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Remark. You are entitled to a reward of 1 point toward a Test if you are the first person

to report a bona-fide mathematical mistake (i.e. not including language typos and grammatical
errors. )

ABSTRACT. This is a course to study Lebesgue measure and integration theory.

e Lebesgue measure on the real numbers R is a nonnegative function m : M — [0, oo, where
M is a collection of subsets of R. Here, m “measures” how large a set A of real numbers
is if A € M. In addition, m operates “nicely” within M under set operations (taking
complements, countable union, and countable intersections); this also requires that M is
closed under these set operators, i.e. M is a o-algebra.

e Lebesgue integration is defined for all the Lebesgue measurable functions, which is a much
larger class than the collection of Riemann integrable functions.

o In Riemann-Lebesgue theorem, one can characterize all the Riemann integrable
functions completely.

o Lebesgue integration operates “nicely” under taking limits of functions; this also
requires that limits of Lebesgue measurable functions are measurable.
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The language: Sets and mappings

We speak the language of sets and mappings in mathematics.

Definition (Sets).

e Given a set A, z € A denotes that z is an element (or member, point) of A and =z ¢ A
denotes that x is not an element of A.

e We say that two sets A and B are equal, denoted by A = B, if they have the same
elements.

e Given two sets A and B, we say that A is a subset of B, denoted by A C B (or A C B),
if each element of A is a member of B; we say that A is a proper subset of B, denoted
by AC B,if AC B and A # B.

Remark. Given two sets A and B, A = B if and only if (i.e. iff) A C B and B C A.

Example.

e N ={1,23,...} denotes the set of natural numbers. (Notice that in some other books,
N refers to the set {0,1,2,3,...}.)

e 7Z=A{..,-3,-2,—1,0,1,2,3, ...} denotes the set of integers.

e Q={p/q:p,q€Z,q+# 0} denotes the set of rational numbers.

e R denotes the set of real numbers (for which the structure will be discussed later.)

e R\ Q is called the set of irrational numbers.

Definition (The empty set). The set that has no elements is called the empty set and is
denoted by (). A set that is not equal to the empty set is called nonempty.

Definition (A singleton set). A set that is has a single element is called a singleton set.

Definition (The power set). Given a set A, the set of all the subsets of A is called the power
set of A and is denoted by P(A).

Example. Let A = {1,2,3}. Then
P(A) = {0,{1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3} }.

Remark. If A has N elements, then P(A) has 2V elements, which is strictly greater than
N. (What if A contains infinitely many elements? — See Section [1.3] Cardinality.)

Definition (Union, intersection, and complement). Let A and B be two sets.

e The union of A and Bis AUB ={z:2 € Aorz € B}.

e The intersection of A and Bis ANB ={z:x € Aand x € B}. We say that A and B
are disjoint if AN B = 0.

e The complement of Ain Bis B\ A= {z:2 € Band z ¢ A}, and is also denoted by
B ~ A. In particular, if all the set operations are within a universal set X, then for a
set A C X, we simply call X \ A the complement of A, and is also denoted by A°.
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Remark. Given a family of sets F, we define

UE:{x:xEEforsomeEE]:},
EeF
and
(VE={x:zcEforal Ec F}.
EeF
In particular, if F = {E)}xea, where X is called the index and A is called the index set, then we
define
UEA:{x:xEE,\forsome/\EA},
AEA
and
ﬂEA:{x:xEEAforaH/\EA}.
AEA
For example,

UEi ={z:z € E; forsomei=1,....n},
i=1

and

ﬂEi:{x:xEE)\ foralli=1,...,n}.

=1

THEOREM (De Morgan’s Law). Let F be a family of sets. Then

(UE) = () E° and (ﬂE) = J B~
EeF EEF EE€F EeF

Definition (Mappings). Let A and B be two sets. A mapping f from A to B, denoted by
f A — B, is a correspondence that assigns to each element of A an element of B; for z € A,
we denote by f(z) the assigned element in B. In the case when B = R, we call the mapping f
a function.

Definition (Domain and range). Let f be a mapping from A to B. We call A the domain
of f. Given a subset E C A, we define f(E) ={y € B :y = f(x) for some x € E} the image of
E. We call f(A) the range of f.

Definition (Inverse image). Let f be a mapping from A to B. Given a subset £ C B, we
define f~Y(E) = {z € A: f(z) € E} the inverse image of E.

Notice that f~! is not a mapping. In order to make f~! a mapping, we need the following
concepts.

Definition (Onto and one-to-one mappings). Let f be a mapping from A to B.
e We say that f is one-to-one (or injective) if z,y € A and z # y imply f(z) # f(y).
e We say that f is onto (or surjective) if f(A) = B.

Definition (Invertible mappings). Let f be a mapping from A to B. We say that f is
invertible if f is both one-to-one and onto, i.e. f establishes an one-to-one correspondence (or
bijection) between the sets A and B, we say that A and B are equipotent.

Let f be an inverible mapping from A to B. Given each element y € B, there is exactly
one element z € A such that f(z) =y and we denote by f~!(y) = z. This defines a mapping
f~':B — Aand we call f~! the inverse of f.



CHAPTER 1

Review of Mathematical Analysis

1.1. The real number system

The real number system R is an example of a complete ordered field. We define its structure
in three steps:
Step 1: R is a field.

Definition (Fields). A field F' is a nonempty set together with two operators + and -, called
addition and multiplication, which satisfy the following axioms.

(A0)

(A1).
(A2).
(A3).

(A4).
(A5).
(A6).
(A7).

(AS).

(A9)

The operations 4+ and - are binary operations, that is, if a,b € F', then a +b and a - b
are uniquely determined elements of F'.

Commutativity of addition: If a,b € F, then a +b =0b+ a.

Associativity of addition: If a,b,c € F, then (a +b) + c=a+ (b+ c).

The additive identity: There is an element in F', denoted by 0, such that 04+a = a+0 = a
for all a € F.

The additive inverse: For each a € F, there is an element b € F, called the additive
inverse of a and denoted by —a, such that a +b = 0.

Commutativity of multiplication: If a,b € F, then a-b="b- a.

Associativity of multiplication: If a,b,¢ € F, then (a-b)-c=a- (b-c).

The multiplicative identity: There is an element in F', denoted by 1, such that 1-a =
a-1=aforallaekF.

The multiplicative inverse: For each a € F and a # 0, there is an element b € F', called
the multiplicative inverse of a and denoted by a~! or 1/a, such that a-b = 1.

The distributive property: If a,b,c € F', thena-(b+c¢)=a-b+a-c.

Remark. We will simply denote a + (—b) by a — b, the multiplication a - b by ab, and a - b*

by a/b.

Question. Among N, Z, Q, R, R \ Q, which one(s) are fields, why not for N, Z, and R \ Q,
and why for Q and for R?

After Step 1, we can do addition, subtraction (as added by the additive inverse), multiplica-
tion, and division (as multiplied by the multiplicative inverse) on R, according to all the rules
that we knew before.

Step 2: R is an ordered field.

Definition (Ordered field). Let F' be a field. Then F' is an ordered field if it satisfies the
following positivity axiom.

(A10).

There is a nonempty subset P of F', called the positive subset, for which
(i). P is closed under addition: If a,b € P, then a +b € P.
(ii). P is closed under multiplication: If a,b € P, then a -b € P.

(iii). Law of trichotomy: For each a € F, exactly one of the following three alternatives

is true: a € P, —a € P, and a = 0. We say a is positive if a € P and is negative if
—a € P.
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Let F' be an ordered field. Given a,b € F, we write a > b if a — b € P; we write a > b if
a>bora=5b. Wewritea<biff b>aand a<biff b > a.

Question. Among Q and R, which one(s) are ordered fields?

After Step 2, we can compare the greatness of elements in R. We can also define the intervals
in R.

Definition (Intervals). Given two numbers a,b € R, we define an interval as one of the
following sets.
(a,b) ={x:a < x < b}, (a,b] ={z:a < x <b},
la,b) = {z:a <z < b}, la,b] = {z:a <z < b},
(—o00,a) ={z:x <a}, (—o0,a] ={z:z <a}l,
(a,00) ={x: x> a}, la,00) ={z:2 > a}.

Remark (About +00). In convention, we write R = (—o0, 00). Notice that co and —oo are
not elements of R, i.e. they are not real numbers. We sometimes use the notation of extended
real numbers to mean RU{#o00}. This will come handy since there are sequences of real numbers
that diverges to co or —oo, or can be viewed as converges within the extended real numbers
with limit co or —oo.

We will also use —co < x < 0o to denote that x is a finite real number.

Definition (Absolute value). Let F' be an ordered field. We define the absolute value |a| of
an element a € F' by
a if x>0,
lal =

—a ifz<O0.
The following inequality about absolute value in R is fundamental in analysis.
THEOREM 1.1 (Triangle inequality). For any z,y € R, |z +y| < |z| + |y|.

Step 3: R is a complete ordered field.
There are several ways to define completeness equivalently. Here it is done through least
upper bounds (or greatest lower bounds).

Definition (Upper and lower bounds). Let F' be an ordered field.

e A set Fin F is said to be bounded above provided there is an element b € F' such that
x < b for all x € E; the number b is called an upper bound of E.

e A set I in F is said to be bounded below provided there is an element b € F' such that
x > b for all x € F; the number b is called an lower bound of E.

e A set F in F is said to be bounded if E is bounded above and is bounded below.

Remark. If a set of real numbers E is not bounded above, then we denote sup £ = oo; if a
set of real numbers F is not bounded below, then we denote inf £ = —o0.

Definition (Completeness by least upper bound). Let F' be an ordered field. We say F' is
complete if it satisfies the following axiom.
(A11). For any subset F of F' that is bounded above, there exists sup ' € F'. Here, b is called
the least upper bound (or supremum) of the set E (denoted by l.u.b. E or sup E) if b is
an upper bound of £ and b < ¢ for any upper bound c of F.
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Remark. Equivalently, we can define completeness by greatest lower bounds: Let F' be an
ordered field. We say F' is complete if for any subset E of F' that is bounded below, there exists
inf E € F. Here, b is called the greatest lower bound (or infimum) of the set £ (denoted by
g.lb. E or inf F) if b is an lower bound of £ and b > ¢ for any lower bound ¢ of E.

Question. Among Q and R, which one(s) are complete ordered fields, why not for Q and
why for R?

Question. Let £ = {r € Q: 2?2 < 2}. Issup E € Q? In fact, we define v/2 as a “new” real
number (which is irrational.)

After Step 3, we can finally do limits and therefore calculus on R.

‘Homework Assignment ‘

1-1. For a nonempty set of real numbers E, prove that inf E = sup F iff F consists of a
single point.

1-2. Use the completeness axiom to prove that every nonempty set of real numbers E that
is bounded below has an infimum and that

inf £ = —sup{—z: 2 € E}.

1.2. The natural numbers, the rational numbers, and the irrational numbers

This section involves the properties of the natural numbers, the rational numbers, and the
principle of mathematical induction, which will be used in the proofs consequently.

THEOREM 1.2 (Principle of mathematical induction). For each natural number n, let S(n)
be some mathematical assertion. Suppose that S(1) is true and S(k) is true implies that S(k+1)
is also true for all natural numbers (or the statement that S(1),...,S(k — 1) are all true implies
that S(k + 1) is true.) Then S(n) is true for all natural numbers.

THEOREM 1.3. Fvery nonempty set of natural numbers has a smallest element.

THEOREM 1.4 (Archimedean Property). For every pair of positive real numbers a and b,
there is a natural number n for which na > b.

Archimeadean property is applied in nearly every proof of the convergence of sequences of
real numbers.

THEOREM 1.5. Between any two distinct real numbers, there is a rational number and an
wrrational number.

Question. Prove that each real number is the supremum of a set of rational number.

PRrROOF. If z is rational, then © = sup E for E = {x}. If x is irrational, then there is a rational
number x; € (z — 1,x) by the above theorem; there is a rational number zy € (z — 1/2,2) by
the above theorem again. Inductively, there is a set of rational numbers F = {1, xs, ...} such
that =, € (x — 1/n,z). One can see that sup £ = z. (How to check? — See the following
theorem.) O

THEOREM 1.6.

(1). A number a = sup E for a set of real numbers E iff a is an upper bound of E and for any
e > 0, there exists x(¢) € E such that x(e) > a — €.

(11). A number a = inf E for a set of real numbers E iff a is a lower bound of E and for any
e > 0, there exists x(¢) € E such that x(e) < a +¢€.
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’ Homework Assignment ‘

1-3. Prove that each real number is the supremum of a set of rational numbers and also the
supremum of a set of irrational numbers.

1.3. Cardinality: countable and uncountable sets

Recall that two sets A and B are equipotent if there is an one-to-one correspondence (i.e.

bijection) between A and B, in this case, we say that A and B have the same cardinality, denoted
by Card (A) = Card (B). In fact,

Definition. Let A and B be two sets.

e If there is a mapping f : A — B that is onto (i.e. surjective), then we say that the
cardinality of A is greater than or equal to the cardinality of B, denoted by Card (A) >
Card (B);

e If there is a mapping f : A — B that is one-to-one (i.e. injective), then we say
that the cardinality of A is less than or equal to the cardinality of B, denoted by
Card (A) < Card (B);

e Card (A) > Card (B) if Card (A) > Card (B) and Card (A) # Card (B);

e Card (A) < Card (B) if Card (A) < Card (B) and Card (A) # Card (B).

Cardinality generalizes the simple concept of “number of elements of a set”.

Definition (Finite, countable, uncountable sets).

e A set A is said to be finite if either it is empty or there is a natural number n for which
E is equipotent to the set {1,...,n}.

e A set A is said to be countably infinite if it is equipotent to N.

e A set A is said to be countable if it is either finite or countable infinite, that is, it is
equipotent with a subset of N.

e A set A is said to be uncountable if it is not countable.

A set F is finite iff its element can be enumerated as x; = f(1), ..., z, = f(n) by the one-to-
one correspondence f : {1,...,n} — E; E is countably infinite iff its elements can be enumerated
by x1 = f(1), ..., x, = f(n), ..., by the one-to-one correspondence f : N — E.

Question. Examples of countable and uncountable sets? In particular, are N, Z, Q, R, R\Q
countable?

THEOREM 1.7. Any subset of a countable set is countable. In particular, any set of natural
numbers is countable.
THEOREM 1.8.

(1). The Cartesian product of countable sets is countable.
(11). The countable union of countable sets is countable.
(ii1). For any set A, Card (P(A)) > Card (A). Here, P(A) is the power set of A.

Example. Card (P(N)) = Card (R).

THEOREM 1.9. A nonempty interval of real numbers is uncountable. In particular, R is
uncountable.

Homework Assignment ‘

1-4. Let a,b,c,d € R, a < b, and ¢ < d. Prove that the two intervals (a,b) and (c,d) are
equipotent.
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1.4. Topology of the real numbers: open, closed, compact, and Borel sets

Definition (Open sets in R). A set U of real numbers is said to be open if for each x € U,
there is 6 > 0 such that (xr —d,z +9) C U.

The empty set () and the set of real numbers R are open.

Question. Prove that the intervals (a, b), (—o0, a), and (a,c0) are open. These intervals are
called open intervals.

PROPOSITION 1.10. Every nonempty open set of real numbers can be written as the union of
a countable and disjoint collection of open intervals.

PROOF. Read the proof in [Stein-Shakarchil, Theorem 1.3 in Chapter 1]. O

Definition (Closed sets in R). A set V' of real numbers is said to be closed if V¢ =R\ V is
open.

The empty set () and the set of real numbers R are closed, because ) = R¢ and R = ()¢ are
open.

Question. Prove that the intervals [a,b], (—00,a], and [a,c0) are closed. These intervals
are called closed intervals.

We generalize the above discussion to
R = {(21,...,7q) :2; €Rfor i =1,...,d}.

Definition (Norm and distance in R?). The norm of z € R is denoted by |x| and is defined
to be the standard Euclidean norm given by

|z| = \/vaLa:%—i-H'—l—xfl.
The distance between two points x,y € R? is |x — y|; the diameter of a set £ C R? is defined as

diam(E) = sup |z —y|.
el

The distance between two sets E, F C R? is defined by
dist(E, F) = inf |z —yl.

reE,yeF
Definition (Open balls in R?). The open ball in R? centered at = and of radius r is defined
by
B(z)={y cR*: |y — x| <r}.
Definition (Open sets and closed sets in R?). A set U C R? is said to be open if for each
x € U, there is § > 0 such that Bs(z) C U. A set V. C RY=R?\ V is said to be closed if V¢ is

open.
Question. Prove that B,(x) is open.
ProprosITION 1.11.

