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MUTUAL AND SHARED NEIGHBOR PROBABILITIES:
FINITE- AND INFINITE-DIMENSIONAL RESULTS

M. F. SCHILLING,* California State University, Northridge

Abstract

Let X,,---, X, be i.i.d. random variables defined in R? having common
continuous density f(x), and let R; be the rank of X; in the ordered list of
distances from X;. Both the mutual neighbor probabilities p,(r, s) = P(Ry; =
r, R,; =s) and the neighbor-sharing probabilities p,(r, s) = P(R;3=r, Ry3=
s) are studied from an asymptotic viewpoint. Infinite-dimensional limits are
found for both situations and take particularly simple forms. Both cases
exhibit considerable stability across dimensions and thus are well approxim-
ated by their infinite-dimensional values. Tables are provided to support the
results given.

NEAREST NEIGHBORS; GEOMETRIC PROBABILITY

1. Introduction and motivation

The relationships among near neighbors in a collection of events are of
interest both in mathematical statistics and in many areas of applied science
such as pattern recognition, the social sciences and ecology. As an example of
an ecological application, a dominant species in many desert regions of the
American Southwest is Larrea divaricata, the creosote bush. This plant is
known to exude a chemical into the surrounding soil which, along with a
widely spreading root system, inhibits additional plant growth (including that
of creosote itself) in the immediate vicinity. This results in a markedly regular
distribution of the creosote bush across its habitat. Distributions of different
species exhibit clustering tendencies, while still others behave as the realization
of a two-dimensional Poisson process. Each of these patterns contains entirely
different near-neighbor relationships. For results and procedures pertaining to
this area of application, see Clark and Evans (1955), Clark (1956), Diggle
(1975), Cox and Lewis (1976), Cox (1976), and references therein.

The initial motivation for the current research stemmed from consideration
of the following statistical situation. Let X, - - -, X, be i.i.d. observations from
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Mutual and shared neighbor probabilities 389

some distribution in R? possessing continuous density f(x), and let NNj(r)
represent that sample point which is the rth nearest neighbor to X;. Ties are
neglected since their occurrence is an event with zero probability. Then a
natural family of statistics which may be considered for inferences about f is
based on the information contained in each point and its k nearest neighbors
for some k =1 and takes the form

T;t(Xl’ U )Xn)=i i h()(u NM(r)’ r)

i=1r=1
n n k

=3 > > h(X,, X, NI(NN(r) = X»)
i=1i'=1r=1

where I(-) represents the indicator function. (For a particular application to
non-parametric multidimensional two-sample testing, see Schilling (1986).)

Under conditions ensuring asymptotic normality the limiting distribution of
T, is determined by its first two moments. This requires the computation of
covariance terms of the form

(L1 Eh(X, X, DR(X, X, )(NN) = X, NN(s) = X,.).

When i # j various nearest-neighbor geometries come into play. There are five
mutually exclusive and exhaustive cases:

(i) NN(r) = X;, NN,(s) = X;
(ii) NN(r) = NN,s);
(iii) NN.(r) = X;, NN,(s) # X;:
(iv) NN(r) # X,, NN(s) = X;;
(v) NN(r) # X, NN(s) % X,, NN(r) # NNs).

(See Figure 1.) X; and X; are called mutual neighbors if case (i) occurs,
whereas in case (ii) they share a common neighbor. The term ‘reflexive nearest
neighbors’, due to Clark and Evans (1955), has been used by several authors
for case (i).

Let the above events and their respective probabilities be denoted by E,, and
Pm(r,s), m=1,---,5, suppressing for brevity the dependence on f, n and d.
These probabilities are independent of i and j since the X;’s are exchangeable.
Then for i #j (1.1) can be written as

5

2 (ER(X, X, Dh(X), X;r, $) | En}p(r, 5).
Using the exchangeability of the X;’s the number of distinct conditional
expectations is fairly small and these values will be feasible to compute for
certain functions h. Thus the determination of the p,’s is of paramount
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(() S —— (ii) /\
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(mutual neighbors) (shared neighbors)
(iii) );—AX’ () x X;

) /\
X, X,

Figure 1. Neighbor configurations. Arrows from X; and X; point to NN(r) and NN(s)
respectively

importance. Note however that
pl(r, S) = P(NNl(r) = Xz | NNz(s) = Xl)P(NNz(s) = Xl)
1
=P(NN,(r) = X, | NNy(s) = Xy) . n_1’

from which it follows readily that

1
p3(ry S) =P4("; S) =m _pl(ry S),

n—3
ps(r, ) ="—7+pi(r,5) = pa(r, ).

