Math. 481a, Spring 2026
Divided differences

If P, (z) is Lagrange interpolating polynomial that agrees with f at the distinct g, x1, . .., z,, the divided differences

of f with respect to zg, z1,...,z, are used to express P,(z) in the form
P.(z) = ao+ a1(x — zp) + az(z — zo)(z —x1) + -+ + an(z — x0)(x —21) - - (x — Tp—1), (1)
where ag, a1, ..., a, are constants to be computed.
We have
a0 = Pa(wo) = f(z0) < flao). (2)
Since

f(xo) + ar(z1 — o) = Pu(x1) = f(21),

we obtain Fen) — (o)
xr1) — X de
ay = DRI g 0], (3)
Tr1 — X0
The zeroth divided difference of f with respect to xz; is the value of f at x;:
flai] = f ().

In particular, ag, in (2), is equal to f[z].
The first divided difference of f with respect to x; and x;41 is

def f(wiv1) — f(@i)  flriga] — flzi]
flai win] = 1/‘;1 P 95;1 —z;

In particular, aq, in (3), is equal to f[zg, z1].
The second divided difference of f with respect to x;, ;41,42 is

f@ivo)=f(@it1)  f(@iv1)—f(wi)

def fl@it1, Tipa] — flws, 2iq1] iy Tip1—Ti
flxi, i1, Tig2) = . =
Tit2 — T Tit2 = T

And inductively, if the divided differences f[z;, 11, Zit2, ..., Tizk—1] and flxit1, Tit2, ..., Titk—1, Titk] have been
determined, the kth divided difference with respect to x;, z;y1,..., 2+ is given by
def flTiv1, ity s Tigh—1, Tivk] — flTi, Tiv1, Tito, o, Tigp1]

flei, wipr, o @ik—1, Tign] = Tirh — i '

We have
f(x2) = ag + a1(w2 — wg) + az(w2 — x0) (w2 — 1),
and thus, since ag = flzg] = f(z0), and a1 = f[zg, z1],

_ f(@2) = f(wo) — flxo, z1](w2 — 20)  flw2) — flz1) + f(21) — f(20) — flw0, 21](22 — T0)

(r2 — z0) (72 — 71) (z2 — o) (w2 — 21)
_ f(@) = fa) n f(@1) = f(wo) — flzo, 21](22 — 20)
(z2 — @o) (2 — 1) (w2 — @0) (22 — 21)
_Sleve] | f@) = fleo) o f@) = (o)

rg—mx9 (T2 —x0)(w2 — 1) (21 — 20) (T2 — 71)
_ flz o] flwo, @] flan, @2 — flwo, 741]

Ty —To Xz — o Ty — Tg
= flxo, z1,z2].

In general, ay in (1) are given by
ar, = flxo,x1,..., Tk, kE=0,1,...,n,
and P,(x) in (1) can be rewritten as
n
Pu(z) = flzo] + Y flwo, x1,.. ., 2kl (w — z0) (2 — 21) -+ (& — p1).
k=1

1



Example

9 =0 Flzo) =0
xr1 = 1 f(-%'l) -9
To = 2 f(fz) -5

Py(z) = %332 + ga:
Now,
ap = flxo] = Pu(zo) = f(0) =0,
— 2—-0
a1 = flzo, 1] = f(x;i — i(()wo) =1"0" 2,
Since,
- 5—2
flor, @l = f(xii - ifxl) “oo1
_ flen o] — flwo,m] _3-2 1
az = flro,x1, 2] = P =55 =5
and

1 3 1
Py(z) = §x2 + 2% =ao + a1z +asx(x —1) =0+ 2z + iar(x —1).