(i). If {Uy,...,Un} is a finite collection of open sets in RY, then N}_,Uj; is open.
(ii). If {Ux}ren is a collection of open sets in R?, then UxeaU, is open.
Question. Let {U,}\ca be a collection of open sets in R%. Is N, U, necessarily is open?

Why and why not? In particular, a countable intersection of open sets is called a Gy sets, it is
not necessarily open.
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PROPOSITION 1.12.
(i). If {V1,...,Va} is a finite collection of closed sets in RY, then UJ_,V; is closed.
(i1). If {Va}rea is a collection of closed sets in R?, then NyeaVs is closed.
Question. Let {V)}rea be a collection of closed sets in RY. Is UyeaVy necessarily closed?

Why and why not? In particular, a countable union of closed sets is called an F), sets, it is not
necessarily closed.

Definition (Interior points). Let £ C R%. A point z is said to be an interior point E if
there exists r > 0 such that B,(x) C E. The set of all the interior points of F is called the
interior of E.

Remark. A set is open iff all its points are interior points.

Definition (Limit points, closure, and boundary). Let £ C R%. A point z is said to be a
point of closure of E is every r > 0, the ball B,(x) contains points of E. The closure E of E is
the union of the E and all its limit points. The boundary OF of E is the set of the points which
are in the closure of E but not in the interior of F.

THEOREM 1.13. A set A of real numbers is closed iff A = A.

Definition (Rectangles and cubes). A (closed) rectangle R in R? is given by the product of
d one-dimensional closed and bounded intervals

R = [alabl] X [a27b2] X X [adabd]7

where a; < b; are real numbers, j = 1,2, ...,d. In other words, we have
R={(v1,...,7q) ER*:a; <x; <b;forall j=1,..,d}

The volume of the rectangle R is denoted by |R| and is defined to be

|R| = (bl — al)(bg — ag) s (bd — CLd).
Of course, when d = 1 the volume equals length, and when d = 2 it equals area.

An open rectangle is the product of the open intervals (ay, b1) X (ag, bg) X - - - X (ag4, by) and is

the interior of a closed rectangle; a cube is a rectangle for which by —a; = by —as = --- = by —ay.

So if Q@ C R? is a cube of common side-length [, then |Q| = I4.
A union of rectangles is said to be almost disjoint if the interiors of the rectangles are disjoint.

LEMMA 1.14. If a rectangle R is the almost disjoint union of finitely many other rectangles,

say R = UN_| Ry, then
N
Rl = | Rel.
k=1

If a rectangle R is a subset of the almost disjoint union of finitely many other rectangles, say
R C UY_| Ry, then

N
|R| <) |Rxl.
k=1
PROOF. Read the proof in [Stein-Shakarchill Lemmas 1.1 and 1.2 in Chapter 1]. U

PROPOSITION 1.15. Every nonempty open set of R% can be written as the union of a countable
and almost disjoint collection of closed cubes.

PROOF. Read the proof in [Stein-Shakarchill, Theorem 1.4 in Chapter 1]. O
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Definition (Bounded sets in RY). A set £ C R? is bounded if it is contained in some ball
of finite radius.

Definition (Cover, open cover, finite cover). We say that a collection of sets {E)}aca is a
cover of a set A if A C UyepF)y; if each FE) is open, then we say {E)}ea is an open cover of A;
if A is finite, then we say {F)}aea is a finite cover of A.

Definition (Compact sets). A set A is said to be compact if every open cover of A contains
a finite subcover.

THEOREM 1.16 (Heine-Borel Theorem). A set in R is compact iff it is bounded and closed.

Question. Provide examples of sets of real numbers that are

(1) unbounded and closed but is not compact;
(2) bounded and not closed but is not compact.

THEOREM 1.17 (Nest Closed Set Theorem). Let {V,,}5°, be a descending countable collection
of nonempty closed sets of real numbers, that is, Vi D Vo D V3 D ---. Suppose that V; is bounded.
Then N2, V,, # 0.

Question. Provide an example that the above theorem fails for open sets.

Definition (o-algebra). Given a set X, a collection A of subsets of X is called a o-algebra
(of subsets of X) if

(0). D€ Aand X € A;
(i). if £ € A, then E° € A,
(ii). if By, ..., E,, ... are in A, then U2 | F,, € A.

Remark.
e By De Morgan’s Law, (ii) and (iii) imply that if £, ..., E,, ... are in A, then N0, E,, € A.
e Condition (0) is not necessary in the definition of o-algebra: By (ii) and (i), FU E° =
R e A; by (i), 0 =R e A.

Question. Provide an example of a o-algebra.
The trivial o-algebra is A = {0, X'}.

Question. Given a collection of sets F, how to construct a o-algebra that contains F7 In
particular, how to construct the smallest o-algebra of F7

One way is to complete F to be a o-algebra by including all the possible new sets from
completion and countable union; the other way is to take the intersection of all the o-algebras
that contain F.

Definition (Borel sets). The Borel algebra B on R? is the intersections of all the o-algebras
that contains all the open sets of real numbers. The members of the Borel algebra are called the
Borel sets.

Question. Examples of the Borel sets?

All the open sets by definition; all the closed sets by (ii); all the Gy sets, i.e. countable
intersection of open sets; all the F), sets, i.e. countable union of closed sets, etc. The Gs and F,
sets play a considerable role. For example, the intervals [a, b) and (a,b] are both G5 and F, sets.
The terminology Gy come from German “Gebiete” and 0 refers to intersection (“durchschnitt”);
the terminology F, comes from French “Fermé” and o refers to union (“summe”). These
notations are due to Hausdorft.
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’ Homework Assignment ‘

1-5. Is Q open or closed? L
1-6. Find two sets A and B such that AN B =0 and AN B # 0.

1.5. Sequences and series of real numbers

Definition (Sequences). A sequence of real numbers {a, }5°, is a function from the natural
numbers N to R, defined by a, = f(n) for n € N. We say that a, is the n-th term of the
sequence.

We say that a sequence {a,} is bounded above (or below) if the set of its terms is bounded
above (or below); we say that a sequence {a,} is bounded if it is bounded above and bounded
below, or equivalently, there is a number M such that |a,| < M for all n € N.

Notice that there is no repetition or order in a set so the set of the terms of a sequence could
be finite, in this case, the terms of the sequence take finite number of values, e.g. the set of the
terms of a constant sequence is a singleton set.

Definition (Monotone sequences).
e We say that a sequence {a,} is increasing if a,,1 > a, for all n € N, and is strictly
increasing if a,.1 > a, for all n € N.
e We say that a sequence {a,} is decreasing if a,+1 < a, for all n € N, and is strictly
decreasing if a,.1 < a, for all n € N.
e We say that a sequence is monotone if it is increasing or decreasing, and is strictly
monotone if it is strictly increasing or strictly decreasing.

Definition (Convergence and divergence). A sequence {a,} is said to be convergent if there
exists a € R such that for every ¢ > 0, there is NV € N with

la, —a| <e foralln > N;

and we call a the limit of {a,} and write lim,,_,o, a, = a or a,, — a.
We say that a sequence is divergent if it is not convergent.

Remark. We denote a,, /" a if a,, — a and {a,} is increasing; we denote a,, \, a if a,, = a
and {a,} is decreasing.
THEOREM 1.18. Assume that lim,,_, @, = a and lim,,_,o. b, = b. Then

(i). lim,_,(aa, + Bb,) = aa + (b for all o, f € R.
(7). lim,,_,(a,b,) = ab.
(113). im,, o0 an, /by, = a/b if b, # 0 and b # 0.

THEOREM 1.19. Assume that lim,,_, a, = a and a,, < ¢ for alln € N. Then a < c.

One can immediately derive that if lim,, ,. a, = a, lim,, ., b, = b, and a,, < b, for all n € N.
Then a < b.

THEOREM 1.20. A convergent sequence is bounded.
With monotonicity, one can have the reverse.

THEOREM 1.21.

(i). A sequence that is increasing and bounded above is convergent. (And the limit is the
supremum of the set of its terms.)

(i1). A sequence that is decreasing and bounded below is convergent. (And the limit is the
infimum of the set of its terms.)
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Question. Provide divergent sequences that monotonicity or boundedness fails in the above
theorem.

Therefore, boundedness alone can not guarantee convergence. However,

THEOREM 1.22 (Bolzano-Weierstrass Theorem). Every bounded sequence contains a conver-
gent subsequence.

We use {a,, } to denote a subsequence of a sequence {a,}, meaning that the k-th term of
{an, } is the ng-th term of {a, }. We say a is a subsequential limit of {a,, } if there is a subsequence
of {a,} that converges to a.

THEOREM 1.23. A sequence is convergent iff all of its subsequences are convergent with the
same limat.

Definition (Cauchy sequences). A sequence {a,} is said to be a Cauchy sequence if for
every € > 0, there is N € N with

la, — an| <e forall n,m > N.
THEOREM 1.24. A sequence is convergent iff it is Cauchy.

Definition (Convergence to infinity).
e A sequence {a,} is said to be convergent to oo (in the extended real numbers RU{+0cc})
if for every M > 0, there is N € N with
a, > M for alln > N,

and we write lim,,_ . @, = 0.
e A sequence {a,} is said to be convergent to —oo (in the extended real numbers R U
{£o0}) if for every M > 0, there is N € N with
a, < —M for alln > N;

and we write lim,,_,, a,, = —00.
One may also refer to lim,, o, a, = 0o as {a,} diverges to occ.

Question.
(1) If lim,, 0o a,, = 00, then is {a,} increasing?
(2) If {a,} is increasing and unbounded above, then lim,, ., a,, = co.
(3) If {a,} is unbounded above, then there is a subsequence of {a,} that converges to oc.
— See the following discussion on limsup and lim inf.

Definition (limsup and liminf). Let {a,} be a sequence. We define

limsupa, = lim sup{ay : k >n} and liminfa, = lim inf{ay : k > n}.
n—oo n—o0 n— o0 n—oo

limsup and liminf of a sequence always exists, and may be infinity.

THEOREM 1.25. Let {a,} be a sequence.

(1). limsupa, is the supremum of the set of the subsequential limits of {a,}. Furthermore,
lim sup a,, is the mazimum of the set of the subsequential limits of {a,}, that is, limsup a,
is the greatest subsequential limit of {a,}.

(7). liminf a,, is the infimum of the set of the subsequential limits of {a,}. Furthermore,
lim sup a,, is the minimum of the set of the subsequential limits of {a,}, that is, limsup a,
is the smallest subsequential limit of {a,}.
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Hence, a sequence {a,} is convergent iff lim sup a,, = lim inf a,,.
THEOREM 1.26. Let {a,} be a sequence.

(i). limsupa, =1 € R iff for each € > 0, there are infinitely many terms of {a,} for which
a, > 1 — ¢ and only finitely many terms of {a,} for which a,, > 1+ ¢.
(11). limsup a, = oo iff {a,} is not bounded above.
(117). liminfa, = [ € R iff for each € > 0, there are infinitely many terms of {a,} for which
a, < l+¢e and only finitely many terms of {a,} for which a, <1 —e.
(). liminf a,, = —oo iff {a,} is not bounded below.

Definition (Series). Let {a,} be a sequence. We define the n-th partial sum as

n
Sp = E Qg .
k=1

We say that the series Y o | a; is summable if the sequence of partial sums {s,} is convergent,

and write
(oo}

Zak =s if lim s, =s.
n—oo
k=1
PROPOSITION 1.27. Let {a,} be a sequence.

(i). The series > ;- ay is summable iff for each € > 0, there is N € N such that if n > N,
then

n+m

S

k=n

(ii). If the series Y - |ax| is summable, then the series Y -, ax is summable.

(iii). If ar, > 0 for all k € N, then the series > -, ai is summable iff the sequence of the partial
sums s bounded.

<e for anym € N.

’ Homework Assignment ‘

1-7. Prove the above proposition. Also prove that the inverse of (ii) is not true.

1.6. Continuous functions

Definition (Continuity). Let £ C R? and f : E — R be a function.
e We say that f is continuous at xg if for each € > 0, there is § > 0 such that if z € F
and |z — zg| < 0, then |f(z) — f(z0)] < €.
e We say that f is discontinuous at xq € E if f is not continuous at xg.
e We say that f is continuous on F if f is continuous at xq for all z5 € F.
THEOREM 1.28 (Continuity by sequences and by topology). Let f : E— R be a function.

(i). [ is continuous at xo € E iff for each sequence {x,} C E and x, — xq, f(x,) = f(x0).
(ii). f is continuous on E iff for each open set U C R, f~Y(U) is relatively open in E, that is,
7Y U) = EnN A for some open set A C R.

Read the proof in [Royden]!
Example (Dirichlet function). Let f: R — R be defined by
1 ifxeqQ
flx) = :
0 ifzeR\Q.

Prove that f is discontinuous at each z € R.
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Example (Riemann function). Let f : R — R be defined by

0 ifzx=0;
f(z) =40 if zis irrational;
1

. if x = § in the lowest terms with ¢ > 0.

Prove that f is discontinuous at each nonzero rational number and is continuous at 0 and at
each irrational number.

Remark. Since Dirichlet and Riemann both made a wide range of contributions to mathe-
matics, you may see many other things (e.g. functions) bearing their names elsewhere.

THEOREM 1.29 (The Intermediate Value Theorem). Let f : [a,b] — R be a continuous
function. Then f attains each value that is between f(a) and f(b).

Definition (Uniform continuity). Let f : E — R be a function. We say that f is uniformly
continuous on F if for each € > 0, there is § > 0 such that if z,y € F and |z — y| < ¢, then

[f(z) = fly)] <e.

THEOREM 1.30 (Continuous functions on compact sets). Let f : E — R be a continuous
function. If E is compact, then

(i). f is uniformly continuous;
(11). [ attains its mazimum and minimum in E.
Question. Provide examples of continuous functions on noncompact sets that

(1) is not uniformly continuous;
(2) does not attain its maximum and minimum.

’Homework Assignment ‘

1-8. Prove that a set E of real numbers is closed and bounded iff every continuous function
on F takes a maximum value.

1-9. Let f: R — R be a function. Prove that the set of points at which f is continuous is a
Gy set, that is, it can be written as a countable intersection of open sets. (Hint: Let

E, =

1

{x : there is an open interval I containing x such that |f(z1) — f(x2)| < — when x1, 25 € I} :
n

Then show that the set of points at which f is continuous is the countable intersection of E,,.)

1.7. Normed vector spaces and metric spaces

Definition (Vector spaces). A nonempty set V' is a vector space (over the real numbers) if
v+w eV and cv € V for all v,w € V and for all real numbers ¢ € R.

Definition (Normed vector spaces). Let V' be a vector space. A norm || -] : V — [0,00)
satisfies that
o |[v]| =0iff v =0.
o |lcvl| =|c|||v|| if cE R and v € V.
o ||v+wl| < o] + ||w| for all v,w € V.

Example. R? is a normed vector space with norm ||z|| = /2% + - - + 22 for x = (21, ..., 7q) €
R
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Definition (Metric space). A metric space is a set X equipped with a (distance) function
d: X x X —[0,00) that satisfies
o d(z,y)=0iff z =v.
o d(z,y) =d(y,z) for all z,y € X.
o d(z,z) < d(z,y)+d(y,z) for all z,y,z € X.

One then sees that a normed vector space V' is a metric space by defining d(v, w) = [|jv —w|.

Definition. A subset A of a normed vector space is said to be dense in X provided that for
any z € X and any € > 0, there exists y € A such that ||z — y|| < &, or equivalently, there exists
{yn}5>, C A such that ||y, — x| — 0 as n — oc.

Example. By Theorem , the rational numbers @Q and the irrational numbers R \ Q are
dense in R equipped with the norm ||x|| as the absolute value of z € R.

In a normed vector space X equipped with norm || - ||, one can define convergence and
divergence with respect to the norm || - ||. In particular,

Definition (Cauchy sequences). Let X be a normed vector space X equipped with norm
| - ||. We say that a sequence {z,}5°, C X is a Cauchy sequence if for every ¢ > 0, there is
N € N with

|zn — x| <e forall n,m > N.

Definition (Banach spaces). A normed vector space V' is said to be complete if every Cauchy
sequence has a limit in V| i.e. the space is “closed” under limiting operations. A complete vector
space is called a Banach space.

Question. Examples of complete and incomplete normed vector spaces?