Thus it is only necessary to calculate p,(r, s) and p,(r, s) for each r and s, the
probabilities associated with mutual and shared neighbors, respectively.

In this paper, asymptotic values for p, and p, are obtained for arbitrary r
and s by exploiting the fact that as n grows and the point density increases,
attention can be restricted to small regions of the observation space, within
which f is nearly constant; thus the sample behaves locally as a d-dimensional
Poisson process. The organization is as follows. Section 2 defines additional
notation and presents the result for mutual neighbors. In Section 3 an
expression for neighbor-sharing probabilities is obtained for arbitrary r,s =1
and d > 1. The case d = 1 is treated separately. The limiting behavior of p; and
p- as d varies is studied in Section 4, where letting d — » is shown to produce
substantial simplifications. Tables are provided for small r and s and various d.
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A discussion of related work and some additional results involving the
distribution of the number of points claiming a given point as their nearest
neighbor is given in Section 5.

2. Mutual neighbor probabilities
Let Xj, - - -, X, be as in the introduction and define

R;=rank of X; among X;, - -, Xi_1, X4y, - -+, X,
when ordered by increasing (Euclidean) distance
from X, i=1,---,n;j=1,---,n;jFi

Thus R; =k indicates that X; is the kth nearest neighbor of X;. By the
exchangeability of the X;’s only R;,, R,;, R,z and R,; need to be considered in
determining p(r, s) and p,(r, s). We clearly have

pi(r, s)=P(R;=r, Ry =5);
pZ(ry S) = (n —2)P(R13=r) R23=S)

for the mutual neighbor and neighbor-sharing cases respectively.

In finite samples these probabilities depend on the underlying density f and
are extremely difficult to compute exactly. It is shown below, however, that
both np,(r, s) and np,(r, s) approach computable limits which are independent
of f.

The mutual neighbor case has essentially been obtained by Cox (1981), who
generalized a formula first given in incorrect form by Clark (1956) and later
corrected by Dacey (1969). Recall that p,(r, s) = P(NNy(r) = X; | NNy(s) =
X;)(n —1)7". Cox determined the values of the conditional probabilities in the
case when the X;’s are events in a d-dimensional Poisson process.

Let ||-|| represent the Euclidean norm and for x, € R¢ and p >0 write

S(xo, p) = {x € R”:||x — xo|| < p}
for the sphere centered at x, having radius p. Let
§=85X, 1X%-xl); §=5X, |X; - Xl).

Cox’s formula applies directly to the current model to yield the following
result.

Theorem 2.1. st
min(r’,s’ I+ :_l o
lim np(r, s)=(1-Cs) 2, (1 T >(1—2Cd)’C{,“ -2
n—e =0 r' =1 s =1

where r'=r—1, s’=s—1, and G, is the proportion of the volume of SU S
which belongs to S (say) only.
The value of / in Theorem 2.1 arises as the number of points X;, i > 2, falling
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in $NS, which necessitates r' —/ and s’ —! points in SNS° and S°NS§
respectively.

3. Neighbor-sharing

The ‘three-body problem’ associated with the neighbor-sharing probabilities
po(r, s) is considerably more complex than the case of mutual neighbors.
Initially attention is restricted to d > 1.

Some further notational definitions are required. Take ~ to mean ‘is
equivalent in the limit to’. For any sets A and B, let A" and A° represent A and
the complement of A, respectively, and writt B—A for BNA°’ Let
V{A}=[4,dx for A measurable, and denote the volume V{S(:, 1)} of a
d-sphere of radius 1 by K,. The value of K, is x%*/T(d/2+ 1), where I'()
represents the gamma function. Let 0 and e indicate the d-vectors (0,0, - - -, 0)
and (1,0, - - -, 0), respectively.

To determine the asymptotic value of np,(r, s) for arbitrary r, s and d > 1,
begin by decomposing according to the identity of the shared neighbor and use
exchangeability to obtain

np(r, s) =n(n —2)P(NNy(r) = NNy(s) = X;).

It is necessary to subdivide the space in which X; may lie. For given
X1, X, Fx, € R? let

Aup= *N §h; a, B=0,1.
In addition put

Si=S(x,-, ”x,—X3||), l=1, 2.
(See Figure 2.) Let I now represent the number of points in S, N S, rather than
in § N S as before, and write 6 and & for the number of points X;, i > 3, falling
into §; — S, and $, - §,, respectively. Note that, given X;e A, g, | may now
range from 0 to /=min (r + @ —2,s + 8 —2), and determines & and ¢:8 =
r=lt+a-2,e=5s—-1+5-2.

