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ABSTRACT. Al safety is the study of how to make artificial intelligence (AI) beneficial and how
to prevent the harms that it may cause. The first two of its main concerns are the misuse of
AT systems by people and misalignment: an Al system may pursue a goal different from the
intended one, either because the goal was specified incorrectly or because training instilled a
different goal. The others are a lack of robustness, i.e., failures on inputs unlike the training data;
a lack of legibility and steerability, i.e., humans can neither understand how a system computes
nor reliably correct it; failures of cooperation among Al systems and humans; and the gradual
disempowerment of humans, who delegate more and more decisions to systems that they do not
understand.

In these notes, we focus on one aspect, which lies between misalignment, robustness, and
legibility: among the many parameters that fit the training data, which one does training select,
and when? We formulate this question in mathematics, and we study the problems that it raises
in singular learning theory, in the dynamics of training, and in the metastability of diffusions,
where it becomes a semiclassical problem for the Witten Laplacian. We also study superposition,
i.e., how a network represents more features than it has dimensions, and the Fourier analysis of
the algorithms that networks learn for modular addition; both connect legibility with harmonic
analysis.



Preface

In these notes, we introduce a family of problems in mathematics that arise from the safety
of artificial intelligence (AI). The notes are divided into three parts.

In Part I, we explain what modern Al is in mathematics language: data, models with
parameters, losses, neural networks, and training by gradient descent. We use a small neural
network that recognizes handwritten digits as a running example, and we describe the language
models on which chat systems are built. We end with the deep linear network, the one model in
which training can be solved explicitly.

In Part II, we explain what Al safety is, and why the question “which solution does training
find, and when?” is a safety question.

In Part III, we develop the mathematics needed to study the problems: singular learning
theory, the staircases of training, diffusions and metastability, the Eyring-Kramers law for singular
wells, entropic selection and the noise of training, superposition, and the Fourier analysis of
learned algorithms. Among the many open problems on mathematics for Al safety, we chose
those which are closest to semiclassical analysis, spectral theory, and harmonic analysis.

We fix the following notation throughout the notes.

e d is the number of parameters, w € W C R? (or w € T? = R¢/(27Z)?) is a parameter,
and W) is the set of optimal parameters.
e r is an input, y is an output, and n is the number of data points (the sample size).

Random data points are written Xq,...,X,,.
e f, is the function computed by a model with parameter w, and ¢ is an activation
function.

e L is the loss, normalized so that L > 0 and L~(0) = Wy; L, is the empirical loss
computed from n data points.

e (o is the true distribution of the data, p(- | w) is the model, ¢ is a prior density, and F),
is the free energy.

e )\ and m are the learning coefficient and its multiplicity.

e ¢ is time, 7 is the learning rate, ¢ is the temperature, and w; is a (random) training
trajectory.

e M is the width of a hidden layer, A and B are weight matrices, ® is a target matrix
with singular values s; > s3 > -+ > s, > 0, and a,, is the strength of the a-th mode.

e 7. is the Gibbs measure, 7¢ is the hitting time of a set C', g4 p is an equilibrium potential,
cap, is a capacity, and h is a barrier height.

e [E and PP denote expectation and probability; E,, and P, refer to a process started at w.

e j k, [ are indices.
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Part 1

Artificial intelligence



CHAPTER 1

Learning from data

Artificial intelligence (Al) refers to computer systems that perform tasks which we associate
with intelligence, such as recognizing images, translating languages, writing programs, and proving
mathematics theorems. Modern Al is dominated by machine learning. Instead of writing down
the rules of a task by hand, one specifies a large family of candidate programs, indexed by real
parameters, and selects the parameters from examples of the task. Every Al system discussed in
these notes is produced in this way.

In this chapter, we describe this framework in the language of mathematics: data, models, losses,
statistical models, entropy, Fisher information, the Bayesian point of view, and generalization.
Several of these notions come from statistics, information theory, and statistical mechanics, and
we explain their original meaning before we explain how they are used in machine learning. We
use a small neural network that recognizes handwritten digits as a running example.

1.1. Supervised learning

The simplest form of machine learning is supervised learning: we are given examples of inputs
together with the correct outputs, and we want a program that produces the correct output for a
new input.