CHAPTER 2

Lebesgue measure

Our goal in this chapter to design a nonnegative function (i.e. the Lebesgue measure m) on
a collection of sets of R? (i.e. the Lebesgue measurable sets), that measures “how large a set in
this collection is”. We want the collection to contain all the rectangles and the measure of these
rectangles to coincide the volume of the rectangles. We also want

e For aset £ C R? and a number y € R, define a translation of £, E+y = {z+y : v € E}.
Then |R + y| = |R| for any rectangle R, that is, volume does not concern the position
of the rectangle, only the difference of the end points (in the bounded case). Hence, for
m, we should have that m(E + y) = m(FE) for all Lebesgue measurable sets E and real
numbers .

e If A and B are Lebesgue measurable, then A\ B is also Lebesgue measurable; moreover,
if B C A, then m(A\ B) =m(A) —m(B).

o If {E;}2, is a collection of Lebesgue measurable sets, then U, Ej is also Lebesgue
measurable; moreover, if {E)}7°, is a disjoint collection, then the measure of the union
equals the sum of the measure of Fy:

k=1 k=1
Of course, this condition also implies that we should have Uj2,Ej) to be Lebesgue
measurable.

In particular, the last two conditions would require that the collection of the Lebesgue
measurable sets to be closed under countable union and complement. — It should be a o-algebral
We follow Carathéodory construction:

(1) Define the exterior measure m* through a natural approximation of sets by covers of
cubes. (You can in fact use open or closed cubes in the cover. See Theorem [2.5)
Verify that this exterior measure satisfies several properties mentioned in the above,
in particular, it coincides with the volume if restricted on rectangles, and is invariant
under translation, but fails countable additivity. (Exterior measure is defined for all
subsets of R?, and is, understandably, too general.)

(2) Fix countable additivity by introducing an additional property: We say that £ C R? is
Lebesgue measurable if

m*(A) =m*(ANE) +m*(A\ E) for each set A C R
This condition eliminates the “bad” sets, that is, to fail the above condition, £ and E*
will have to be very involved.
(3) The collection of Lebesgue measurable sets is a o-algebra; and restricted on this o-
algebra (in which we can do countable union and complement), m* satisfies all the

required properties, is therefore called the Lebesgue measure.
(4) There are (many) non-measurable sets, but they are hard to construct.

18
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2.1. Lebesgue exterior measure

Definition (Volume of the rectangles). A (closed) rectangle R in R? is given by the product
of d one-dimensional closed and bounded intervals

R = [a1,b1] X [ag, bo] x - -+ X [aq, ba],

where a; < b; are real numbers, j = 1,2,...,d. The volume of the rectangle R is denoted by |R|
and is defined to be

|R| = (bl - al)(bQ - a2) s (bd — CLd).
When b —a; = by —ag = --- = by — aq, we call R a cube.

Definition (Exterior measure). Let £ C R%. We define the exterior (or outer) measure of
E, denoted by m*(E), as

m*(E) = inf {Z Qxl:Ec Qk} .
k=1 k=1
Here, the infimum is taken over all the collections of cubes {Q}72, that cover E.

Remark. For any A C R? 0 < m*(4) < oo.

Remark (Monotonicity of the exterior measure). An immediate consequence of the definition
of the exterior measure is that, if A C B, then m*(A) < m*(B). This is called the monotonicity
of the exterior measure.

Example. If A = {z = (21,...,24)} is a singleton set, then m*(A) = 0. In fact, according to
the above definition, a point is also a cube for which the side-lengths are all zero. So m*(A4) <
|A| = 0.

We can prove differently. For each € > 0, observe that

d d d d
ACQ, for which Q= xl—g,x1+§} X e X [ggd—g,xﬁg

Hence, m*(A) < ¢ for all ¢ > 0 and therefore m*(A) = 0.
Basically, we only use the fact that there exists a cube () with arbitrarily small volume that
covers a point.

Example. If A is countable, then m*(A) = 0. Indeed, let A = {ay,as,...}, where a; =
(ak1, ..., agq). Observe that for each £ > 0, let

_ L /eya 1/eNa 1 /eNad 1/eNa
Q= Jans =5 (0) a5 (0) | o =5 (58) e+ 5 ()]

AclJ@w and Y 1Qu) :Z;—k:&
k=1 k=1 k=1

Hence, m*(A) < ¢ for all € > 0 and therefore m*(A) = 0.

Then

PROPOSITION 2.1. The exterior measure of a closed cube is its volume.

PROOF. Since a cube @) covers itself, m*(Q) < |Q|. We then only need to prove the reverse
inequality that |Q] < m*(Q).
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Consider an arbitrary cube cover that @) C U2 Q. For any € > 0, choose an open cube Sy
which contains @y such that |Sk| < (1 +¢)|Qx|. Hence, {Sk}52, is an open cover of (). Since @
is compact, there exists a finite subcover {S;}2_, such that

N
Qc Sk
k=1
Lemma then implies that

N N 00
QIS IS <(1+2) ) Qe < (1+2) ) |Qx
k=1 k=1 k=1
for any € > 0. Therefore,

Q < Z [
k=1
for any cube cover {Qx}72, of Q. Hence, taking the infimum over all such covers,

Q] < m™(Q).

Question. Show that m*(RY) = cc.
PROPOSITION 2.2. The exterior measure of an open cube is its volume.

PROOF. Let Q be an open cube. Since its closure Q covers Q, m*(Q) < |Q| = |Q|. We then
only need to prove the reverse inequality that |Q] < m*(Q).

For any € > 0, choose a closed cube S which is contained in @) such that |S| > (1 —¢)|Q)|.
Hence, any cube cover {Q;}72, of @ is also a cube cover of S. By the previous proposition,

|S| = m*(S) so
S| =m"(S) <) Qx|
k=1

for any cube cover {Qy}2, of ). Hence, taking the infimum over all such covers,
S| <m*(Q).
Thus,
(I =9l <[5 <m*(Q)

for any € > 0. Therefore, |Q] < m*(Q). O

PROPOSITION 2.3. The exterior measure is invariant under translation. That is, for any set
E c R,

m*(E +y) =m*(E).

PROOF. Given any collections of cubes {Q}72, that covers F, {Qy + y}32, covers FE + y.

Since |Qy + y| = |Q4| for all k € N, m*(E) = m*(E + y). O

PROPOSITION 2.4. The exterior measure is countably subadditive. That is, let {Ex}32, be a
countable collection of sets, then

k=1
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PRrROOF. The proposition is trivially true if there exists Ej in { Ej }32, such that m*(Ej) = oco.
So we suppose that m*(Ey) < oo for all k € N.

Let € > 0. Since
m*(E}),) = inf {Z Q| : Ex C UQ]},
j=1 j=1
there exists a countable collection of cubes {Qy.;}32, that covers Ej and

3

Z |Qk,j| < m*(Ek) + 2_k
j=1

Now {Q4,;}7j=; is a countable collection of cubes that covers U2, Ey. Hence,

m’ (Q Ek> < i f: | Q.4

k=1 j=1

= Zm*(Ek) + %
k=1
k=1 k=1
— Zm*(Ek) + €
k=1

for all € > 0. Hence,

O

The next theorem shows that one can in fact use open cube covers in the definition of exterior
measure, t0o.

THEOREM 2.5. Let E C RY. Define m*(E) as

m*(E) = inf {Z Qxl: Ec | Qk} .
k=1 k=1
Here, the infimum is taken over all the collections of open cubes {Qx}3>, that cover E. Then
m*(E) =m*(E).

PROOF. If {Q;}3°, is an open cube cover of E, then {Q,}7°, is a closed cube cover of E,

and . .
k=1 k=1

This implies that
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Let € > 0. If {Sk}32, is an closed cube cover of E, then there {Qx}72, is an open cube cover of
E. Here, Q)y is an open cube that covers Sy and |Qx| < (1 + ¢)|Sk|. Hence,

DR < (1+e) Y IS
k=1 k=1

This implies that for all € > 0
m*(E) < (1+e)m*(E).
Therefore,

O

Homework Assignment |.

2-1. By using the properties of exterior measure, prove that the interval [0, 1] is not countable.

2-2. Let A be the set of irrational numbers in the interval [0, 1]. Prove that m*(A) = 1.

2-3. A subset of R? is said to be a Gy set provided it is the intersection of a countable
collection of open sets. Prove that for any bounded set F, there is a G5 set G for which

EcCcG and m*(G)=m"(E).

2-4. Prove that if m*(A) = 0, then m*(AU B) = m*(B).
2-5. Let A and B be bounded sets in R? for which dist(A, B) > 0. Prove that m*(AU B) =
m*(A) +m*(B). (Hint: This is Observation 4 in [Stein-Shakarchill Chapter 1].)

2.2. The o-algebra of Lebesgue measurable sets

In the previous section, we define the exterior measure and show that it has the following
virtures:
(1) it is defined for all subsets of R?, which is a o-algebra;
(2) the exterior measure of a closed or open cube is its volume;
(3) it is invariant under translation;
(4) it is countably subadditive.

In particular, in (4), exterior measure is only countably subadditive, but not countably
additive. In fact, it fails to be finitely additive, that is, there are disjoint sets A and B such that

m* (AU B) <m*(A) + m*(B).
In this section, we fix this problem and introduce

Definition (Measurable sets). A set £ C R? is said to be Lebesgue measurable (or simply
measurable) if for any set A C RY,

m*(A) =m* (AN E)+m*" (AN E°).

We see that R? and () are measurable trivially. In fact, from the symmetry of the definition
of measurable sets, F is measurable iff £¢ is measurable. Indeed, this version of the definition
makes one of the two requirements for the set of measurable sets to be a o-algebra trivial. So to
show that the set of measurable sets is a g-algebra, we only need to show that it is closed under
countable union, see Proposition [2.9

Remark.
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e If A or B is measurable and disjoint, say A is measurable, then
m* (AUB)=m*((AUB)NA)+m*((AU B) N A°) = m*(A) + m*(B).

So m* becomes finitely additive.
e Since m* is countably subadditive, we always have that

m*(A) <m*(ANE)+m" (AN E°),
in which A is a disjoint union of AN E and AN E°. Hence, E is measurable iff
m*(A) > m* (AN E)+m" (AN E°).

PROPOSITION 2.6. Any set of exterior measure zero is measurable. In particular, any count-
able set is measurable.

PROOF. Let E be a set of exterior measure zero. Then for any set A C R?, we have that
m (ANE)<m"(E)=0 and m*(ANE°) <m*(A)
by monotonicity of the exterior measure. Hence,
m*(ANE)+m" (ANE®) =0+ m"(AN E°) =m*(AN E°) <m*(A).

PROPOSITION 2.7. The union of a finite collection of measurable sets is measurable.

By definition, E; is measurable implies that EY is also measurable. So if F; and FE, are
measurable, then Fy \ E; = Ey N EY is measurable by the above proposition.

PROOF. Step 1: We show that F; U Ey is measurable if £y and E, are both measurable. It
suffices to prove that for any set A,

m*(A) > m* (AN [ELU Ey]) + m* (AN [Ey U Ey)) = m*(AN[EL U Ey]) + m* (AN E{ N E),
where we use De Morgan’s Law in the last equation. Since F; is measurable,
m*(A) =m* (AN Ey) +m" (AN EY),

which equals

m (AN E) +m" (AN E{NEy) + m" (AN E{N ES),
since Fs is measurable. Notice that

AN[ELUEy) =[ANEJU[ANE]N Es).

Hence, by countable subadditivity of the exterior measure,

m* (AN[EUEy)]) <m* (AN Ey) +m*(AN E] N Ey).
Therefore,
m*(A) = m*(ANE)+m*(ANE{NEy)+m* (ANE{NES) > m*(AN[E U Ey))+m*(ANE{NES),

and E; U E5 is measurable.
Step 2: Let EFy, ..., E,, be measurable. We prove that Uj_, E; is measurable by induction. It
is trivial if n = 1; suppose that it is true for n — 1, notice that

n n—1
U= |Us
k=1 k=1

Hence, from the assumption that UZ;%E;C is measurable, U}_, E} is also measurable by Step
1. O

UE,.
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ProposSITION 2.8 (Finite additivity of measurable sets). Let A be any set and {Ex}y_, a
finite disjoint collection of measurable sets. Then

k=1
In particular, letting A = R?,

Proor. We prove by induction. The theorem holds trivially when n = 1. Suppose that it
holds for n — 1. Then

L k=1 i
= m* (Am UEk mEn> +m* (Am
| k=1 i

= m*(ANE,) +m* (Am (UEk> nES

= m*(ANE,) +m* (Am U Ex

n—1
= m"(ANE,)+ Z m*(AN Ey) by induction
k=1

= Y m(ANE).
k=1

O
PROPOSITION 2.9. The union of a countable collection of measurable sets is measurable.

PROOF. Given a countable collection of measurable sets { A }52;, we first construct a disjoint
collection of measurable sets { £ }52, such that U, Ay = U2, By := E. This can be easily done
by setting

k—1
E1:A1 and Ek:Ak\ (UAJ> fOIkZZQ
j=1

To show E is measurable, it suffices to show that for any set A,
m*(A) >m*(ANE)+m" (AN E°).
Denote F;,, = U;_, E}. By Proposition F,, is measurable, so
m*(A) =m*(ANE,) +m*"(ANF)) >m*"(ANF,) + m*" (AN E°),

since F,, C F for all n € N.
By Proposition [2.§]

m*(ANF,) =m" (A N

s
k=1

) = Zm*(Aﬂ Ey),
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SO

m*(A) =Y m (AN E) +m* (AN E°),
k=1
for all n € N. Now the left-hand-side of the above inequality is independent of n, taking n — oo
in the right-hand-side, we have that

m*(A) =Y m (AN E) +m*(ANE%) > m* (AN E) + m* (AN E°),
k=1
in which we use the countable subadditivity of exterior measure:

m*(ANE)=m" (Aﬂ
k=1 k=1

O

Now we showed that the set of measurable sets M is closed under complement (by definition)
and under countable union (by Proposition so M is a o-algebra.

Next we show that M contains the Borel algebra B, that is, all the Borel sets are measurable.
It suffices to prove that open sets are measurable. Then the o-algebra M contains all the open
sets, therefore contains the Borel algebra B (which is the intersection of all the o-algebras that
contain open sets.) From Proposition that any open set can be written as a countable union
of almost disjoint closed cubes, we only need to show that closed cubes are measurable.

PROPOSITION 2.10. Fwvery closed cube is measurable.
PROOF. Let S be a closed cube and A be any set. We need to show that
m*(A) = m" (A1) + m*(4z),
where Ay = AN S and Ay, = AN S°. It suffices to prove that

D 1@kl = m(Ar) +m*(A3)
k=1

for all cube cover {Qx}7°, of A. Now denote R, = Q, NS and R} = @, N S. Then
|Qk| = Ry + | Ryl.
By breaking R) and R} into countable union of almost disjoint closed cubes and possibly renum-

bering, we can assume that Rj and R] are closed cubes. Hence, { R, }7°, and {R]}3, are cube
covers of A; and As, respectively. Hence,

S IR = m (A) and Y |R}| > m(Ay).
k=1 k=1
Therefore,

D 1Qkl =D IR+ ) IR = m(Ay) + m*(Ay).
k=1 k=1 k=1
]

THEOREM 2.11. The collection M of measurable sets is a o-algebra that contains all the
Borel sets.

PROPOSITION 2.12. The translate of a measurable set is measurable.
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PROOF. Let E be a measurable set. Let A C R? and y € R%. Then
m*(A) = m"(A—y) since m” is translation-invariant,
= m"([A—y|NE)+m*([A—y]NE) since E is measurable,
= m (([A—y|NE)+y) +m"(([A—y]NE)+y) since m* is translation-invariant,
= m(AN[E+y]) + m"(AN[E +y|).
Hence, E + y is measurable. 0

Homework Assignment ‘
2-6. Prove that if a o-algebra of subsets of R contains intervals of the form (a, c0), then it
contains all intervals.

2-7. Prove that if a set £ C R has positive exterior measure, then there is a bounded subset
of E that also has positive exterior measure.

2.3. Exterior and interior approximation of Lebesgue measurable sets

Observe that if A C B and A is measurable with finite exterior measure, then
m*(B) =m"(BNA)+m*(BNA°)=mx(A)+m"(B\ A),
which implies that
m*(B\ A) =m*(B) —m*(A).
Such property is called the excision property of measurable sets.

The following theorem asserts that any measurable set can be approximated by open set
from outside and by closed set from inside.