Considering all possible configurations for the location of X; and the value of

[ yields

i) =ntn=2) 3 3 (") [ gy S s

a,f=01=0

A L J® s} | e ar) | e dx}

n—l—6—¢e-3
. {1 ) dx} dx; dx, dx,.
SUS,

Terms with [ <0 (which occur when min (r, s) = 1) are taken to be 0.
Change variables to y =n"4(x —x,) and y, =n"“(x; — x;), i =2, 3, in order
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(a=1) B=1

y=1ly=0

Figure 2. Near-neighbor spheres. Spheres involved in the determination of the probability that
X, and X, share a near neighbor X,

to center and stabilize the probability contents of the regions of integration.
Then the continuity of f allows us to approximate f locally by a d-dimensional
Poisson process. We have

1
| rwa=2] s+ a,
S$iNS, n Jsins,

which, for fixed x; and y equals
1 , , 1
~fevesinsy +o(-),
n n

where S; and S; are the images of S, and S, under the change of variables,

namely S;=S(0, ||:]|), S3=S0x, |lys — y.||); similar approximations for other
terms and dominated convergence lead to

np2(r) S)
1 1 1 5
= E 21,6’ ’f f1+ +£+3(xl)j V’{SiﬂSé}
a,p=0i=011 0 € Jp4 R4 AL

VoS = S5}V {83 — S1} exp (—f(x1)V{S1U S3}) dy; dyz dx, + o(1)
where the A,z are the mappings of the corresponding A, under the
transformation to (xy, y,, y3)-space.

Changing variables once more to z =y/|ly,l, i=2,3, z=|y.||¢ and
computing volumes by revolution produces

1 l 1 o
npy(r, s) ~ K, Z E defl+6+e+3(x1)J glHo+e+1
0

a,ﬁ=01=01! ole!

VST N SV 2{S] — S5V °{S5— S1} exp (—f(x1)V{STU S3}2) dz; dz dx,,
AlB
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where z, is replaced without loss of generality by e in defining S7 = S(0, ||z|]),
$5=5(e, ||z —ell) and AZs = (S)*N (3)” for &, f=0, 1.
Fubini’s theorem allows z and x; to be integrated out successively, giving

1 L/l+6+e+1
an(r;s)~Kd E E( 16 € 1

«,B=01=0

V(S — SV HOreD(SIU S5} dz,.

) VSN SV (ST - 83
Agp

Next transform to the polar coordinates v = ||z;||, 6 =angle between the
vectors e and z;, and let p = 1/v. We can again compute volumes by revolution
to reduce the above expression to its simplest form, a double integral in the
variables p and 6. Define

D(p, 6) = (1—2p cos 6 + p?):

0(p, 6) = V{s(o, %) n s(e, %D(p, e))} / V{s(o, %)}

H(p, ) = D*(p, 6) —0(p, 6).

The quantity D(p, 6) is, by the law of cosines, the third side of a triangle
whose other two sides have lengths 1 and p and form an angle 6. We have
lzs—e|| = D(v, 8) = p~'D(p, 8). (See Figure 3.) Q(p, 6) and H(p, 6) repre-
sent the volume of intersection and the volume unique to the rightmost sphere,
respectively, for the two spheres whose cross-sections are shown in Figure 3,
each expressed as a proportion of the volume of the leftmost sphere.

It is convenient to decompose z;-space into the regions {z;:||zs|| <|[|z —
e|l|}”, y=0, 1, which correspond in the original system to the events that the
shared neighbor is either closer to (y =0) or farther from (y =1) X, than X;
(see Figure 2). Consider first the contribution to np,(r, s) from y =0 only.

Figun? 3. Integration regions. Regions of integration for evaluation of the neighbor-sharing
quantity p;(r, s). The quadrant between the perpendicular dashed lines yields the contribution of
the case y =0
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Define the regions

A3§0={(9, p):0=0<m/2, O<p<min< L , 2cos 9)};
2cos 0

A8f1={(9, p):0=0<m/3, —1—-<p<1};

2cos 0
To=9;
7,=(8,p):0S0=n/3,1=p<2cos 6)};
1
Am= U A::,ﬁ
a,f=0

The Ay g are the images under the current transformation of the portions of
the respective A, g regions in which y = 0. (See Figure 3.) The advantage of p
over v is that the above regions are compact, which facilitates numerical
integration.

