Problem 8 of Section 3.2, page 121 in 10th
edition

Suppose x_j=j, for j=0,1,2,3 and it is known that
P 01(x)=x+1, P_12(x)=3x-1, and P_123(1.5)=4.

Find P_0123(1.5).

> restart;

=> x[0]:=0; x[1]:=1; x[2]:=2; x[3]:=3;

i Xy = (1)
[ > P[O]:=P_0; P[1]:=P_1; P[2]:=P_2; P[3]:=P_3;
Py:=P0
P, =P 1
P,:=P 2
i P;:=P 3 (2)
B P[O,1]:=x->((x-x[O])*P[1]-(x-x[1])*P[O])/(x[1]-x[0]); P[O,1]:=
apply(P[0,1],x): P[O,1]:=unapply(P[0,1],x);
(x— xo)-P1 — (x— xl)-P0
X; — Xg
Pyi=xrxP1-(x-1)-P0 (3)

P0,1 = X

> expand(P[0,1](x));
P Ox+xP 1+P0 (4)

Since P_01(x)=x+1, we obtain that P_0=1 and P_1=2

> P[0]:=1; P[1]:=2;
P0:=1
i P, =2 (5)
[ > P[O,1]:=x->((x-x[O])*P[1]-(x-x[1])*P[O])/(x[1]-x[0]); P[O,1]:=
apply(P[0,1],x): P[O,1]:=unapply(P[0,1],x);




(X—XO)-P1 — (><—x1)~P0
X1~ Xo
Pyq=x~x+1 (6)

Po,l = X

_> P[1,2]:=x->((x-x[1])*P[2]-(x-x[2])*P[1])/(x[2]-x[1]); P[1,2]:=
apply(P[1,2],x): P[1,2]:=unapply(P[1,2],x);
(x— Xl)'Pz_ (x—x2)~P1
Xo =X
P1'2:=x»(x—1)-P_2—2-x—|—4 (7)
(> expand(P[1,2](x)):

P1,2 = X+

P2x—P2-2x+4 (8)

Since P_12(x)=3x-1, we obtain that P_2=5

> P[0]:=1; P[1]:=2: P[2]:=5;
Py:=1
P,:=5 (9)
> P[0,1]:=x->((x-x[0])*P[1]-(x-x[1])*P[O])/(x[1]-x[0]); P[O,1]:
apply(P[0,1],x): P[0,1]:=unapply(P[0,1],X);
(x—xo).P1 — (x— xl)-P0
X1~ Xo
PO'1==X'—>X+1 (10)
> P[1,2]:=x->((x-x[1])*P[2]-(x-x[2])*P[1])/(x[2]-x[1]); P[1,2]:
apply(P[1,2],x): P[1,2]:=unapply(P[1,2],x);
(x—xl)-Pz— (x— xz)-P1
Xy = Xq
P1,2::x»3-x—1 (11)
> P[2,3]:=x->((x-x[2])*P[3]-(x-x[3])*P[2])/(x[3]-x[2]); P[2,3]:
apply(P[2,3],x): P[2,3]:=unapply(P[2,3],x);
(x—xz)-P3— (x— x3)-P2

Py =x~

P1,2 = X

P = X~
23 X3 = X
! P, 5:=x~ (x—2)-P.3—5x+15 (12)
> expand(P[2,3](x));
i P 3x—2P3-5x+15 (13)

> P[0,1,2]:=x->((x-x[0])*P[1,2](x)-(x-x[2])*P[0,1](x))/(x[2]-x[0]);
P[0,1,2]:=apply(P[0,1,2],x): P[0,1,2]:=unapply(P[0,1,2],x);
(x— Xo)'Pl,z(X) — (x— Xz)'Po, 1(x)
X2 ™ Xp
x-(3x—1) (x—2)-(x+1)
2 2

Py 1 =X~

(14)



> expand(P[0,1,2](x));
X+ 1 (15)
> P[1,2,3]:=x->((x-x[1])*P[2,3](x)-(x-x[3])*P[1,2](x))/(x[3]-x[1]);
P[1,2,3]:=apply(P[1,2,3],x): P[1,2,3]:=unapply(P[1,2,3],x);
(x— X1)'P2,3(X) — (x— x3)-P1’2(x)

Py o3 =xr X3 — X
P, 5 5i=xr (x—l)-((x—2)2-P 3—5x+15) (x—3)-(23-x—1) (16)
> expand(P[1,2,3](x));
%P_sz—%P_3x—4x2+P_3+ 15x—9 (17)
> P[1,2,3](1.5);
-0.1250000000P 3 + 4.500000000 (18)
> solve(-0.1250000000*P_3 + 4.500000000=4,P_3);
4. (19)

Since P_123(1.5)=4, we obtain that P_3=4

> P[0]:=1; P[1]:=2; P[2]:=5; P[3]:=4;

P,=1
P, =2
P,:==5
P,==4 (20)

> P[2,3]:=x->((x-x[2])*P[3]-(x-x[3])*P[2])/(x[3]-x[2]); P[2,3]:=
apply(P[2,3],x): P[2,3]:=unapply(P[2,3],x);
(x—xz).P?)— (x— x3)-P2
X3~ Xy
P2’3:=x»—x+7 (21)
> P[1,2,3]:=x->((x-x[1])*P[2,3](x)-(x-x[3])*P[1,2](x))/(x[3]-x[1]);
P[1,2,3]:=apply(P[1,2,3],x): P[1,2,3]:=unapply(P[1,2,3],x);
(x— x1)~P2’3(x) — (x— x3)~P1’2(x)
X3— X
x—1)-(-x+7)  (x—3)-(3x—1)
2 2

P2]3::X'_)

Py, 3=xr

P1'2,3::X'_) (22)

> P[0,1,2,3]:=x->((x-x[0])*P[1,2,3](x)-(x-x[3])*P[0,1,2](x))/(x[3]-
x[0]); P[0,1,2,3]:=apply(P[0,1,2,3],x): P[0,1,2,3]:=unapply(P[O,
1,2,3],x);

(X = X) Py 9 3(X) = (X =X3) P 1 5(X)

X3~ Xp

Py 19 3=xr

22\



2 2
3
oy (Xx(Bx—=1) (x=2)-(x+1)
(x 3)( : . )
3

B expand(P[0,1,2,3](x));

X.((x—1)~(—x+7) (X—3)-(3-x—1)j

Py 19 3=Xx"

_ X +ax—2x+1
For simplicity, we call this last Langrange
interpolating polynomial f(x):

> fi=X->-Xx"3+4*x"N2-2*x+1;

N f:=x»—x3+4-x2—2-x—|—1

and the answer is

> f(3/2);
29
L 8
> evalf(29/8);
| 3.625000000

(23)

(24)

(25)

(26)

(27)