THEOREM 2.13 (Approximate measurable sets by open, Gs, closed, and F, sets). Let E C R9.
Then the following five statements are equivalent.

(0). E is measurable.

(i). For each € > 0, there is an open set U containing E such that m*(U \ E) < e.
(ii). There is a Gs set G containing E for which m*(G \ E) = 0.
(iii). For each € > 0, there is a closed set V' contained in E such that m*(E\'V) < e.
(iv). There is an F, set F' contained in E for which m*(E \ F') = 0.

PRrOOF. (i) < (iii) and (ii) < (iv) follow De Morgan’s Law. So it suffices to show that
(0) = (i) = (ii) = (0).
(0) = (i). Let E be measurable.

Step 1: Assume that m*(F) < co. For any € > 0, by Theorem , there exists an open
cube cover {Qy}72; such that

> Qx| < m*(E) +e.
k=1

Let U = U2 ,Q%. Then U is open. In addition, from countable subadditivity of the exterior
measure, we have that

m (U) <> m*(Qr) =>_1Ql <m*(E) +e,

" m*(U) —m*(E) < e.
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But m*(U) = m*(E) + m*(U \ E) by the excision property since E is measurable. Hence,
m*(U\ E)=m*(U) —m"(E) <e.
Step 2: Assume that m*(E) = co. Let
Qr=[—k,k] x---x [~k k] for keN.
Then -
E = LJE;€7 where B, = ENQ, k€ N.

k=1
Since m*(Ey) < oo, there is an open set Uy D Ej, such that

. 3
m (Uk \ Ek) < ?,
by Step 1. Let U = Uz2,U,. Then U is open and contains . Now
U\NE=|JU|\E=|JW\E)| c|JWU\Ep)
k=1 k=1 k=1

Hence, by countable subadditivity of the exterior measure,
* - * S E
m*(U\E) <> m"(Up \ E) gzﬁ =
k=1 k=1

(i) = (ii). By the assumption, for any k£ € N, there exists an open set Uy O E such that
m*(Ug \ E) < 1/k. Let G = N2, Ug. Then G is a G5 set. Moreover, G\ E C Uy \ E for all
ke N, so

m*(G\ E) <m* (U \ E) <
for all £ € N. Hence, m*(G \ E) = 0.

(ii) = (0). By the assumption, there is a G4 set G such that G D E and m*(G' \ E) = 0.
Hence G\ E is measurable. Since G is also measurable, £ = G \ (G \ E) is measurable. O

1
2

Remark. In (i), one can similarly show that for any set £ C R? measurable or not, for
any € > 0 there is an open set U such that m*(U) < m*(F) + . But it does not imply that
m*(U \ F) < ¢ unless the excision property holds, which requires that E' is measurable.

THEOREM 2.14 (Approximate measurable sets by open cubes). Let E C R? be measurable
and m*(E) < oo. Then for each € > 0, there is a finite disjoint collection of open cubes {Q}7_;

for which
m* (E\U)+m*(U\FE) <e,
where U = U}_, Q.
PRrROOF. By (i) of Theorem for any € > 0 there is an open set W D E such that
m*(W\ E) <e/2.
By Lemmal2.5] the open set T is a countable union of almost disjoint closed cubes {S;}32;:

k=1

By finite additivity of the exterior measure of the cubes (which are measurable),

D ISk =Y m(S) = m”* (U 5k> <m*(W) =m*(E) +m*(W\ E) < cc.

k=
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for all n € N. But |Sk| > 0, then the series Y, [Sk| is summable. Hence, there is n € N such

that .
15
E ‘5%’< 5.

k=n-+1
Denote () as the open cube as the interior of Si. Let

V:OSk and U:OQk.
k=1 k=1

Notice that
m*(Sk\ Q) =0
we have that .
m (VAU) <D (S \ Qi) =0
k=1
We next show that U satisfies the required condition in the theorem.
Firstly, U\ E C W \ E since U C W. So by monotonicity of the exterior measure,

m*(U\ E) <m*(W\ E) < g

Secondly, since

E\NUCW\UCcC (V\U)U ( U Sk>
k=n+1
So by monotonicity of the exterior measure again,

m*(E\U) < m*(V\U) +m* (U Sk>< 3 |sk|<-.

k=n+1 k=n+1
The theorem is thus completed. 0

Homework Assignment ‘

2-8. Prove that a set £ C R is measurable iff for each ¢ > 0, there is a closed set V and
open set U for which V.C F C U and m*(U\ V) < e.

2-9. Let £ C R have finite exterior measure. Prove that F is measurable iff for each open
and bounded interval (a, b),

b—a=m"((a,b) N E)+m*((a,b) \ E).

2.4. Countable additivity and continuity of the Lebesgue measure

Definition (Lebesgue measure). The restriction of the exterior measure to the o-algebra
of measurable sets M is called Lebesgue measure. It is denoted by m, and m(E) = m*(E) if

E e M.

PROPOSITION 2.15 (Countable additivity of Lebesgue measure). If {E.}%2, is a countable
disjoint collection of measurable sets, then U}, Ey is measurable and

m (U Ek> => m(Ey).
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ProoFr. By Proposition , U2, B, is measurable; and by the countable subadditivity of
exterior measure in Proposition [2.4]

k=1 k=1
So it suffices to show that
k=1 k=1

Since for any n € N, Up_, B}, C U2, E, by monotonicity of the exterior measure,

m (H Ek) >m (H Ek) = ;m(Ek)a

by Proposition 2.8 Since the left-hand-side is independent of n, taking n — oo on the right-
hand-side, we prove the proposition. U

THEOREM 2.16. The Lebesgue measure m on the o-algebra of Lebesgue measurable sets M
satisfies that

(1). m(Q) = |Q] for any open or closed cube Q,
(ii). m(A) <m(B) if A,Be M and A C B,
(iii). m(E +y) = m(E) for any E € M and y € R?,
(iv). m is countably additive.
THEOREM 2.17 (Continuity of measure).
(1). Let {Ar}2, be an ascending collection of measurable sets, i.e. Ay C Ay for all k € N.

Then
m <kL_Jl Ak> = klggom(Ak)
(11). Let {By}2, be a descending collection of measurable sets, i.e. Byy1 C By for all k € N.
Assume that m(B;) < co. Then

m (ﬂ Bk> = klim m(By).
k=1 >

PRrOOF. (i). If there is kg € N such that m(Ay,) = oo, then m(U2,Ax) > m(Ag,) = oo by
monotonicity of the exterior measure and so the theorem is proved.

If m(Ag) < oo for all k € N, then define Ay = () and Ej, = A \ Ay for k € N. We have
that UiozlAk = UzozlEk

Since {Ax}2, is an ascending collection of measurable sets, { Ej}72; be a disjoint collection
of measurable sets. By countable additivity of measure, we have that

m <U Ek) = m(By) =Y m(Ap\ Ap_r) = > [m(Ay) — m(A)] = Lim m(Ay).
Hence,

m <U Ak> = klggom(Ak)

k=1
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(ii). Define Ay = By \ By, for k € N. Since {By}72, is a descending collection of measurable
sets, {Ar}32, is an ascending collection of measurable sets. So by (i),

m <U Ak> = ’}i_)rgom(Ak),

lim m(Ag) = lim m(B; \ Bx) = m(B;) — lim m(By).
k—o0 k—o0 k—o0

in which the left-hand-side equals

m (U(Bl\Bk)> =m (Bl\

k=1

(5
k=1

by De Morgan’s Law, while the right-hand-side equals

The theorem is therefore completed.
O

Definition (Almost everywhere). We say that a property hold almost everywhere (or for
almost all z € R?) if the property holds for all z € E with m(R?\ E) = 0, i.e. the set of points
for which the property fails is of measure zero.

Remark (Borel-Cantelli Lemma). Let {Ex}?2, be a countable collection of measurable sets
for which >~;2 , m(Ex) < co. Then almost all z € R? belong to at most finitely many Ej’s.

PRrOOF. For each n € N, by countable subadditivity of measure,

m (O Ek> < im(Ek) < 00.

Hence, by continuity of measure,

([0

) = (UE) < Jim > m(Bi) =0,

n=1 Lk=n k=n
Therefore, letting
A= m U Ek )
n=1 Lk=n
m(A) =0, and x ¢ A implies that x belongs to finitely many Ej’s. O

’Homework Assignment ‘

2-10. Prove that if £ C R? has finite measure and € > 0, then F is the disjoint union of a
finite number of measurable sets, each of which has measure at most ¢.

2-11. Prove that if F; and F, are measurable in R¢, then

2-12. Prove (by example) that the assumption that m(B;) < oo is necessary in part (ii) of
the theorem regarding continuity of measure.

2-13. Prove the continuity of measure together with finite additivity of measure implies
countable additivity of measure.
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2.5. Nonmeasurable sets

Given any measurable set F with positive measure, we construct a nonmeasurable set that
is contained in F.

Step 1: Let E = [0,1]. We divide [0, 1] into classes by rational equivalence. That is, we say
that x ~ y for z,y € [0,1] if z —y € Q. It is an equivalence relation since it is

e reflective: x ~ z,
e symmetric: x ~ y implies that y ~ x,
e transitive: x ~ y and y ~ 2z imply x ~ z.
So [0,1] = Uyep Ay, where A, is an equivalent class. It is easy to see that A, are disjoint.

Step 2: We choose an element in each A, and form a choice set N. Its (seemingly obvious)
well-definedness rests in the Axiom of Choice. Next we show that A is not measurable by
contradiction.

Suppose that A is measurable. Enumerate Q N [—1,1] as {r;}°
collection of disjoint measurable sets with the same measure.

By countable additivity of m,

Then {N +r;}2, is a

=1

N +r) cl-1,2]
j=1
implies that

(U./\/'—i-rj) Zm./\/—i-rj :Zm m([—1,2]) = 3,
Jj=1 7j=1 j=1
So m(N) = 0. On the other hand,

U (N +715)

implies that

[e.9]

([0,1]) < Z m(N +r;)
which is a contradiction.
Step 3: This construction can be generalized to all measurable sets with positive measure.

Remark. The existence of the nonmeasurable sets proves that
m* (AU B) <m*(A) + m*(B)

for some disjoint sets A and B.

’ Homework Assignment ‘

2-14. Let E be a nonmeasurable set of finite exterior measure. Prove that there is a G set
G that contains E for which

m*(E) =m*(G), while m*(G\E)>0
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2.6. The Cantor set and the Cantor-Lebesgue function

In this section, we construct the Cantor set, which is of measure zero but is uncountable. We
will also define the Cantor-Lebesgue function that is used to prove the existence of measurable
but not Borel sets.

We first construct the Cantor set through the “open middle one-third removal” procedure.
Construct inductively as follows.

e Cp=[0,1], m(Cp) = 1.

e (= [0,1/3]U[2/3, 1], which is obtained by removing the middle one-third open interval
in the interval of Cy, m(C}) = 2/3.

o Cy,=10,1/9]U[2/9,1/3]U[2/3,7/9]U[8/9, 1], which is obtained by removing the middle
one-third open intervals in the intervals of Cy, m(Cy) = 4/9 = (2/3)2.

o -

e (), is a union of 2" closed intervals, each of which has length (1/3)". So m(C,,) = (2/3)™.

Define the Cantor set C' = N2, C,,. It is easy to see that C' is closed, measurable, and m(C) =
lim,,_,o m(C}) = 0 by continuity of measure.

We can also define the Cantor set by ternary expansion of the real numbers. That is, for
each z € [0,1], x = 0.a1aza3 - - - with a; = 0,1,2. Then

C ={x=0.a1a0a3---:a; =0,2}.

To prove that C' is uncountable, we argue by contradiction. Suppose that we can enumerate

C ={7;}32;. Then
a; = O.aljagjagj s with Q5 = 0, 2.

Let y = 0.b1b2b3 - - - such that b; = 0 if a;; = 2 and b; = 2 if aj; = 0. Then it is easy to see that
y € [0,1] but y # z; for all j € N.

Remark. One can similarly argue that [0,1] is uncountable. In fact, one can show that

Card (C) = Card ([0, 1]) = Card (R).

Definition (Cantor-Lebesgue function). One can define the Cantor-Lebesgue function on
0,1] as follows.

o Let 2z € C. Then o = 0.aja2a3 - - - in the ternary expansion, where a; = 0,2. Define
@(x) = 0.b1bgbs - -+ in the binary expansion,

in which b; =01if a; =0 and b; = 1 if a; = 2.
e Let x € [0,1] \ C. Then x € (a,b) for some open interval (a,b). (In fact, x is from one

of the open intervals that we removed in the construction of the Cantor set.) Observe
that a,b € C' and ¢(a) = ¢(b). Define

p(z) = pla).

Observe that [0,1] \ C' is open and can be written as a countable union of disjoint open
intervals, indeed, these intervals are the ones removed from the construction. One can easily see
that the Cantor-Lebesgue function is constant on each of these intervals. Therefore, ¢ : [0, 1] —
0, 1] is continuous and ¢’ = 0 on [0, 1]\ C. This means that ¢ is differentiable almost everywhere
on [0, 1] since m(C') = 0.

Now define f(z) = p(x) + « for x € [0,1]. Then f is continuous and strictly increasing on
0,1]. Precisely,

e f:[0,1] — [0,2] is onto;
e m(f(C)) =m(f([0,1]\ C)) =1, where C is the Cantor set.



2.6. THE CANTOR SET AND THE CANTOR-LEBESGUE FUNCTION 33

Now we use f to prove the existence of measurable but not Borel sets. Pick B C f(C) be
non-measurable, since m(f(C)) > 0. Then A = f~'(B) C C is measurable since m(A) = 0; but
A is not Borel since otherwise f(A) would be Borel and therefore measurable.

‘Homework Assignment ‘

2-15. Prove that a strictly increasing function that is defined on an interval has a continuous
nverse.

2-16. Let f be a continuous function and B be a Borel set. Prove that f~!(B) is a Borel set.

2-17. Use the preceding two problems to prove that a continuous strictly increasing function
that is defined on an interval maps Borel sets to Borel sets.




CHAPTER 3

Lebesgue measurable functions

3.1. Sums, products, and compositions

In this section, we define the measurable functions and prove their basic properties via the
fact that Lebesgue measure operates nicely under taking complements, unions, and intersections,
in the o-algebra of measurable sets.

Definition (Lebesgue measurable functions). Let E C R? be a measurable set. A function
f: E — R is said to be Lebesgue measurable, or simply measurable, if f~(U) = {z € FE :
f(z) € U} is measurable for each open set U C R.

Question. Any examples of measurable functions and non-measurable functions?

Answer. Let F be a set of real numbers. Define the characteristic function of E as

(z) 1 ifzx e F,;
€Tr) =
e 0 ifzdE.

It is evident that E is measurable iff y g is measurable.

Remark. Recall that f : E — R is continuous if f~1(U) is open for each open set U C R.
Therefore, a continuous function is automatically measurable.

We frequently take inverse images of sets so we recall that
(1) fFHANB) = f7H(A)\ fH(B),
(2) fFHAUDB) = fTH(A)U (D),
3) fTHANDB) = fH(A) N fH(DB).
PROPOSITION 3.1. Let E C R be a measurable set and f : E — R. Then the following
statements are equivalent.

(0). f is measurable.

). For each ¢ € R, the set f~'((c,00)) ={z € E: f(z) > ¢} is measurable.
[

)

i). For each c € R, the set [~ gc, 00)) ={z € E: f(x) > c} is measurable.
(iii). For each ¢ € R, the set f~'((—o0,c)) = {z € E: f(z) < ¢} is measurable.

). For each c € R, the set f7((—o0,c]) ={z € E: f(x) < ¢} is measurable.

). For each closed set V in R, f~4(V) is measurable.

Remark. Let f: E — RU{+o00}. We define that
{reE:flx)=oc}=({z€E: f(z)>k}
k=1
and .
{xEE:f(x):—oo}:ﬂ{xGE:f(a:)<—k‘}
k=1

We can then define a function f: £ — R U {%o00} is measurable if any of (i)-(iv) is valid.
34
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PROOF. (i) < (iv), (ii) < (iii), and (0) < (v) because the collection of measurable sets is
closed under taking complement. So it suffices to show that

(0) = (i) = (ii) = (0).