For the integrand, note that the locus of points {z;} with a particular value
of (v, 0) defines a (d — 1)-dimensional sphere of radius v sin 6 having surface
area (d — 1)K,_,(v sin 6)?72 and that V(SN S4) = K,v*Q(1/v, 6). Then com-
puting volumes by revolution and using p = 1/v yields the contribution of y =0
to lim,_,.. np,(r, s) given below. Observe that for the y =1 contribution we
need only reverse the coordinate system by interchanging 0 and e and the
result is the same but with 6 and & permuted. Hence we have finally the
following result.

Theorem 3.1. For d>1, lim,_.np,(r,s) exists and equals p,(r,s;0)+
pa(r, s; 1), where

Kd a,f=01=0 l: 6) 8: 1

BD  psi0=@-pEe S S (o) (o, )

x{1-Q(p, 6)Y°H*(p, 6){1+ H(p, 6)}“+2++p%sin®~2  dp df

and p;(r, s; 1) has the same form but with 8 and ¢ reversed.

The quantities p;(r, s;0) and p(r, s; 1) represent the contributions of the
regions where y =0 and y =1 respectively. It is easy to express Q(p, 6) for
y =0 as a one-dimensional integral by revolving around the first coordinate
axis:

Kaa[[°. d
sin ¢ d¢ + D%(p,
Ky Lo

O(p, 6) =

cos~1{(cos 6—p)/D(p, 6)}
0) j sin ¢ d¢] .
0

Thus it is feasible to compute numerical values for lim,,_,. #np,(r, s) if r and s
are not too large, with no increase in difficulty as the dimension d increases.
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Finally, we give attention to the limiting values of np,(r, s) for the univariate
situation, which is not covered by Theorem 3.1.

Theorem 3.2. Ford =1,

3217 (r=s);

lim np,(r, s) = —
A AT S) -("T e>e

The proof follows generally along the lines of the proof of Theorem 3.1 and is
omitted; however, some of the differences will be mentioned. The event
(@, B) = (1, 0), which implies that the shared neighbor lies closer to X; than to
X,, is clearly possible only if s >r. Similarly, («, 8)=(0, 1) can occur only
when r <s, and if r =5 then o = . The nearest-neighbor spheres S;, S, are
either disjoint or nested in the one-dimensional case, which forces the values
of [, 8 and ¢ for each region A, g, into which X; can fall.

Curiously, the one-dimensional values of lim,_,..np,(r,s) tend to 3 as
r =s— o while along any sequence of pairs {(r, s):r#s; r, s— ©} the value
tends to 1. This provides an interesting comparison with the infinite-
dimensional result for p, obtained in the next section.

4. Infinite-dimensional values

A curious phenomenon of nearest-neighbor processes is their tendency
towards simplicity as the spatial dimension becomes infinite. This behavior has
been observed elsewhwere (Schilling (1983); Newman et al. (1983)) and it
occurs in the present situation as well.

The concept of asymptotics in the dimension is used below to produce
simplified versions of the near-neighbor quantities p,(r, s) and py(r, s). The
limit in d of p,(r, s) is particularly simple. Write

pi(r,s)=lim np,(r,s) for i=1,2,

having proved the existence of such limits in Theorems 2.1 and 3.1.

4.1. Mutual neighbors. The mutual neighbor quantity p,(r, s) has a nearly
binomial form as the dimension d becomes large.

Theorem 4.1. r+s-—2 )21_,_3

351}0p1(r,s)=(r_1’s_1
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The theorem follows directly from Theorem 2.1 and Lemma 4.1 below, which
exposes the source of the binomial character.

Lemma 4.1. lim,_,..C;=3.

Proof. Computing volume by revolution gives

K1

Ka-1
-2C, =2 —d-1
1-2C, X,

1
_ L 2\@-D2 g <
J;(l XY gy < 74

d

(%)(d—l)lz'

Now Stirling’s approximation yields K,_,/K, ~ (d/ 27)? and the lemma follows.

Since C, =31, pi(r,s) also takes a rather simple form for d =1. From
Theorem 2.1 we have, writing r' =r —1, s’ =s — 1 as before,

min(r’,s’) r+s' =1
pits)=2 %

—(r'+s'=1+1) -
Lr—1s - l>3 (d=1).

