((62.10)^2-4*1.0*1.0);

62.06

floatx1:=(-62.10+62.06)/2.0;

has large relative error: 2.4x10^(-1)

floatx2:=(-62.10-62.06)/2.0;

while floatx2 has the small relative error: 3.2x10^(-4).  In order to obtain more accurate 

approximation for floatx1 one can note that

Using this formula floatx1 is given by

floatx1:=-2.0/(62.10+62.06);

which has the small relative error: 6.2x10^(-4).