(0) = (i) is trivial.
(i) = (ii). Notice that

~ 1
reklk: f(x)>c}= xekl:flr)>c— =,
rer @z =|eer: f>cif
which is measurable since every set in the countable intersection is measurable from (i).
(ii) = (0). See Proposition 3.2. Notice that
> 1
{:cGE:f(x)>c}:U{x€E:f(x)zc+E},
k=1
which is measurable since every set in the countable union is measurable from (ii). This shows
that (i) is true.
Similarly,

> 1
reFE: f(r)<c}= rek: c—— 7,
ep s <q=Uleer smseif
which is measurable since every set in the countable union is measurable from (ii). This shows
that (iii) is true.
Since every open set U can be written as a countable union of bounded open intervals U2 ; Ij,.
Here, I, = (ag, br) = (—00, b)) N (ax, 00). Then

o) = (U) Uf (Ix) = U —00, by,) N (ay, 00))

k=1

U —00, b)) N f~ ((ax, 00)),
(

which is measurable from (i) and iii) (both follows (ii)). O

Remark.

e The above theorem simply follows the fact that f~! is interchangeable with taking
complement, union, and intersection, and that the collection of measurable sets is closed
under such operations, i.e. it is a o-algebra.

e One can also define that f is measurable iff f~! maps Borel sets to measurable sets (see
Problem 3-5).

e Each of the above statement implies that for each ¢ € R, the set f~'({c}) = {z € E:
f(z) = ¢} is measurable. This follows that

() =m0 dNnfeo0)) ={z e B f(z) <ctn{z € E: f(z) > c}.
However, f~1(c) is a measurable set for all ¢ € R does not guarantee that f is measur-

able, see Problem 3-3.
e One can use any of (0)-(v) as the definition of measurable functions.

We know that if a set A is measurable and B is measure-zero, then A\ B and AU B are both
measurable and have the same measure as A. Part (i) in the next proposition asserts a similar
property for measurable functions.
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PROPOSITION 3.2. Let f: E— R be a function on a measurable set E.

(1). If f is measurable on E and f = g a.e. on E, then g is measurable on E.
(i1). For a measurable subset D of E, f is measurable on E iff the restriction of f to D and
E\ D are measurable.

PROOF. (i). Since f = g a.e. on E, there is a measure-zero set A C F such that f = g on

E\ A. For every c € R,
{reF:g(x)>ct={zeE\A:g(z) >c}U{r e A: g(x) > c},

in which {x e E\ A:g(x) >c} ={x € E\ A: f(z) > ¢} is measurable since f is measurable,
and {x € A : g(x) > ¢} C A is measurable since m({x € A : g(z) > ¢}) < m(A) = 0. Hence,
{z € E : g(z) > ¢} is measurable so g is measurable.

(ii). Necessity: For every ¢ € R, {x € E : f(x) > ¢} is measurable. Hence,

{reD: f(x)>c}={zxe€FE: f(x)>c}ND
and
{re E\D:f(zx)>ct={xeE: f(xr)>c}\D

are both measurable. So f|p and f|g\p are both measurable.

Sufficiency: Notice that for every c € R, {x € D : f(z) > ¢} and {z € E\ D : f(x) > ¢} are
both measurable since f|p and f|g\p are measurable. Then

{zeFE:fx)>ct={xeD: f(x)>ctU{re E\D: f(x) > c},
is measurable. So f is measurable. 0

Question. Is the above proposition still valid if the measurable functions are replaced by
continuous functions?

THEOREM 3.3. Let f and g be measurable functions on E that are finite a.e. on E.

(i). For any o, 8 € R, af + Bg is measurable on E.
(i1). fg is measurable.

PROOF. (i). Step 1: If f is measurable, we prove that o f is measurable for o € R. If & = 0,
then af = 0 is measurable. For every ¢ € R, notice that

{reE:af(x)>ct={reFE: f(x)>c/a} ifa>0,
and
{reE:af(x)>ct={ze€E: f(zr)<c/a} ifa<0,
which are both measurable since f is measurable. So af is measurable.
Step 2: It suffices to prove that f + ¢ is measurable if f and g are measurable. For every

c € R, we want to break {z € E : f(z) + g(z) < ¢} to two (groups of) measurable sets, each of
which relates to f and ¢. It is evident that

{xEE:f(x)+g(x)<c}:U{xEE:f(m)<r}ﬂ{x€E:g(x)<c—r}.

Here, D is trivial; C is because for every z that f(z)+g(x) < ¢, f(z) < c—g(z) then there exists
r € R such that f(x) < r < ¢ — g(x). But here the union is uncountable so we can not take
advantage of the o-algebra of measurable sets. On the other hand, since the rational numbers
Q is dense in R, we also have that

{zeE: flx)+glx)<ct=|J{z€E: flx)<g}n{z€E:g(x) <c—q}
q€Q
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Here, D is trivial; C is because for every x that f(z) + g(x) < ¢, f(z) < ¢ — g(x) then there
exists ¢ € Q such that f(z) < ¢ <c¢— g(x).

Now the sets in the countable union are measurable since f and g are measurable. Hence,
{r € E: f(z) 4+ g(x) < ¢} is measurable so f + g is measurable.

(ii). Since

1
fo=71F+9°=(f=a)],
it suffices to prove that f? is measurable given that f is measurable. For every c € R, if ¢ < 0,
then {z € E: f*(z) > ¢} = E; if ¢ > 0, then
[weB: f@P2cl—{oeB: f(2) 2 VA Ulr € B: f(a) < —Ve}

is measurable. Hence, f? is measurable. O

PrRoOPOSITION 3.4. Let g : EE — R be measurable and f : R — R be continuous. Then
fog: E— R is measurable.

PROOF. Notice that (fog)™* =g 'o f~'. For any open set U € R, f~1(U) is open since f
is continuous; g~!(f~1(U)) is measurable since ¢ is measurable. Hence f o g is measurable. [J
Remark.

e Let g: ' — R be measurable and f : R — R be continuous. Then go f : E — R is not
necessarily measurable.

e By the above example, the composition of two measurable functions is not necessarily
measurable.

PROPOSITION 3.5. Let {fy}7_, be a family of measurable function on E. Then the functions
max{ f1,..., fn} and min{f, ..., f,} are measurable on E.

ProOF. For any ¢ € R, notice that

{z € E:max{fi,.., [u} >c} = U{x € E: fr(x) >c}

and

{re B min{fi,...fu} >c} =z € E: fulx)>c}

O

Remark. Let {f,}5°, be a family of measurable function on £. Then one can prove similarly
that the functions sup, {f.(z)} and inf,{f.(z)} are measurable on E. In addition,

limsup fn(z) = igf{ilip fe(@)} and  liminf f,(z) = sup{jnf fi(z)}

n—oo

are both measurable.

Definition. Let f: F — R. Define
o |f[(z) = max{f(z), - f(z)},
o [T(z) = max{f(z),0},
o [~ (z) =max{—f(x),0}.
Then f* and f~ are both nonnegative, and f = f+ — f~.

By Proposition [3.5] if f is measurable, then |f|, f, and f~ are all measurable.
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’Homework Assignment ‘

3-1. Suppose f and g are continuous functions on [a,b]. Prove that if f = g a.e. on [a, ],
then, in fact, f = g on [a, b]. Is a similar assertion true if [a, b] is replaced by a general measurable
set K7 Prove your assertion.

3-2. Let D and E be measurable sets in R? and f a function with domain D U E. We
prove that f is measurable iff its restrictions to D and E are measurable. Is the same true if
“measurable” is replaced by “continuous”? Prove your assertion.

3-3. Suppose f is a real-valued function on R such that f~'({c}) is measurable for each
number c. If f necessarily measurable? Prove your assertion.

3-4. Let f be a function with measurable domain D C R?. Prove that f is measurable iff
the function g defined on R by g(z) = f(z) for x € D and g(x) =0 for ¢ D is measurable.

3-5. Let the function f be defined on a measurable set F. Prove that f is measurable iff for
each Borel set A, f~1(A) is measurable.

3-6. Suppose {f,} be a sequence of measurable functions defined on a measurable set F.
Define Ej to be the set of points x in E at which {f,(z)} converges. Is the set Ej measurable?
Prove your assertion.

3.2. Sequential pointwise limits and simple approximation

Definition. Let {f,}°%, be a family of measurable function on E in R%. Let f be a function
on ACE.

e We say that {f,} converges to f pointwise on A provided that
lim f,(x) = f(z) forallxz e A.
n—oo

e We say that {f,} converges to f pointwise a.e. on A provided that {f,} converges to
f pointwise on A\ B with m(B) = 0.

e We say that {f,} converges to f uniformly on A provided that for each ¢ > 0, there is
N € N such that

|fu(z) — f(z)] <e foralln> N and x € A.

PROPOSITION 3.6. Let {f,}5°, be a family of measurable functions that converges to f point-
wise a.e. on E. Then f is measurable.

PRrROOF. Since {f,}>>; be a family of measurable functions that converges to f pointwise
a.e. on B, thereis A C E such that f,, — fon A and m(E\ A) = 0. Then f(x) = lim, o0 fn(x)
is measurable on A and hence measurable on . O]

Definition (Simple functions). A function ¢ on a measurable set F is called simple if it is
measurable and takes only a finite number of values. We can then write

n
o= ch - Xg, where By ={z € E: p(z) = ¢} and ¢;’s are distinct.
k=1
Such expression ¢ is called the canonical representation of the simple function ¢. In the canonical
representation of a simple function, ¢;’s are distinct and F}’s are pairwise disjoint.

THEOREM (The Simple Approximation Lemma). Let f be measurable on E. Assume that
f is bounded on E, that is, |f| < M for some M € R. Then for each ¢ > 0, there are simple
functions ¢. and 1. defined on E such that

%Sfﬁ% and 0<1, —p. <conk.
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PROOF. Since f is bounded, there is an open bounded interval (¢, d) such that f(E) C (¢, d).
For each € > 0, divide [c, d) into
c=Yo <Y1 <Y1 <Y =d
such that y, — yx1 < € for all k = 1,...,n. Denote I} = [yr_1,yx) and Ep = f~1(I;) for
k=1,...,n. Then Ej is measurable since f is measurable. We also see that E}’s are pairwisely
disjoint.
Define the simple functions (. and 1. as

e = ZykfIXEk and 9. = ZkaEk-
k=1 k=1

For each x € E, f(z) € f(F) C (¢,d), there is k = 1,..,n such that f(z) € I;. So

Y1 = @e(r) < f) < yp = Ye().
But yr — yr_1 < € therefore |p. — V.| < €. O

THEOREM (The Simple Approximation Theorem). A function f : E — R U {£oo} on a
measurable set E is measurable iff there is a sequence of simple functions {@,} that converges
to f pointwise on E and |p,| < |f| for all n € N. In addition, if f > 0, then we may choose
{@n} to be increasing.

Proor. Sufficiency is proved by Proposition |3.6]

Necessity: It suffices to show for nonnegative functions. It is because for every function
f. f = ft — f~. Then there exist {¢, +} and {¢, _} such that ¢, + — f* and ¢, + < fT,
¢on— — [~ and ¢, — < f~. Hence,

Pn = Pn+ — Pn,— —>.f+_f— :f and |90n| :maX{@nd—agpm—} Smax{fJ“,f_}: |f|
Now assume that f > 0. Define E,, = {x € E : f(z) < n}. Then f is bounded by n on E,.
By the Simple Approximation Lemma, for every n € N, there exists simple functions ¢,, and v,
such that

1
@n§f§¢n and O§¢n_§0n<_onEn‘
n

Extend ¢,, to E by setting ¢,(z) = n if z € E'\ E,, (or equivalently, if f(x) > n). The function
©n is a simple function defined on £ and 0 < ¢, < f on E.

We next show that ¢, (z) — f(x) for all z € E.

Case 1: If f(z) < oo, then there is N € N such that f(z) < N. Soz € E, for all n > N.
Then

0< f(z) —pn(z) < % for all n > N.
Hence, p,(z) — f(x).

Case 2: If f(x) = oo, then ¢, () = n for all n € N. Hence, ¢, () — oo = f(z).
Replacing each ¢, by max{y1, ..., o, }, we can assume ¢, is increasing. O

’Homework Assignment ‘

3-7. Let f be a bounded measurable function on E. Prove that there are sequences of simple
functions on E, {y,} and {1, }, such that {¢,} is increasing and {v,} is decreasing and each
of these sequences converges to f uniformly on E.

3-8. Let f be a measurable function on E that is finite a.e. on £ and m(E) < oco. For each
e > 0, prove that there is a measurable set F' contained in E such that f is bounded on F' and
m(E\ F) <e.
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3-9. Let A and B be any sets. Prove that
XAnB = XA * XB;

XAUB = XA T XB — XA " XB;
Xae =1 —xa.
3-10. Let I be an interval and f : I — R be increasing. Prove that f is measurable. (Hint:
You can show that f,,(z) = f(z)+z/n is measurable for all n € N then take the limit as n — oc0.)

3.3. Littlewood’s three principles, Egoroff’s Theorem, and Lusin’s Theorem

Littlewood’s three principles:
(1) Every measurable set is nearly a finite union of intervals, see Theorem m
(2) Every measurable function is nearly continuous, see Lusin’s Theorem.
(3) Every pointwise convergence of a sequence of measurable functions is nearly uniform,
see Egoroff’s Theorem.

THEOREM (Egoroff’s Theorem). Suppose that m(E) < oco. Let {f,} be a sequence of mea-
surable functions on E such that f, — f pointwise on E for the function f : E — R. Then for
every € > 0, there exists a closed set F' C E such that f, — f uniformly on F and m(E\F) < e.

LEMMA 3.7. Under the assumptions of the Egoroff’s Theorem, for each n > 0 and § > 0,
there exists a measurable set A C E and N € N such that |f, — f| <n on A for alln > N and
m(E\ A) <4.

PROOF. Since |f — f| is measurable, {z € E : |f(z) — fr(z)| < n} is measurable and so

E,={z e E:|f(z)— fu(x)] <nforall k >n}= ﬂ{$€E:|f(1:)—fk($)|<77}

k=n
is measurable. Notice that if limy_,o fx(z) = f(z), then z € E,, for some n, that is, z € U2 | E,.
Hence, m(Uy°, E,) = m(E) since f,, — f pointwise on E. But {E, }°°, is ascending then

m ([OJ En> = 71113010 m(E,).

n=1

n=1

That is, lim,, . m(E,) = m(E) < oco. Thus for each § > 0 there is N € N such that m(E,) >
m(FE) — ¢ for all n > N. (Here, we use the condition that m(E) < co. See Problem 3-12.)

Let A= Eyn. Then m(E \ A) = m(E) —m(Ex) < 0 and |f,(z) — f(z)] <npforall z € A
and n > N. O

PROOF OF EGOROFF’S THEOREM. Given any € > 0, by the previous lemma, for each m €
N, there exists A,, C E and N(m) € N such that |f, — f| < 1/m on A,, for all n > N(m) and
m(E\ A,,) < e/2m

Let A=nN%_,A,,. Then A C E and

m(E\ A) = (E\ ﬂA >:m<Q1E\An> Z (E\ An) ;

Also, f,, — f uniformly on A. This is because for each n > 0, there is m € N such that 1/m < 7.
Hence, |f, — f| <1/m <non A C A, for all n > N(m).

Since A is measurable, there exists a closed set F' C A such that m(A\ F) < £/2 by Theorem
in Section 2.4. Now f,, — f uniformly on F'and m(E\ F) = m(E\A)+m(A\F) <e. O
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THEOREM (Lusin’s Theorem). Let f : E — R be measurable. Then for every e > 0, there
exist a continuous function g on a closed set F' C E such that g = f on F and m(E \ F) < ¢.

PROPOSITION 3.8. Let f be a simple function defined on E. Then for each € > 0, there is a
continuous function g on a closed set F C E such that g = f on F and m(E \ F) < e.

PROOF. Let f take on the distinct values ¢y, ..., ¢, on the disjoint measurable sets F1,...F,,
respectively. Given any € > 0, By Theorem [2.13] in Section 2.4, there are closed sets F, ..., F},
such that F; C E; and m(E; \ Fj) <e/nforall j =1,...n.

Let F' =U}_ Fj. Then

m(E\F) <Y m(E;\ F) ==,

Define g = Z?:1 cixr; on F'. Then g = f on F'. We claim that g is continuous on F'. For any
xr € F; C F, there exists an open ball B > x and BN F; = () for all j # 4. (If not, then x would
be a limit point of F} for some j # ¢ and x € F} since Fj is closed. But this is impossible since
F;NF; =0.) Now g is constant on B N F; then g is continuous at z. O

PROOF OF LUSIN’S THEOREM.
Step 1: Assume that m(E) < co. Given any n € N, by the Simple Approximation theorem,
there is a simple function f,, — f pointwise on E. Given any € > 0, by Egoroft’s Theorem, there
exists A C E such that f, — f uniformly on A C E and m(FE \ A) < ¢/2.