=0

The convergence of C, to 3 as d— « is fairly rapid, as shown in Table 1.
Table 2 presents a comparison across dimensions of p;(r, s) values, obtained
from Theorems 2.1 and 4.1 and Table 1, for 1=s5s=r=3. The d = » values
appear to provide reasonable approximations for rather low dimensions.
A natural question concerning nearest neighbors is the following: ‘What is
the probability that the observation X, is one of the k nearest neighbors to X,
given that X; is one of the k nearest neighbors of X;?” Write

Prx= k22 Zpl(r $); Bie= limnpy .

r=1s=

Then an expression for the probability in the above query is easily seen to be

(23 pi 9} /(-25) =kr - 151

r=1s=

TABLE 1
Values of C,
for selected d
d C,

1 0333
2 0-378
3 0-407
4 0427
5 0442
10 0479

8

0-500
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TABLE 2
Values of pi(r, s) for selected r, s and d

s d
0-667 0222 0-074 1

0-621 0-235 0-089 2

0-593 0-241 0-098 3

1 0-572 0-245 0-105 4
0-558 0-247 0-109 5

0-521 0-250 0-119 10

0-500 0-250 0-125 [

0-370 0-222 1

0-329 0-215 2

0-306 0-210 3

2 0-292 0-205 4
0-283 0-202 5

0-261 0-193 10

0-250 0-188 ®

0-272 1

0-243 2

0-228 3

3 0-218 4
0-211 5

0-196 10

0-188 L

The asymptotic value kp;, has an extremely simple form for d = .
Applying Theorem 4.1, we have

) 1& ET(r+s-1)
lim kpi =~ — 17,
dom PV 2’1 21 I'(rres) -
Some algebraic manipulations yield the following equivaiént form for k> 1:
14 1
lim kpy p=1— <1+—)
do [Pk Zk,E1 2
=1-T(2k)/(k2**7'T(k)?)
=1—1/Vnk by Stirling’s formula.

Even for k as small as 3 the approximation is excellent—the value obtained is
0-674 whereas the exact figure to three places is 0-688.

Clearly lim;_.lim,_kp;,=1. Theorem 4.2 below shows that the same
limit. (in k) in fact holds in all finite-dimensional Euclidean spaces.

Theorem 4.2. For all d <, lim;_.. kp1 = 1.
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Proof. Regard X, and X, as fixed and let M;, M, and M; be the numbers of
points X;, i >2, falling into S —§, §—S and §NS respectively. For n large
and X;, X, close, M;, M,, M; can be approximated by independent Poisson
variables N;, N,, N; having respective parameters proportional to C,;, C; and
1-2C,. Conditional on N;+ N,+ N;=nq, (N;, N,, N;) ~ multinomial(n,;
C,, C;, 1-2C,), and from the result of Theorem 2.1 we can write

pi(r,s)=(1—Cd) z P(N1+N3=r',N2+N3=s'|N1+N2+N3=no).

no=0
(This result should in fact serve to motivate Theorem 2.1.) Hence

2k—-2
kplk——(l —C,) >, P(max (N, + N3, Ny + N5) <k | Ny + N+ N; = ny).
no—o
For k large it will be shown that all but a negligible fraction of the terms in
the above sum are near either 0 or 1. Note that given N;+ N,+ N;=ny,
N; +N; and N, + N; are positively correlated binomial (7o, 1 — C,) variables.
Choose £ € (3, 1) arbitrarily. Then for no=k/(1—-C,) — k€ we have

P(max (N; + N3, N, + N;) <k | Ny + N, + N;=ny)
>P2(N1+N3<k|N1+N2+N3 no)

- [1 _ no(l - Cd)Cd
T (k—no(1-Cy))*

C,
> 1-2&
=[]

] using Chebyscheff’s inequality;

while for no>k/(1 - C;) + k%,
P(maX(N1+N3,N2+N3)<k|N1+N2+N3 no)
= P(N;+ N;<k|N;+ N, + N;=ny)

1-C,
= (nn(ol( C ; )C. 2)2 again using Chebyscheff;
o\lL—Lq)—
2
=— k%
(1-C)y

On applying these bounds to the given expression for kp{ ,, the result follows
readily.

4.2. Neighbor-sharing. Taking the limit of (3.1) as d— « evokes a surpris-
ing result which simplifies p;(r, s) completely. The following facts are needed
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to produce it:
Ki_ y
() (d-1)—=~(d*2n)
K4

(ii) 0=Q(p, 6)=D*p, 6)=1in A",
(iii) Q(p, 8)— 0 uniformly in AY; as d— .

The first result is obtainable from Stirling’s approximation; the second follows
from the geometrical interpretations of O and D given in Section 3. As for
(iii), it is evident from Figure 3 that for any d, Q(p, 6) is never larger for
(p, 6) € AT, than its value at 6 = /3, p =1, where it equals 1 —2C,. Then
(iii) follows from the proof of Lemma 4.1.

