Problem 7 of Section 3.2, page 121 in 10th edition

Suppose x_j=j, for j=0,1,2,3 and it is known that P_01(x)=2x+1, P_02(x)=x+1, and P_123
(2.5)=3.

Find P_0123(2.5).
| > restart;
> x[0]:=0; x[1]:=1; x[2]:=2; X[3]:=3;

Xy =0
X, =1
X, =2
i X3 =3
> P[0]:=P_0; P[1]:=P_1; P[2]:=P_2; P[3]:=P_3;
Pyi=P.0
P i=P.1
P,i=P.2
Pyi=P.3

> P[0,1]:=x->((x-x[0])*P[1]-(x-x[1])*P[0])/(x[1]-x[Q]); P[O,1]:=apply(P[0,1],x): P[0,1]:=
unapply(P[0,1],x);
(X—=X0) Py — (X=X Py
Po1:=xpxP.1—(x—=1)-P0

Po 1= xr

> expand(P[0,1](x));
—POx+xP.1+PO0

Since P_01(x)=2x+1, we obtain that P_0=1 and P_1=3

> P[0]:=1; P[1]:=3;
Py =1
i P,==3
[ > P[0,1]:=x->((x-x[0])*P[1]-(x-x[1])*P[0])/(x[1]-x[0]); P[O,1]:=apply(P[0,1],x): P[0,1]:=
unapply(P[0,1],x);
(Xx=x0) Py — (X=X Py

X1 — Xo

Po, 1 =xr

Py 1= X+ 2X+ 1

> P[0,2]:=x->((x-x[0])*P[2]-(x-x[2])*P[0])/(x[2]-x[0]); P[0,2]:=apply(P[0,2],x): P[0,2]:=
unapply(P[0,2],x);
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(X—=X) Py — (X—X) Py

Po, 2= xr

X2 — Xo
POZ:ZXHL'X'PZ—l-XwL'l (7)
B ' 2 - 2
;Since P_02(x)=x+1, we obtain P_2=3
> P[0]:=1; P[1]:=3; P[2]:=3;
Py=1
P,==3
P,=3 (8)

> P[1,2]:=x->((x-x[1])*P[2]-(x-x[2])*P[1])/(x[2]-x[1]); P[1,2]:=apply(P[1,2],x): P[1,2]:=
unapply(P[1,2],x);
(X=x1)-Py— (Xx=X) P,

Py ;=xm X — X
_ P1’ 2 =X 3 (9)
> expand(P[1,2](x));

i 3 (10)
> P[0]:=1; P[1]:=3; P[2]:=3;

Py =1

P,:=3

P2 =3 (11)

B P[0,1]:=x->((x-x[0])*P[1]-(x-x[1])*P[0])/(x[1]-x[0]); P[O,1]:=apply(P[0,1],x): P[0,1]:=
unapply(P[0,1],x);
(Xx—=x0) Py — (Xx—x) Py

X — X
i Po ==X 2:x+1 (12)
B P[1,2]:=x->((x-x[1])*P[2]-(x-x[2])*P[1])/(x[2]-x[1]); P[1,2]:=apply(P[1,2],x): P[1,2]:=
unapply(P[1,2],x);

Po, 1= xp

(X=x)P,— (Xx=X)P,
XZ_X1
P, ,:=xm3 (13)

> P[2,3]:=x->((x-x[2])*P[3]-(x-x[3])*P[2])/(x[3]-x[2]); P[2,3]:=apply(P[2,3],X): P[2,3]:=
unapply(P[2,3],X);

Py =xp

(X=x)Py— (Xx—X) P,
X3 — X
P, 3:=x+ (x—2)-P.3—3-x+9 (14)

Py 3:=xP

> expand(P[2,3](X)):

P3x—2P3—3x+09 (15)



>P[0,1,2]:=x->((x-x[0])*P[1,2] (x)-(x-x[2])*P[0,1](x))/(x[2]-x[0]); P[0,1,2]:=apply(P[0,1,2],
x): P[0,1,2]:=unapply(P[0,1,2],x);
(X_ XO) Py o(x) — (X_ Xz) Py, 1(X)

Po 1,2 =XP

X2 = Xo
Po1,2=xP 3; B (X_Z)éz'XH) 4o
> expand(P[0,1,2](X)):
—X +3x+1 (a7

=> P[1,2,3]:=x->((x-x[1])*P[2,3] (x)-(X-x[3])*P[1,2] (x))/(x[3]-x[1]); P[1,2,3]:=apply(P[1,2,3],
x): P[1,2,3]:=unapply(P[1,2,3],X);
(x=x1)-Py 5(%) = (X—X5) Py, 2(X)

Py o3 =X

X3 — X
(x—1)-((x—2)-P.3—3-x+9) 3-x 9
P = — - 1
I 1,23 =XP 5 5 + 5 (18)
>expand(P[1,2,3](x));
1 3 3 9
— P3x¥— —P3x— —xX+P3+— 19
! 2 - g [PXT XS X (19)
> P[1,2,3](2.5);
L 0.3750000000 P_3 + 1.875000000 (20)
> solve(0.3750000000*P_3 + 1.87500000=3,P_3);
L 3. (21)
> P[0]:=1,; P[1]:=3; P[2]:=3; P[3]:=3;
PO = 1
P, =
P2 =

B P[2,3]:=x->((x-x[2])*P[3]-(x-x[3])*P[2])/(x[3]-x[2]); P[2,3]:=apply(P[2,3].x): P[2,3]:=
unapply(P[2,3],x);
(X=x)Ps— (Xx—X3) P,

X3 =X
L Py 3:=x03 (23)
B P[1,2,3]:=x->((x-x[1])*P[2,3](x)-(x-x[3])*P[1,2] (x))/(x[3]-x[1]); P[1,2,3]:=apply(P[1,2,3],
x): P[1,2,3]:=unapply(P[1,2,3],x);

(X_ X1)'P2, 3(x) — (X_ X3) P, 2(x)
X3 — X

Py 3=xm

Py 3=xp

(24)



]

Py o3=xm3 (24)

> P[0,1,2,3]:=x->((x-x[0])*P[1,2,3](xX)-(x-x[3])*P[0,1,2] (x))/(x[3]-x[0]); P[0,1,2,3]:=apply(P

[0,1,2,3],x): P[0,1,2,3]:=unapply(P[0,1,2,3],x);
(X_ Xo) Py 5, 3(x) — (X_ X3) Po, 1, 2(x)

Po 1,23 =X

X3— Xp
(x—3). 3x  (x=2)-(2x+1)
> 2
Po 1,23 =XPX— 3 (25)
[ > expand(P[0,1,2,3](X)):
11 1
L T2y (26)
[ > eval(P[0,1,2,3](X),X=5/2);
23 27
5 (27)

_> evalf(%);

2.875000000 (28)