By the previous proposition, there is g,, = f,, on a closed set F,, C A such that g, is continuous
on I, and m(A\ F,,) <1/2". Let N € N be chosen so that

1 ¢

; o <5

Let F' = N2y F,. Then F is closed and ¢, — g = f uniformly on F' since f,, = g, converges
uniformly to f on AN F. So g is continuous on F' and g = f on F'. Notice that

m(E\ F) <m(E\A)+m(A\F) <e.

Step 2. Assume that m(E) < co. Then E = U_, E,, such that E,, = EN [Qmi1 \ Qml,
where @, = [-m,m| X ---[—=m,m] for m € N. By Step 1, there are a continuous function g,
on a closed set F,, C E,, such that g, = f on F,, and m(E,, \ F,,,) < g/2™"L.

Let F' = UX_,F,,. (F' may not be closed.) Then

oo 00
9 9

m(E\F') <> m(Ep\ Fn) <Y T = 5

m=1 m=1

g = Z XFp, ~ 9m-
m=1

Then g is continuous on F’ and ¢ = f on F’. Now choose a closed subset F' C F’ such that
m(F'\ F) < /2. Thus

Define

m(E\F)<m(E\F')+m(F'\F)<e.
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’Homework Assignment ‘

3-11. Suppose f is a function that is continuous on a closed set F' of real numbers. Prove
that f has a continuous extension to all of R.

3-12. Prove that the conclusion of Egoroftf’s Theorem can fail if we drop the assumption that
the domain has finite measure.




CHAPTER 4

Lebesgue integration

4.1. The Riemann integration and Riemann-Lebesgue Theorem

Definition (Partitions). A partition P = {zg, x1,...,x,} of the interval [a,b] is a finite set
of numbers zg, z1, ..., x,, such that
a=xo<x1 <<z, =0

e The norm (or mesh, gap) of a partition P = {xzg,x1,...,2,}, denoted by |P||, is
max{Ax; : i = 1,...,n}, in which Az; = z; — z; 1.
e Let P and @ be partitions of [a,b]. We say that @ is a refinement of P if P C Q.

Let f : [a,b] — R be bounded and P = {xg,1,...,2,} be a partition of [a,b]. Define the
lower Riemann sum with respect to the partition P as

S(f,P)= m;Ax;, where m; = inf x),
S(f.P) g it f(@)
and the upper Riemann sum with respect to the partition P as
S(f,P) = Z M;Az;, where M; = sup  f(z).
) T€[ri—1,2]
Remark. Let f : [a,b] — R be bounded and P and ) be two partitions of [a, b]. Then
em(b—a) < S(f,P) < S(f,P) < M(b— a), where m = infyepy f(z) and M =
SUPzea,b] f(z). _ _
o If @ is a refinement of P, then S(f, P) < S(f,Q) and S(f, P) > S(f,Q).
e S(f,P)<S(f,PUQ)<S(f,PUQ) <S5(f,Q).
Definition (Lower and upper Riemann sums). Let f : [a,b] — R be bounded. Write
S(f) =sup{S(f, P): P is a partition of |a, b]},
and _ _
S(f) =inf{S(f, P) : P is a partition of [a, b]}.
Since S(f, P) < S(f, Q) for any two partitions P and Q of [a,b], S(f) < S(f).
Definition (Riemann integrable functions). Let f : [a,b] — R be bounded. We say that f

is Riemann integrable on [a, b] if S(f) = S(f); in this case, we say that the Riemann integral of
fonla,blis I:=S(f)=5S(f), denoted as

/abfd:c—l.

43
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Example. Let f:[0,2] — R be defined by
0 ifxe@Qn]|o0,2;
fay =17} 02
1 ifze(R\Q)NJ0,2].

Then S(f,P) = 0 and S(f, P) = 2 for any partition P of [0,2], so S(f) = 0 # 2 = S(f).
Hence, f is not Riemann integrable on [0,2]. Furthermore, f is discontinuous at all z € [0, 2]
and the set the all the points at which f is not continuous is of measure m([0,2]) = 2. See the
Riemann-Lebesgue theorem, in which we can completely characterize the Riemann integrable
functions by Lebesgue measure theory.

PROPOSITION 4.1. Let f : [a,b] — R be bounded. Then f is Riemann integrable on |a,b] iff
for every e > 0, there exists a partition P = P(g) of |a,b] such that

PRroOF. Sufficiency: For every € > 0, there exists a partition P = P(¢) of [a, b] such that

Then 0 < S(f) — S(f) < S(f,P) - S(f,P) <e. So g_(f) = S(f) and f is Riemann integrable.
Necessity: Let f be Riemann integrable. Then S(f) = S(f) = I. For any £ > 0, since
S(f) =sup{S(f, P) : P is a partition of [a,b]}, there is a partition P; of [a, b] such that

I-2 <S(fP)<S(H) =1
since S(f) = inf{S(f, P) : P is a partition of [a, b]}, there is a partition P, of [a,b] such that
1=S() <SP < T+,
That is,
[-5<S(f,P)STSS(fP) ST+
Let P = P, UP,. Then P is a refinement of P, and of P,. So
Therefore,
I-2 <S(fP)SI<S(fP) T+,

and
g(f’P)—§<f7p)<5.
]

THEOREM 4.2 (Riemann-Lebesgue Theorem). Let f : [a,b] — R be bounded. Then f is
Riemann integrable on [a,b] iff f is continuous a.e. on [a,b].

Remark. Notice that to completely characterize the Riemann integrablitity, one has to use
Lebesgue measure theory, which is not “present” in the Riemann integration at all.

Definition (Oscillation). Let f be a function with domain D. The oscillation of a function
f on a set A is defined as

osc(f,A) == sup {[f(x1) = f(z2)]}.

z1,29€ AND
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The oscillation of a function f at a point x is defined as

osc (f,z) := lim sup {1f(z1) = fla2)[}-
hl0 z1,22€(z—h,z+h)ND
THEOREM 4.3. Let f be a function with domain D. Then f is continuous at x € D iff
osc(f,x) =0.

PRrooF. Sufficiency: Suppose that osc (f,z) = 0. For every € > 0, since
osc (f, x) = lim sup {If(z1) = f(a2)]} =0,
RO 31 mo€(z—h,a+h)ND
there exists > 0 such that
sup {lf(z1) = f(z2)} <e

z1,22€(x—h,x+h)ND
if 0 < h < 6. Hence, for any 21 € (x — 0,z +0) N D, |f(x1) — f(x)| < € and so f is continuous
at x.
Necessity: Suppose that f is continuous at x € D. For every € > 0, then there exists 6 > 0
such that |f(xz1) — f(z)| < /2 if 1 € (x — 0,2 + ) N D. Hence, if 0 < h < 4, then for all
x1, Ty € (x — h,z + h) N D, we have that

|f(x1) = f(z2)] < [f(x1) = f(2)] 4+ | f(x) = fx2)| <e.
That is, if h < §, then
sup D{lf(fcl) — flz)|} <e.

z1,x2€(z—h,x+h)N
So
osc (f,x) = lim sup {If(21) = f(z2)[} = 0.

hl0 z1,22€(x—h,x+h)ND

O

PROOF OF THE RIEMANN-LEBESGUE THEOREM.
Necessity: Suppose that f is Riemann integrable on [a,b]. Let A be the set of points at
where f is not continuous. By the previous theorem,
A= {x €la,b] : osc(f,x) > 0}.
Notice that

k

By subadditivity of measure, to prove m(A) = 0, it suffices to prove that m(A;) = 0 for all
k e N.
Now fix £ € N. For every € > 0, since f is Riemann integrable, there exists a partition
P ={zg,z1,...,x,} of [a,b] for which
— 5
Among all the interval I; := [x;_1, z;] for i = 1,...,n, select the intervals that if I; N Ay # 0 and
denote them as [;;, j = 1,...,m. For each I;,, there is ¥ € [z;_1,2;] N Ay and thus
1
M;—m;= sup f(x)— inf f(z)>osc(f,z)> —.

TE[xi—1,%4) TE[T;—1,7] k

> 1
A:UAk, WhereAk:{xe[a,b]:osc(f,:c)>—}.
k=1
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Hence,

S(f,P) ij —m;,) Az, > ZA%

?rlm

Thus,
Z Az, <e.
j=1

Since {/;;}7L, is an interval cover of Ay,

m*(Ak) < ZAZEZJ <eg,
j=1
for all e > 0. So m(Ay) =0 for all k£ € N and therefore m(A) = 0.
Sufficiency: Suppose that f is continuous a.e. on [a,b]. Let A be the set of points at where
f is not continuous. By the previous theorem,

A={x €la,b]:osc(f,z) >0}
Then m(A) = 0. Tt then follow that for any s > 0,
m(As) =0, where A, = {z € [a,b] : osc(f,z) > s},

since A; C A. Denote
M = sup f(x) and m= inf f(x).

selad] vefa

For every € > 0, let s = £/(2(b — a)). Since m(As) = 0, there is an open interval cover {;}3°,

such that -
€
I; e
Z' <=

One can show that Ay is compact so there is a finite subcover of {I;}%°,, called {I;}}¥,

Now for any
€ [a, b\ <U 11.) C [a, 0]\ A,,

i=1
we have that

lim sup {|f(z1) = f(zo)|} = 0sc (f,z) <s=

R0 g, ,x2€(z—h,xz+h)N[a,b] 2<b - CL) .
Hence, there exists , > 0 such that

sup {If (1) = flz2)]} <

21,226 (2—84,2+62)N[a,b] 2(b—a)

Notice that

N
{(z = 0z, + 02)}pepuppa, COVers [a, 0]\ (U >

=1

which is compact. Then there are finite points z1, ..., zx in [a,b] \ A, such that

[a,b] \ <U1> c U(xj — Oyyy i+ 0y)
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Hence we have constructed a finite cover of [a, b]:
{(x1 = 02y, @1 + 0sy )y ooy (Ti — Oupey Tie + Oy )y L1y oy IN -
We are now ready to construct a partition P of [a, b] such that
S(f,P) = S(f,P) <<,

so f is Riemann integrable. Indeed, let P = {xy,...,x,} be a partition of [a,b] such that any
interval [z;_1,x;] is contained in one interval of the above finite cover. We then divide the
intervals [x;_1,2;], i = 1,...,n into two classes: C; consists of all the intervals that are contained
in some I;, and Cy consists of all others. Then

g(f7p> _ﬁ(fap)
= Z M;Az; — Z m;Ax;
= > (M —my) Az + Y (M; — mi) A

C1 C2
9

IA

IA

(M —m) > eI + ﬁ Y Ag,
=1 Co

M =m) - s —m 20 =a)

IN

(b—a)

< E.

’Homework Assignment ‘

4-1. Let f : [a,b] — R be continuous. Prove that f is Riemann integrable over [a, b].

4-2. Let {f.} be a sequence of bounded functions that converges uniformly to f on [a,b].
Suppose that f, is Riemann integrable over [a,b] for all n € N. Prove that f is also Riemann
integrable over [a, b]. Is it true that

n—oo

b b
lim fondx = / fdx?
Prove your assertion.

4.2. The Lebesgue integration theory

The Lebesgue integral is defined in a step-by-step fashion, proceeding successively to larger
families of functions.

(1) Simple functions on a set of finite measure.
(2) Bounded measurable functions on a set of finite measure.
(3) Nonnegative functions.
(4) Lebesgue integrable functions.
Since the Riemann integral is in Stage 2, we review its property in the Lebesgue integration
framework then.
At each stage we see that the (Lebesgue) integral satisfies the following properties.
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(i). Linearity: Let o, § € R and f and g be integrable. Then

[at+ss=a[s+5[a

(ii). Additivity: Let f be integrable on two disjoint measurable sets E and F. Then

e = 7 5

(iii). Monotonicity: Let f and g be two integrable functions that f < g. Then

1=

(iv). The triangle inequality: Let f be integrable. Then

JEEAL

We also prove appropriate convergence theorems that amount to interchanging the integral with
limits.

4.2.1. Simple functions on a set of finite measure.
Recall that a function ¢ is called simple if it is measurable and takes only a finite number of
values. We can then write

n
Y= ch -Xg, where By ={z¢€ E: p(zr)=c}.
k=1
Such expression ¢ is called the canonical representation of the simple function ¢. In the canonical
representation, ¢;’s are distinct and E}’s are disjoint.

Definition (Lebesgue integral of simple function on a set of finite measure). Let ¢ be a
simple function on a measurable set £ C R? with the canonical representation

w= ch “XE,, Wwhere By ={x € E:p(x)=cg}.
k=1

Suppose that m(E) < oo. We define the Lebesgue integral of ¢ over F

/ESOdZE = ick - m(Eg).

k=1
Given any measurable set F', ), N F' is measurable for all k£ = 1,...,n. We define the Lebesgue
integral of ¢ over F' as

/npd;t::ch~m(EkﬂF).
F k=1

In particular,
/gpdm = ch -m(Ey) = / pdx.
R P E
Remark.
o If ¢ = ¢ xp, where m(E) < oo, then [, pdx = cm(E).
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e To emphasize the choice of Lebesgue measure m in the above definition of integral, one

sometimes writes
/ @dm(x).
E

Also, we simply denote [ f for fRd fdx.
e If ¢ is a simple function on a set of finite measure £ and F' be a measurable set, then

¢ - xr is also simple, and
/SD‘XFdZEZ/ng:U.
F

PROPOSITION 4.4. Let ¢ and i be simple functions, EE and F be two measurable sets with
finite measure.

(0). Independence of representation: If

@dej-XFj, then /gpdej-m(Fj).
j=1

j=1
(). Linearity: Let a,b € R. Then

/a<p+b1p:a/<p—|—b/z/z.

(ii). Additivity: If E and F are disjoint, then

Jow?= e )
EUF E F

(iii). Monotonicity: If p <), then
/wé/w

[e < [1a

in which || is also a simple functions.

(iv). Triangle inequality:

PROOF.
(0). It is evident that ¢ takes finite number of values on the measurable set £ := U7, F;.

Let .
w = Z Ci " XE;
i=1

be the canonical representations of ¢. Here, E is a disjoint union of {E;}? ; and ¢y, ..., ¢, are
distinct.
Step 1: Suppose that {F}}7L, is a disjoint collection. Denote

Then for each j = 1,...,m, F} is a disjoint union of {£;;}7?_,; for each ¢ = 1, ..., n, E; is a disjoint

union of {E;; 7.1. Moreover, for z € Ej, there is a unique j = 1,...,m such that z € Fj. So

o(x) = d; = ¢; when z € E;;. Compute that

Zdj'm(Fj) = Zdjzm(Eij)
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= > > di-m(Ey)

i=1 j=1

1=1 j=1

= Z ci - m(E;)

7.

50

Step 2: If {F};}L, is not disjoint, then let N = 2™ — 1 and consider the collection of the

sets { By}, that consists of the sets of the following form except N7 Fr.

AiNAyn--NAn 1 NA,, where Aj=Fyor F}, j=1,..

Hence, {B;}Y_, is a disjoint collection. Moreover,

N m
UB=UF and F=
k=1 j=1

Observe that if x € By, then

Hence,

Thus by Step 1 that

So

(i). Let

Y= Zci'XEi and ¢ = Zdj‘XFja
i=1 j=1

o(zr) = Z d; := b.

FjDBk
N
@ = Zbk " XB,
k=1
N
/SOZ > b - m(By)
k=1

U B

BkCFj

,m.
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in their canonical representations. Here, F is a disjoint union of {E;}" , and is also a disjoint

union of {FJ};”:1 Then by (0), we use {E NFj}iea,., —1...m as a representation of £ and have
that
/a<p+b¢ = ZZ (ac; + bd;)m(E; N F})
=1 j=1

= azn:cizm:m(EiﬂFj) +b§:djzn:m(Ei N Fy)
=1 =1 j=1 =1

= aZcZ-m(Ei) + bzdjm(Fj)
i=1 j=1

—aferofu

(ii). Notice that if E and F are disjoint, then

XEUF = XE + XF-
By the linearity of integration,

/EUF /w XEUF—/90'<XE+XF):/SD'XE+/(P'XF:/S0+/90

(iii). Notice that 1) — ¢ is a nonnegative simple function, it is evident by the definition that
[ (1 — ) > 0. Then by linearity of integration,

Jo-[e=[w-nz0

(iv). Write ¢ in the canonical form

= ch XE,, Wwhere By ={z € E: p(z) =}
k=1

Then .
o] = Z |ck| " XEj-
k=1

(Notice that the above representation of |p| may not be canonical.