The inequality in (ii) implies that the integrand of (3.1) is bounded in
absolute value by |p?~sin®"2 §|. Since |p sin 8] <V/3/2<1 for all 6 and p in
Ag1 and Ago, the integrals over these regions may be discarded in the limit, as
the growth in (3.1) indicated by (i) is dominated by the uniformly bounded
geometrical decay of the integrands. Furthermore, by (iii), all terms with
« = =1, I>0 become negligible as d tends to . Hence only one term from
the sums in (3.1) remains, so that p,(r, s; 0) may be replaced in the limit by

7t/3
lim (¢2/2m)t LEES)

2cos 8
s ad—2 ef Dd(s—l) , 0
@1 o rore b 0, e: 6)

. {1+ D%p, 8)}"*p?1dp de.

To evaluate (4.1) put p=p(v)=2cos @ —v/d. Then for given 6,
D?(p(v), 6)—exp (—v cos 0) and p?~*(v) — (2 cos 8)*~ ! exp (—v/2 cos §)— 0
as d— o, with both limits approached uniformly in v. Thus (4.1) is equivalent

to
T(r+5) (*®

lim (d/27): ———= in?~2 -1
d_m( IT) T(ITG) Jo sin“"* (2 cos 6)

2 ”
(4.2) foexp[—{(s—l)cose+%se<:9}U]

.{1+exp (—vcos 6)} " duy d6.

The ‘action’ in the above expression occurs at 6 = sr/4 since (2 sin 6 cos 6)¢
is constant and equal to 1 there but decreases geometrically otherwise. Since
the inner integral is continuous in 6 and does not involve d, 8 may be replaced
by m/4 with no effect on the limit. This gives

fo exp (—sv/V2)(1 +exp (—v/V2))~"* dv

for the inner integral in (4.2). Letting t=exp (—v/V2)/(1+ exp (—v/V2))
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reduces this to
3

(4.3) V2 f £ — £y dr.
0

While this in itself has no closed form, one may be obtained by now including
the contribution of the term p5(7, s; 1). By symmetry this term will be the same
for the outer integral and equal to

3
(4.4) V2 f A1 -n) T dy
0

for the inner integral. The substitution ¢t =1 —¢, allows (4.3) and (4.4) to be
combined into the single integral

! _ [ (r)L(s)
ZIts‘ll— ldt =2 ———=.
\/— 0 ( t) ! \/_ F(r + S)
Thus we have reduced to

L(r+s) (™
L(r)T(s) Jo

7/3
= (d/n)if sin?~2 6(2 cos 8)*~' d6.

0

p(r, s) ~ (d/2m)}

sin?~2 6(2 cos 9)4—1{2% 11:((?—41:(;))} de

The upper limit may be replaced by m/2 without effect, by the argument
following (4.2). Then letting u = sin® 6 gives finally

1
pa(r, )~ (d/n)%zd‘zj u@=I2(1 — y)d-22 gy,
0

~ (d/7)247((d — 1)/2)T(d/2)/T(d — 1/2)

-1
Thus we have proven the following result.

Theorem 4.3. For all positive integers r and s, lim,_,. p(r, s) exists and
equals 1.

Note that from Theorem 4.3, p,(r, s) = (n — 2)P(NNy(r) = NN,(s) = X3) =1/
n when d and n are large, whereas P(NN(r) = X;) = P(NN,(s) = X3) =1/
(n — 1); thus the implication of Theorem 4.3 is that in high-dimensional spaces
the identities of the k-nearest neighbors of one sample point in a Poisson
ensemble are approximately independent of those of any other randomly
selected sample point.

We may also be interested in the probability that two points, say X; and X,
have any of their respective k nearest neighbors in common for specified k.
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This corresponds to the mutual neighbor problem treated in and prior to
Theorem 4.2. Writing analogously

1 k k
D2,k =2 Z > par, 9),
F=1s=1
Pox= linl nps i,

we have P(X, and X, share a k-nearest neighbor) = k?p, ;. There are simple
closed forms for p; , for both d =1 and d = «. From Theorem 3.2, we have for
d=1
_ 1 [ k 3 _ k r—1 r—1 N 1
= —21r)+2 (1—( )2 ')]_1-—
P2,k K2 ;::1(2 ) 22:2:1 s—1 2%’
while Theorem 4.3 trivially yields lim, . p; =1 for all k. Unless k is very
small the difference between the univariate and infinite-dimensional values is
again seen to be slight.
In order to assess the rates of convergence of the asymptotic neighbor-
sharing values to their infinite-dimensional limits, a numerical integration

