
Phys 640 & Math 651B
Assignment 7

The purpose of this assignment is to use the field equations to derive the fun-
damental formulas for the Einstein static universe. Follow the steps below.

Problem I. You derived the following metric on S3(R), induced by the Eu-
clidean metric on R4,

ds2 = R2
(
dχ2 + sin2 χ(dθ2 + sin2 θ dφ2)

)
.

Here R is a positive constant. Make the change of coordinate, r = sinχ (so that
r ranges from 0 to 1), and show that the result is,

ds2 = R2

(
dr2

1− r2
+ r2(dθ2 + sin2 θ dφ2)

)
.

Problem II. The Einstein static universe is the manifold R × S3(R) together
with the metric in the coordinate system {t, r, θ, φ} given by,

ds2 = c2dt2 −R2

(
dr2

1− r2
+ r2(dθ2 + sin2 θ dφ2)

)
.

Find all nonzero connection coefficients for this metric. Check your answers by
comparing them with the connection coefficients given at the bottom of page
377 of your textbook in the case that k = 1 and Ṙ = 0.

Problem III. Use Eq. (3.26) in your textbook to derive the following formula
for the Ricci tensor:

Rµν = ∂µ∂ν ln
√
−g − ∂σΓσ

µν + Γρ
µσΓσ

ρν − Γρ
µν∂ρ ln

√
−g,

where g is the determinant of the metric.

Problem IV. Calculate the deteriminant g of the metric of Problem II, and
find a simple expression (easy to differentiate) for ln

√
−g. Use the result of

Problem III to find the diagonal terms of the Ricci tensor (you may assume
that the off-diagonal terms vanish). Compare your answers with the results at
the top of page 378 in your textbook for the case that k = 1 and Ṙ = R̈ = 0.

Problem V. Follow the derivation, on page 378 in your textbook, of the right
side of Eq. (14.34), i.e, the right side of the field equation with cosmological
constant Λ. Assume that the pressure p = 0 so that all of the matter in the
universe is dust. Use the field equation and the results of the previous problems
to find the radius R, the volume V as functions of Λ. Solve for Λ in terms of
the density ρ of the Einstein static universe.
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