[t éck~m<Ek>

4.2.2. Bounded measurable functions on a set of finite measure, including Rie-
mann integrable functions.

) By (0),
<> lal - m(Ew) = [ leld

O

Definition (Lebesgue integral of bounded measurable functions on a set of finite measure).
Let f: E — R be a bounded and measurable function on a set £ with finite measure. Define
the lower Lebesgue integral

L(f)zsup{/go’<pissimpleandg0§fonE},
B



4.2. THE LEBESGUE INTEGRATION THEORY 52

and the upper Lebesgue integral

U(f):inf{/cp‘goissimpleandgpzfonE}.
E

We say that f is (Lebesgue) integrable if L(f) = U(f) = I € R, in this case, we say that the
(Lebesgue) integral of f over E is I and denote as

/fmzL

Given any measurable set F' C E, define the (Lebesgue) integral of f over F' by

/fdx—/f xrda.

The definition of Lebesgue integrals follows a very similar fashion as the one used in the
Riemann integrals. We next characterize the integrable functions.

PROPOSITION 4.5. Let f : E — R be a bounded and measurable function on a set E with
finite measure. Then f is integrable.

PRroOF. By Simple Function Approximation lemma, there are two sequences of simple func-
tions {y,} and {¢,} that

1
Qongfgwn and wn_gpn<ﬁ
So {¢,} and {¢,} both converge to f uniformly on E. By monotonicity of integration for simple

functions, ,
/E%_/E“O”S/EE:‘
/¢n§L /wn
U(f /%—/%S —m(E).

So L(f) =U(f) and f is integrable. O

Return to Riemann integrable functions.

But

Hence, for all n € N,

THEOREM 4.6. Let f be bounded on [a,b]. Suppose that f is Riemann integrable and fab f=1
Then f is (Lebesgue) integrable and f[a . f=1.

PROOF. Since f is Riemann integrable, given any ¢ > 0, there exists a partition P =
{zo,...,xn} of [a,b] such that

I—e<S(f,P)<T<S(f,P)<I+e,

by Proposition [4.1]
Write

w<x>=;( ) N @) + () i)

Z’E[iti_hxi] xe[l'nflyl'n]
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and
n—1
w@:§:<fw]ﬂ@>%mmﬂﬁ+<fw ﬁ@>%mhm@-
=1 TETi—1,T; TE[Tn—1,Tn

Then ¢ and v are both simple functions on [a,b], and ¢ < f <. Notice that

S(f,P) = /[ (@S and S(P)= / 6> U().

[a,8]
Hence,
I—e<S(f,P)<L(f)<U(f) <S(f,P) < I +e,
and therefore f is Lebesgue integrable and L(f) = U(f) = I. O

Remark (Step functions). A function ¢ is called a step function if

o(x) = Z Ck - XR,» Where Ry’s are intervals.
k=1
It is evident that step functions are simple functions. In the above proof, we use the Lebesgue
integrals of the step functions to define the Riemann integral.
Notice that not all simple functions are step functions, e.g.

XQ — XR\Q-
From the properties of integration on simple functions, we have that

PROPOSITION 4.7. Let f and g be two bounded and measurable functions on a set E with
finite measure.

(i). Linearity: Let a,b € R. Then af + bg is bounded and measurable on E and

/Eaf+bg:a/Ef—|-b/Eg.

(ii). Additivity: Let E and F two disjoint measurable sets with finite measure. If f : EUF —
R is bounded and measurable function, then

Jourt = ST 10

(iii). Monotonicity: If f < g, then
/fﬁ/g
E E

/Efs/Em,

in which |f| is also bounded and measurable on E.

(iv). Triangle inequality:

THEOREM 4.8 (Bounded convergence theorem). Let {f,}32, be a sequence of measurable

functions on a set E with finite measure. Suppose that {f,} converges to f pointwise a.e. on E
and | f,| < M for all n € N with some M € R. Then

n—oo | p
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and consequently by the triangle inequality,

im [ £~ [ s
n—oo
PROOF. Since m(E) < oo, given any ¢ > 0, by Egoroff’s Theorem, there is a closed set
F C FE such that f, — f uniformly on F' and m(E \ F') < . (In fact, we only need F' to be

measurable here.) Then there exists N € N such that |f,(x) — f(x)| < € for all x € F and
n > N. Notice that f is measurable and |f| < M a.e. on E. Compute that

‘ém—ﬂs(/m—ﬂ+épm—ﬂ
/6+/E‘\F

< em(F)+2Mm(E\ F)
< 5[ (E)+2M] forallm > N.

IN

O

In particular, the bounded convergence theorem implies that if a sequence of uniformly
bounded simple functions ¢, — f pointwise a.e. on E with m(E) < oo, then | S =1lm [ en.

4.2.3. Nonnegative functions.

Definition (Support of a function). The support of a function g : D — RU{+o0} is defined
to be the set of all points where g does not vanish,

suppg = {z € D : g(x) # 0}.

Observe that if g : E — R U {£o0} is a measurable function on a measurable set E, then
suppg ={z € E: g(z) >0} U{z € E: g(x) < 0} is a measurable set.

Definition (Lebesgue integral of bounded and measurable functions supported on a set of
finite measure). Let g : E — R be a bounded and measurable function on a measurable set E.
Suppose that m(supp g) < co. Then define the Lebesgue integral of g on E as

/gdx:/ gdx.
E supp g

Here, the right-hand side integral is defined in the previous stage.

Definition (Lebesgue integral of nonnegative and measurable functions). Let f : E —
RU{o0} be a nonnegative and measurable function on a measurable set E. Define the (Lebesgue)

integral of f over E by
/ f(z)dx = sup {/ g(x) dx} ,
E g E

where the supremum is taken over all measurable functions g such that 0 < ¢ < f on E, and g
is bounded and supported on a set of finite measure.
Given any measurable set F' C E, define the (Lebesgue) integral of f over F by

/fm—/fxwx

Notice that fE fdr < oo, If fE fdx < oo, then we say that f is (Lebesgue) integrable over
E.
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From the properties of integration of bounded and measurable functions on sets of finite
measure, we have that

PROPOSITION 4.9. Let f and g be two nonnegative and measurable functions on a measurable
set E.

(). Linearity: Let a and b be two nonnegative real numbers. Then

Jarsva=af o[

(ii). Additivity: Let E and F two disjoint measurable sets. If f : EUF — R is a nonnegative
and measurable function, then

ot = ST 05

(iii). Monotonicity: If f < g, then
/fﬁ/g
E E

(iv). If g is integrable and 0 < f < g, then f is integrable.
(v). If f is integrable, then f < oo a.e. on E.

PROOF. (i). We verify through two inequalities. It suffices to prove the case when a = b = 1.

Firstly we prove that
/f+/g§/f+g
E E E

Let 0 < h; < fand 0 < hy < g be two bounded and measurable functions supported on sets of
finite measures. Then h = h; + hy is a bounded and measurable function supported on a set of

finite measure. Since
/h1+/h2:/h1+h2,
E E E

Sup{/ hl}—i—sup{/ hg}: sup {/ h}gsup{/ h},
ha E ha E h=h1+h2 E h E

where the last supremum is taken over all measurable functions A such that 0 < h < f 4+ g on
E, and h is bounded and supported on a set of finite measure. Hence, fE f+ fE g < fE f+g.

Then we prove that
/f+g§/f+/g
E E E

Let 0 < h < f + g be a bounded and measurable function supported on a set of finite measure.
Write hy = min{f,h} and hg = h — hy. Then 0 < hy < f and 0 < hy < g are two bounded and
measurable function supported on a set of finite measure. (Here, if hy = f, then hy = h — hy <
f+g9—f=g;if hy = h, then hg = h — hy =0.) Since

we have that
sup{/h}: sup {/h1}+ sup {/hg}gsup{/hl}+sup{/h2}.
h E hi=min{f,h} E ha=h—min{f,h} E h1 E ha E

Hence, fEf+g§fEf—|—ng.

we have that
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(v). Let B, ={x € E: f(x) > k}. Then
Ew={x€E: f(x) =00} =N, Ek.

/EfZ/Ef'XEkZ/Eka/Ekakm(Ek).

m(Eyx) <m(Ey) < /f for all k € N.
Hence, m(E) = 0. O

Observe that

Then

LEMMA 4.10 (Fatou’s Lemma). Suppose that {f,}2, is a sequence of nonnegative and mea-
surable functions on a measurable set E. If f, — f pointwise a.e. on E, then

f < hmlnf/ fn-

n—oo

PrROOF. Let 0 < g < fbea bounded and measurable functions supported on a set F of finite
measure. Write g, = min{g, f,}. Then g, is a bounded and measurable functions supported
on F. Notice that g, — g pointwise a.e. on F. (If g(x) = f(x), then f,(x) — f(z) = g(z);
if g(x) < f(z), then f,(x) > g(x) for sufficiently large n and so g,(z) = g(z).) By bounded
convergence theorem in Theorem [4.8]

By construction, we also have that g, < f,, 50 [, gn < [ fu <[5 fa- Therefore,

/ g = lim gn < lim mf/ fn-
F n—oo n—oo
Taking supremum of g on the left-hand side ﬁmshes the proof. U

COROLLARY 4.11. Let f : E — R be a nonnegative and measurable function on a measurable
set E. Suppose that {f,}52, is a sequence of nonnegative and measurable functions on E. If
fn < f and f, — [ pointwise a.e. on E, then

s [ 5= [ s

PROOF. Since f,, < f pointwise a.e. on E, Ju fn < [ f for all n € N. Therefore,

limsup/ Jn < / f.
n—00 E E
Combining with Fatou’s Lemma finishes the proof. 0

A special case of the above corollary is recorded as

THEOREM 4.12 (Monotone convergence theorem). Suppose that {f,}5°, is a sequence of
nonnegative and measurable functions on a measurable set E. If f, / f pointwise a.e. on F,

then
lim fn / f.
n—oo E
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4.2.4. Lebesgue integrable functions.

Recall that any function f can be written as f = f* — f~, in which f* = max{f,0} and
f~ = max{—f,0} are nonnegative. Moreover, f : E — R on a measurable set F is measurable
iff both f* and f~ are measurable.

Definition (Lebesgue integral). Let f : E — R be measurable on a measurable set F.
We say that f is (Lebesgue) integrable over E if |f| is (Lebesgue) integrable over E, that it,

[ | fldz < co.
Since 0 < fy < |f|, fT and f~ are integrable, we then define the (Lebesgue) integral of f

over E as
/fdx—/ﬁdx—/f da.

Given any measurable set F' C E, define the (Lebesgue) integral of f over F' by

/Ffdx—/Ef-XFdx.

We are now ready to prove a cornerstone of the Lebesgue integration theory, the dominated
convergence theorem. It can be viewed as a culmination of our efforts, and is a general statement
about the interplay between limits and integrals.

THEOREM 4.13 (Dominated convergence theorem). Suppose that {f,}22, is a sequence of
measurable functions on a measurable set E. If |f,| < g for some integrable function g and
fn — f pointwise a.e. on E, then

lim / |fn— f| =0,
n—oo E
and consequently by the triangle inequality,
lim fn / f
n—oo E
PROOF. Let Ey ={z € E: |z| < k,g(z) S k}. Since gr = g - Xg, /' g pointwise on F,
lim | g = lim g= / g,
k—oo | @ k—o00 Ep I

by monotone convergence theorem in Theorem [4.12| Hence, for any € > 0, there exists K € N

such that
/ 9:/9—/g<5 for all £ > K.
E\Ej, E By

Notice that {f,, - X, }oo; is a sequence of bounded and measurable functions on E. By bounded
convergence theorem in Theorem 4.8 we have that

lim |fn — f| =0.
n—o0 EK

There exists N € N such that
/ |fu — f]| <& foralln > N.
Ek

Hence, for all n > N,

/E|fn—f|=[EK|fn—f|+[E\EK|fn—f|s/EK|fn—f|+2/E\EKggs+zg:3a

O
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’Homework Assignment ‘

4-3. Let f: E — R be a bounded and measurable function on a measurable set E. Suppose
that m(E) = 0. Prove that [, f = 0.

4-4. Let f and g be two bounded and measurable functions on a set E of finite measure.
Suppose that f = g a.e. on E. Prove that fEf = fE g.

4-5. Does the bounded convergence theorem in Theorem hold for the Riemann integral?
That is, let {f,,}5°°, be a sequence of Riemann integrable functions on [a, b]. Suppose that {f,}
converges to f pointwise a.e. on E and |f,| < M for all n € N with some M € R. Then f is
also Riemann integrable on [a, b] and

b b
lim fn = / f
n—o0 a a

4-6. Does the bounded convergence theorem in Theorem hold if we drop the assumption
that {|f,|} is uniformly bounded? Prove your assertion.

4-7. Let f = oo on a set E/ with measure zero. Prove that fE f=0.

4-8. Let {f,} be a sequence of nonnegative and measurable functions that converges to f
pointwise a.e. on E. Suppose that fE fn < M for some M € R and all n € N. Prove that
Jor <M

4-9. Let {f,} be a sequence of nonnegative and integrable functions that converges to f
pointwise a.e. on R. Suppose that f is integrable and

lim [ f,= / f.

lim [ f,= / f for any measurable set E.
E E

n—oo

Prove that

4-10. Does the monotone convergence theorem in Theorem [4.12]hold for decreasing sequences
of functions? Prove your assertion.

4-11. Prove the following generalized Fatou’s Lemma: Suppose that {f,}22, is a sequence
of nonnegative and measurable functions on a measurable set E. Then

/ liminf f,, < liminf / fn-
E n—oo n—oo E
Provide an example for which the equation fails in the above inequality.

4-12. Let {f,} be a sequence of nonnegative and measurable functions on a measurable set
E. Prove that

)
fo 2=

g/Efmoo,

then

o0
E fn(z) converges pointwise a.e. on E.
n=1
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4-13. (Tchebychev inequality) Suppose that f is a nonnegative and measurable function on
a measurable set E. Prove that for all A > 0,

m({z€E: flz)>\}) < /f

4.3. The L' space of integrable functions

Definition (L' space). Let E be a measurable set with positive measure. We define L'(E)
as the space of all integrable functions over E with the norm

[ fllz(e) ZZ/EIf(x)|dx.

Note that || f||L1my = 0if f =0 a.e. on E, and || f||o1 (&) = ||9]|21(p) if f = g a.e. on E. These
properties of the norm reflects the practice that we have already adopted not to distinguish
two functions which agree almost everywhere. With this in mind, we take the precise definition
of LY(F) to be the space of equivalence classes of integrable functions, where we define two
functions to be equivalent if they agree almost everywhere. It is easy to verify that it is indeed
an equivalence.

Often, however, it is convenient to retain the (imprecise) terminology that an element f €
L'(E) is an integrable function, even though it is only an equivalence class of such functions. The
norm || f{/z1(g) is well-defined by the choice of any integrable function in its equivalence class.
Moreover, L'(FE) inherits the property that is a vector space. This and other straightforward
facts are summarized in the following proposition.

PROPOSITION 4.14. Let E be a measurable space with positive measure.

(i). L'(E) is a normed vector space equipped with the norm || f||r gy for [ € L'(E).
(i). L*(E) is a metric space equipped with the metric d(f,q) = ||f — gl s for f,g € L'(E).

THEOREM 4.15 (Riesz-Fischer Theorem). L'(E) is a Banach space.

Remark (Convergence in norm). It suffices to prove that {f,}>°, has a limit f € L'(E) if
| fn = fmllerey — 0 as n,m — oo. That is, we need to show that || f, — f||z1(g) — 0. Here, if
| fo = fllz2zy — O, then we say that {f,} converges to f (in norm) in L'(E).

However, note that f, — f in norm does not imply that f, — f pointwise.

Proor. By the above remark, it is not necessary that f, converges pointwise so that we
have a limiting function to study directly. So our plan of the proof is to extract a subsequence
of {fn} that converges to a function f pointwise a.e. on E, and also in norm.

Indeed, consider a subsequence {f,, }7>, of {f.}»>; with the following property:

1
ank—H - fnkHLl(E) < ok for all k£ € N.