TABLE 3
Values of p5(r, s) for selected r, s and d

s d
0-50 0-75 0-88 1

0-63 0-78 0-86 2

0-71 0-81 0-87 3

1 0-76 0-84 0-89 4
0-80 0-87 0-91 5

0-92 0-96 0-96 10

1-00 1-00 1-00 £

1-00 0-75 1

0-96 0-88 2

0-96 0-92 3

2 097 . 0-95 4
0-97 0-96 5

0-98 0-98 10

1-00 1-00 ®©

1-25 1

1-01 5

0-99 3

3 0-99 4
0-99 5

0-99 10

1-00

8
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program was used to evaluate p,(r,s) for r,s =3 and various d>1.
Computations were performed on an IBM 3033 using the mMsL library routine
DCADRE. Table 3 provides the results along with values for d =1, computed
easily from Theorem 3.2.

Table 2 and 3 indicate that near-neighbor geometric probabilities, when the
observations are locally Poisson-like, vary slowly with d in a smooth,
frequently monotone fashion, with the infinite-dimensional values providing
good approximations for quite low-dimensional situations. Parallel results have
been found for nearest neighbor goodness-of-fit tests (Schilling (1983)).

5. Related work and additional results

As mentioned previously, the probability that an arbitrary point in a Poisson
ensemble is the rth nearest neighbor of its own sth nearest neighbor was first
obtained by Clark and Evans (1955) in the two-dimensional case for r =s =1
and later generalized, incorrectly, to r = s > 1, by Clark (1956). Correct values
for the latter case were provided by Dacey (1969), and the generalization to d
dimensions with r and s not necessarily equal was obtained by Cox (1981).

Schwarz and Tversky (1980) defined the R value of any member of a list of
elements as its rank in the proximity order from its own nearest neighbor and
obtained the distribution of R under several models. They showed that this
distribution approaches a geometric distribution for the model treated in the
preceding—i.e., locally approximately Poisson samples in Euclidean d-space—
and noted the stability as d changes. Note that their results yield the values of
pi(l,s)fors=1,2,3,---.

Pickard (1982) considered mutual nearest neighbors for r =s =1 in Poisson
processes and obtained their frequency of occurrence (pi(1,1)) and the
probability distribution for the relative distance to the next closest point.

Several authors have studied the distribution of the number of points N in a
Poisson process which claim an arbitrary point as a nearest neighbor. The
earliest of these were again Clark and Evans (1955), who provided only Monte
Carlo results in R?. Roberts (1969) found bounds for the individual probabil-
ities for N, and in the process obtained the values of pj(1,s) fors=1,2,3, - - -
in two dimensions. Roberts also furnished Monte Carlo results in two and
three dimensions.

Recently, Newman et al. (1983) have studied expressions for the d-
dimensional distributions of N, which appear to be intractable, and determined
the corresponding large-dimensional limits in several Poisson-type models. The
distribution of N as d— » is found to approach a Poisson distribution with
parameter 1 in most of the cases considered.

The results given for neighbor-sharing (Theorems 3.1 and 4.3) can be used



404 M. F. SCHILLING

to shed some light on the finite-dimensional distributions of N as well: let N,
be the number of points claiming X; as their nearest neighbor when
X, -+, X, are distributed as before. As n— o the distribution of N, will
approach that of N defined above. Applying inclusion—exclusion and exchan-
geability we have

P(N,Z1)2 3 PINN(1) = X))~ 5, PIYN(D) = NN(1) = X)

_1_(”—1)P2(1, 1)
2 n-2"~

n—l)pZ(l’ 1)
2 n—-2"

combining these results with the formula P(N,=1)=P(N,=1)—- P(N,Z2)
yields the following simple asympotic bounds on P(N, = k) for k =0, 1, 2:

P(N, 22)S 33 P(NN(1) = NN(1) = X)) = (
i#j

5.1) lim P(N, =0) = 4pi(1, 1);
(5.2) lim P(N,=1)=1-py(1, 1);
(5.3) lim PN, 22) = 4p3(1, 1).

For d =1 these bounds are achieved exactly since N, is always =2 with
probability 1.

The distribution of N, was estimated for d =3 and 5 via a Monte Carlo
experiment involving in each case n = 10000 points uniformly distributed on
the ‘wrapped-around’ d-cube, or torus, in order to eliminate boundary effects.
The results are shown in Table 4 along with the values of the bounds given

TABLE 4
Monte Carlo and theoretical values, bounds for P(N, = k)*

k=0 1 2 3 4 =2
d

1 025(025)  0-50(0:50)  0-25 0-25 (0-25)
3 030(035)  044(029) 021 004 0-26 (0-35)
5 033(040)  041(020) 020 005 001  0-26(0-40)
w  037(0-50)  037(0-00) 018 006 0-02  0-26(0-50)

*Results for d=3 and 5 are based on n=10000 points uniformly
distributed on a d-dimensional torus; values for d =1 and ~ are exact for
n=cw. Numbers in parentheses are upper/lower bounds obtained from
(5.1)-(5.3).
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above. Also included are the theoretical values for d =1 and d = «, the latter
obtained from the aforementioned result of Newman et al. (1983) on the
limiting Poisson distribution of N,. Once again, the stability across dimension
is notable; it is particularly striking for P(N, =2).

Acknowledgement

The careful reading and helpful comments of the referee are greatly
appreciated.

References

CLARK, P. J. (1956) Grouping in spatial distributions. Science 123, 373-374.

CLARK, P. J. AND Evans, F. C. (1955) On some aspects of spatial pattern in biological
populations. Science 121, 397-398.

Cox, T. F. (1976) The robust estimation of the density of a forest stand using a new
conditioned distance method. Biometrika 63, 493-499.

Cox, T. F. (1981) Reflexive nearest neighbours. Biometrics 37, 367-369.

Cox, T. F. aNp Lewis, T. (1976) A conditioned distance ratio method for analyzing spatial
patterns. Biometrika 73, 483-491.

DACEY, M. F. (1969) Proportion of reflexive nth order neighbours in a spatial distribution.
Geographical Analysis 1, 385-388.

DIGGLE, P. J. (1975) Robust density estimation using distance methods. Biometrika 62, 39-48.

NEwMAN, C. M., RINOTT, Y. AND TVERSKY, A. (1983) Nearest neighbors and Voronoi regions
in certain point processes. Adv. Appl. Prob. 15, 726-751.

PickaRD, D. K. (1982) Isolated nearest neighbors. J. Appl. Prob. 19, 444-449.

ROBERTS, F. D. K. (1969) Nearest neighbours in a Poisson ensemble. Biometrika 56, 401-406.

SCHILLING, M. F. (1983) An infinite-dimensional approximation for nearest neighbor goodness
of fit tests. Ann. Statist. 11, 13-24.

SCHILLING, M. F. (1986) Multivariate two-sample tests based on nearest neighbors. J. Amer.
Statist. Assoc. To appear.
—+ SCHWARZ, G. AND TVERSKY, A. (1980) On the reciprocity of proximity relations. J. Math.
Psychol. 22, 157-175.



	Article Contents
	p.388
	p.389
	p.390
	p.391
	p.392
	p.393
	p.394
	p.395
	p.396
	p.397
	p.398
	p.399
	p.400
	p.401
	p.402
	p.403
	p.404
	p.405

	Issue Table of Contents
	Advances in Applied Probability, Vol. 18, No. 2 (Jun., 1986), pp. 289-580
	Front Matter
	A Unified Approach to the Distribution of Total Size and Total Area under the Trajectory of Infectives in Epidemic Models [pp.289-310]
	Comparison of Optimal Value and Constrained Maxima Expectations for Independent Random Variables [pp.311-340]
	Time-Average Optimal Constrained Semi-Markov Decision Processes [pp.341-359]
	A Derivation of the Information Criteria for Selecting Autoregressive Models [pp.360-387]
	Mutual and Shared Neighbor Probabilities: Finite- and Infinite-Dimensional Results [pp.388-405]
	Inference for Stationary Random Fields Given Poisson Samples [pp.406-422]
	Pure Jump Shock Models in Reliability [pp.423-440]
	On a Functional Equation Arising in the Analysis of a Protocol for a Multi-Access Broadcast Channel [pp.441-472]
	Blocking Probabilities in Large Circuit-Switched Networks [pp.473-505]
	A New Technique for Analyzing Large Traffic Systems [pp.506-532]
	A New Informative Embedded Markov Renewal Process for the PH/G/1 Queue [pp.533-557]
	The Virtual Waiting-Time and Related Processes [pp.558-573]
	Letters to the Editor
	Heredity of Stationary and Reversible Stochastic Processes [pp.574-576]
	Improved Upper Bounds for the Availabilities in a Fixed Time Interval for Multistate Monotone Systems [pp.577-579]

	Correction: ARMA Processes Have Maximal Entropy among Time Series with Prescribed Autocovariances and Impulse Responses [p.580]
	Back Matter