The existence of such a subsequence is guaranteed by the fact that || f, — fi||21(5) < € whenever
n,m > N(g), so that it suffices to take ny = N(27%).
We now consider the series

gm(I): |fn1 |+Z‘fmc+1 fnk( )|
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Hence, g(z) = lim,—0 gm () is measurable on E. (The convergence is evident since every term
in the summation is nonnegative.) Note that

/g</|fm|+2/\fnk+l Sl /|fn1|+Z—<oo

By monotone convergence theorem, g is integrable over F. Therefore, g < co a.e. on F and the
series

Z |fnkJrl — [ (x )‘ converges a.e. on F.

k=1
Then -
Z frger (@) = fuo(z)]  converges a.e. on E.
Now let . .
hin(@) = fur () + ) [fonsa (@) = frn(@)]
and =

f(@) = for (2 +Z Frnr () = far(2)] -

Thus, f is integrable over F since |f| < g and g is integrable. Note that lim,, . hn(x) = f(2)
a.e. on F and h,, = f,, so

klim fo,(x) = f(z) ae. on E.

—00

Since |fn,| < g and g is integrable, by dominated convergence theorem, | f,, — f|lz1(z) — 0 as
k — oo.

Next we show that || f, — f||L1(z) — 0 as n — oo. Given € > 0, there exists N € N such that
| fo = fullore) < eif n,m > N. Choose ni so that n, > N and ||fnk flleim) < €. Hence,

an - fHLl(E) < an - fnkHLl(E) + ank - f”Ll(E) < 2e.
]

COROLLARY 4.16. If {f,,}22, converges to f in L*(FE), then there is a subsequence { fu, }32,
such that f, — f a.e. on E.

4.3.1. The space L'(R).

THEOREM 4.17. The following families of functions are dense in L'(R).
(1). The simple functions.
(11). The step functions.
(111). The continuous functions of compact support.

PROOF. A subset A is dense in L'(R) iff for any f € L'(R) and ¢ > 0, there is a function
g € A such that [|f — g||L ) < €, or equivalently, there is a sequence {gn}n 1 C A such that
lgn — fllor®)y = 0 as n — oo

It suffices to prove for nonnegative f € L'(R). (Since any function f € L'(R) can be written
as f = fT — f~ and if there are g1, g» € A such that || f* — g1|[1®) < € and ||~ — 2|11 w) <,
then [|(f" = f7) = (91 — o)1 m) < 2¢.)

(i). For any integrable functlon f € LY(R), there is a sequence of simple functions ¢, * f
pointwise on R. By monotone convergence theorem in Theorem , lon — fllLrw — 0 as
n — 0o.
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(ii). A step function is a linear combination of characteristic functions of intervals. By (i),
for any € > 0, there is a simple function
n
o(z) = Z Ck - XE,» in which ¢;’s are positive and distinct,
k=1
such that || f — ¢||L1r) < €. Since || f]lL1r) < 00, ||¢|lr1®) < 00 and m(E}) < oo.
By Theorem , there is a finite union of disjoint intervals Uy, = U;I} ; such that

m(Ek\Uk)+m(Uk\Ek)<niCk.

Hence,
€ €
ncg neg
Therefore,
€
|ckm(Ek) — ckm(Uk)| < E
Let . .
g(z) = ch " XU, = chk " X1y -
k=1 k=1 j
Then .
lg = elloim <D lexm(Er) — cm(U)] < e,
k=1
and

lg = fllow < llg = ellore + I1f — el < 2.
(iii). Similar to (ii), it suffice to prove the case when f is a characteristic of an interval [a, b].
In this case, define

1 ifa<x<b,
9@ =9, .
0 ife<a—corx>b+e,
and with g linear on the intervals [a — €, a] and [b,b+€]|. Then ||g — f|L1(r) < 2¢. O

THEOREM 4.18 (Invariance properties). Let f € L'(R).
(i). Translation invariance: Given h € R, || fullci®) = [|fll ), where fu(x) := f(x — h).

(ii). Reflection invariance: || f(—x)||piw) = ||f(2)]|21(w)-
(ii). Dilation invariance: Given 0 > 0, 0| f(0x)|| 1wy = [|f(2)] 11 ®)-

PROOF.

(i). We verify the translation invariance similar to the stages in the construction of Lebesgue
integration.

Stage 1: If f = xp for some measurable set E, then || f[|p1g) = m(E) = m(Ex) = || full ),
in which Ej = E + h, since Lebesgue measure is invariant under translation. Then || f||1() =
| fall Lry for all simple functions by linearity of Lebesgue integration.

Stage 3: If f is measurable and nonnegative, then there is a sequence of simple functions
{¢n} /' f pointwise. Then [¢, — [ f as n — oo by monotone convergence theorem in

Theorem [4.12, Now {(¢,)n} A fr and [(pn)n = [ @n by Stage 1, we have that [(pn)n — [ fa
asn—ooso [fn=[F.



4.3. THE L' SPACE OF INTEGRABLE FUNCTIONS 62

Stage 4. If f is integrable, then f = f* — f~ and ||f||p@) = [ fT+ [ f~. Now f, =
(= (fInand [(fY)n=[f"and [(f7 )= [f". So

| fullor ) = /(f+)h+/(f_)h = /f+ +/f_ = || fllzr )

(ii). Similar to (i), we only need to verify that f = yg for some measurable set E. In this

case,
Il = [ 7 =m(E

| f(=2)|[z1@) = m(=E), inwhich —E={rcR:-z¢c E}.
So it suffices to show that m(E) = m(—FE), and we only need to show this for intervals £ = (a, b).
The proof is complete by noticing that

m(E)=b—a, and m(—E)=m((—b,—a))=b—a.

(iii). Similar to (i), we only need to verify that f = yg for some measurable set E. In this
case,

and

Hﬂwmz/fzm@

and
I f(0x)|| L1 (m) /fd:p Es), in which Es ={z € R:dx € E}.

So it suffices to show that m(E) = 5m(E5) and we only need to show this for intervals £ = (a, b).
The proof is complete by notlclng that

m(E) =b—a, and m(Es;)=m ((%g)) - bg“.
O

THEOREM 4.19 (Continuity under translation). Let f € L'(R). Then f, — f in L'(R) as
h — 0, that is,

||fh _.fHLl(R) -0 ash—0.

PrRoOOF. Given any ¢ > 0, by Theorem there is a continuous function of compact
support g such that ||g — f||z1®) <. Then by Theorem 4.18|
lgn = fulleiwy = (g = Prlloe =g = fllow <e
Since g is continuous supported on a compact set F, g is uniformly continuous on F' and m(F') <

00. (F' is closed and bounded.) Thus, there is § > 0 such that |g(z — h) — g(z)| < e¢/m(F’) for
all x € F'if 0 < h < 4. This means that
3

lgn(z) — g(z)| = [g(x — h) — g(z)] < (F)

Therefore,

lgn — gl @) <
) Fm<F)

Then,
Ifo = fllorw) < Wfn = grllorwy + llgn — 9llow) + lg — fllow) < 3e.
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Homework Assignment ‘

4-14. Let f € L*(R) and f, € L'(R) for all n € N. Suppose that || f, — fllz1®) — 0 as
n — 0o0. Does f, — f as n — oo pointwise a.e. on R? Prove your assertion.

4-15. Suppose that f € L*(R). Does lim, ., f(z) = 0? Prove your assertion.

4-16. Suppose that f € L'(R) and f is uniformly continuous on R. Prove that lim,_, f(z) =

0.
4-17. Prove that if f € L'(R), then F(z) = [__ , f(t) dt is uniformly continuous on R.
4.4. The LP spaces

Definition (L? spaces). Let E be a measurable set with positive measure and p € [1,00).
We define LP(FE) as the space of all measurable functions on E that satisfy

/ ()P dr < oo,
E
If f € LP(E), we define the LP(FE) norm of f by

| fllzemy = (/E !f(a?)]pdx>;.

Definition (L space). Let E be a measurable set with positive measure. We define L*(E)

as the space of all measurable functions on F that are essentially bounded, that is, there is
M € R such that
|f(z)] <M ae. onE.

If f € L>®°(F), we define the L>°(E) norm of f by
| fllzoo () == 1]\11}{|f(:v)| < M ae. on E}.

Here, || ||z (k) is called the essential supremum of f on F.

It is evident that |f| < || f||z=(g) a.e. on E. Indeed,

| =

{zeE:f@)| > flemw} = {x € E:|f(@) > | fllzewm +
k=1

|

Remark. For 1 < p < oo, we as before identify LP(FE) the space of equivalence classes that
f and g are equivalent if f = g a.e. on E. It is evident that under such equivalence relation,
LP(F) is a vector space.

is of measure zero since each set in the union is of measure zero.

Definition (Conjugate exponents). If the two exponents p and ¢ satisfy 1 < p,q < oo and

the relation
1 1
4 =1
p q
holds, we say that p and ¢ are conjugate or dual exponents. Here, we use the convention that

1/oo =0 so 1 and oo are conjugate exponents. We denote p’ the conjugate exponent of p.

THEOREM 4.20 (Holder’s inequality). Let 1 < p,q < oo be conjugate exponents. If f € LP(E)
and g € LY(E), then fg € L*(F) and

I fallzr ey < 1 fller@) 9]l Lace)-
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PROOF. The cases when p =1 or p = oo are trivial.
The proof of the theorem relies on a generalized form of the arithmetic-geometric mean
inequality: If A, B >0 and 0 < # <1, then

AB'™0 < 0A+ (1 -0)B. (4.1)

Note that when 6 = 1/2, the above inequality states the fact that the geometric mean of two
numbers is majorized by their arithmetic mean.

To establish , we observe first that we may assume B # 0 and replace A by AB. So it
suffices to prove that

A <HA+(1-90).
To this end, let
flz) =2 — 0z — (1 —0).

Then

f'(x) =

Hence, the continuous function f on [0, c0) attains its maximum value at x = 1. But f(1) =0
so f(z) <0 for all z € [0,00), as desired.

To prove Hélder’s inequality, we may assume || f||z»(zy > 0 and ||g||zezy > 0. (Otherwise,
f=0ae on Forg=0ae on FEso fg=0ae on FE and Holder’s inequality becomes
trivial.) Dividing both sides of Holder’s inequality by || f|lre(x)llglze(r), We may assume that
I fllzeey = l9llaey = 1 and we only need to verify that | fg||,1s < 1. To this end, set
A=|f(z)P, B=|g(x)|?, and § = 1/p so that 1 — 8 = 1/q, then gives

F(@)g(a)] < %|f(fc)lp T §|g<x>rq.

Integrating both side of the above inequality over E yields
1 1 1 1
falle I/fgﬁ—/f“r—/gq:—fpp + =gl 7em = 1-
If gl = [ Vgl <2 | 1A+ ] 1" = J1F e + 19l

9(1‘9_1—1) >0 f0<x<1;
<0 ifz>1.

O

Remark (Cauchy-Schwarz inequality). A special case of Holder inequality when p = g = 2
is called Cauchy-Schwarz inequality: If f,g € L*(E), then fg € L'(FE), and

£l < Iz llgllczm)-

Question. Is there any inclusion relation among L?(E) for different exponents of p in gen-
eral?

COROLLARY 4.21. Let m(E) < 0o and 1 <p <r <oo. Then L"(E) C LP(E) if r > p, and

11
1 llLeey < m(E)e ™ [ fllr )
PrOOF. By Holder’s inequality with two conjugate exponents r/p and r/(r — p), we have
D r—p

ha
that /E!f|p§ {/E(If\p);} Ugl_} _ M'JC’TW(E)P‘?

Raising to power 1/p to both sides, we have that

([ie) = [Lasmi] [ 5] = [fa] pmcene+

=
S
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which is L
| flleezy < m(E)r ™" || fllLr )
O

COROLLARY 4.22. Let m(E) < oo and f € L®(FE). Then f € LP(E) for all1 < p < oo, and
Jimn [| fllzre) = [1F ]l )
PROOF. On one hand, by Holder’s inequality,
1
1oy < mUE)? 1l
Taking p — oo, we have that
limsup [ £l zo () < [ fll ),

p—o0

since (m(E))Y? — 1 as p — oo.
On the other hand, for any € > 0, || f||z>(g) — € not the essential supremum of | f| so

m(Ey) >0 for some § > 0,
in which
={z e E:|f(@)] > ||fllzem — <} -
Hence,

1ALy = [E Fjie= [E 17 = m(Ey) (I fll o) — )" 2 0 (I fllem) —2)”

Then 1
1 fllzocm) = 67 (| flle(m) — ),

which implies that
lim inf || fllzocz) 2 [1Fllz=cz) — e,

since 6P — 1 as p — oo. But the above inequality is true for all € > 0 so
im i > oo
lim inf [ llzeey = [1f o)
and the proof is finished. O

THEOREM 4.23 (Minkowski’s inequality). If1 < p < 0o and f,g € LP(E), then f+g € LP(E)
and
1+ glleey < e + glle e
That is, the triangle inequality holds for the LP(E) norm.

PROOF. The case when p = 1 is proved in Section [4.3] while the case when p = oo is trivial.
When 1 < p < oo, first note by checking the cases when | f(x)| < |g(x)| and when |f(x) > |g(z)]

that
|f(x) +g(@)P <27 ([f(2)]" + |g(@)]") -

[irvar<e(/ |f|” /E|g|p) < oo,

since f,g € LP(F). This shows that f + ¢ € LP(E
By triangle inequality, we have that

[f(z) +g(@)FF < [f@)If (@) +g(@)P~" +[g(@)]| f(x) + g(@) P

Integrating over E:
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Then by Holder’s inequality with exponents p and ¢ = p’ = p/(p — 1), we have that
||f+9”12p(E) - |f+gl”
E

< [unr+o+ [ lallr g
< (L) (Liesaome) o (L1ar) (oo
< Wl [( / !f+g|”>;

+ [l e () [(/E!ergl”)p]

P P
= N Aef + 9l Loy + l9llo 1 f + 9ll o)
p
= |+ 9llioge (Lo +lgllew) -
If || f + gller(m) = O, then the theorem is complete; if || f + g|zr(z) > 0, then dividing both sides
D
in the above inequality by ||f + g/, gives that

p_ﬂ
1+ 9l (e = I + 9lleri < N f e + l9lle @),
since p—p/q=p(1—1/q) = 1. O

Remark. With Minkowski’s inequality, LP(E) is a normed vector space. When p =1, L'(E)
is also complete, therefore is a Banach space in Theorem Similarly, LP(FE) is also a Banach
space.

THEOREM 4.24. Let 1 < p < oco. Then LP(FE) is a Banach space.

’Homework Assignment ‘

4-18. Prove that the linear vector space of all polynomials on [0, 1] is not complete under
the LP norm, 1 < p < oo. (Hint: Construct a sequence of polynomials that converges to e* in
LP norm.)

4-19. (Interpolation Theorem) Let 1 < p < ¢ < r < 0o. Suppose that f € LP(E) N L"(FE).
Prove that

_ . 11—t ¢
1flzoczy < NI po(ey I ey, where t satisfies that - T

As a corollary, this shows that f € LY(FE), and
P(E)N L'(E) ¢ LY(E).
4-20. Let C([a, b]) be the space of continuous functions on a bounded interval [a, b] with the

norm

| fllean) = max |f(z)].

Prove that C([a,b]) is a Banach space.
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4.5. Fubini’s Theorem

Fubini’s theorem concerns interchanging order of integration in the multi-variable setting. It
is of vital importance.

To set up Fubini’s Theorem, let R = R4 x R%, where d = d; + ds and dy,dy > 1. A point
in R? then takes the form (z,y), where z € R% and y € R%. If f is a function in R% x R,
define a “slice” of f corresponding to y € R% as

fx) = f(x,y),
similarly, the slice of f for a fixed x € R% is f,(y) = f(xz,y).

THEOREM 4.25 (Fubini’s Theorem). Suppose that f(x,y) is integrable on R% x R%. Then
for a.e. y € R®
(i). The slice f¥ is integrable on R,
(11). The function defined by
[ (x) dx
R4
is integrable on R%.
Moreover,

/ ( f<x,y>dm> ay=[ f
Rdg ]Rdl Rd

Clearly, the theorem is symmetric in z and y so that we also may conclude that the slice f,
is integrable on R% for a.e. x. Moreover, [na, fz(y)dy is integrable, and

/ ( f<x,y>dy) = | f
]Rdl RdQ ]Rd

In particular, Fubini’s Theorem states that the integral of f on R¢ can be computed by iterating
lower-dimensional integrals, and that the iteration can be taken in any order.
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