Example (Handwritten digits). A grayscale image of 28 x 28 = 784 pixels is encoded as the
vector x € [0, 1] of its pixel intensities, where 0 is black and 1 is white. The task is to recognize
the digit y € {0,1,...,9} written in the image. A standard data set is the MNIST (Modified
National Institute of Standards and Technology) database of 70,000 images of handwritten digits,
labeled by humans; see LeCun—Bottou—Bengio—Haffne. Of these images, 60,000 are used for
training and 10,000 for testing.

Definition (Data). Let X be a set of inputs and ) be a set of outputs. A data distribution
is a probability measure on X x ). A training set of size n is a finite sequence

Dn = {(xjayj)}?:l C & x y
of independent samples from the data distribution.

The data distribution describes how often each input occurs in the world, together with its
correct output. It is never known; only the samples in D,, are.

Example (Handwritten digits). Here, X = [0,1]™®, Y = {0,1,...,9}, and the data distribu-
tion is the distribution of the pairs (image, digit) over all digits that people write. The 60,000
training images of the MNIST database form a training set of size n = 60,000.

Definition (Models and parameters). A model is a family of functions f,, : X — RY indexed
by a parameter w € W, where the parameter space W is a subset of R?. The number d is the
number of parameters of the model.

Y. LeCun, L. Bottou, Y. Bengio, and P. Haffner, Gradient-based learning applied to document recognition.
Proc. IEEE 86 (1998), 2278-2324.
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= encode e [0, 1] Juw y=7

FIGURE 1.1. A handwritten digit, encoded as a vector of pixel intensities (schemat-
ically, with fewer pixels), and its label

The output f,(x) is a prediction: either the predicted output itself, or a vector of scores from
which a prediction is read off.

Definition (Losses). A loss function is a function ¢ : RY x Y — [0, 00), where £(f,(x),)
measures the error of the prediction f,(z) when the correct output is y. Given a training set D,,,
the empirical loss is

1 n
= — w €T
wig ()
and the population loss is

L(w) = E[¢(fu(x),y)],

where (x,y) is distributed according to the data distribution.

Remark (Empirical and population losses). The empirical loss L, (w) is computed on the
training data only: it is the average error of f, over the n training examples. It can be evaluated,
since the training data are at hand.

The population loss L(w) is the average error of f, over all possible inputs and outputs,
weighted by the data distribution. It measures the performance of f,, on data that have not been
seen. It cannot be evaluated, since the data distribution is unknown.

For each fixed w, the terms ¢(f,(z;),y;) are independent and identically distributed with
mean L(w). So by the strong law of large numbers,

L,(w) — L(w) almost surely as n — oo.

However, training chooses w depending on the training data, and for the chosen w, the empirical
loss may be much smaller than the population loss. This gap is the subject of Section [1.6]

For Y C R¥, the square loss is
(s y) =y —yl*.
Training a model means choosing w with small empirical loss Ln(iU), usually by the iterative
algorithms of Chapter . The actual goal is a small population loss L(w).

1.2. Statistical models and likelihood

So far, a model produces a single prediction for each input. It is often more useful to let
the model express its uncertainty, by a probability distribution over the possible outputs. In
Sections we describe this point of view. Throughout, a probability density on ) is taken
with respect to the counting measure if ) is finite, and with respect to the Lebesgue measure if
Y =R In the first case, a probability density is a probability vector, and integrals over ) are
sums.
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A model with N scores f,(z) = (f1,..., fn) is turned into a probability distribution on N
outputs by the softmax:
efk
Zl]\il eli

pk | z,w) = for k=1,...,N.
These numbers are positive and sum to 1, and a larger score gives a larger probability. The scores
fr are called logits.

Remark (Gibbs distributions). The softmax is a Gibbd] distribution of statistical mechanics.
Consider a physical system with finitely many states k of energies Fj. In equilibrium at the
temperature T° > 0, the system is in the state k& with probability

—
dae T

Low energies are likely, and the temperature measures how much the system fluctuates. The

softmax is the Gibbs distribution with the energies Ey = —f; at the temperature 7' = 1. As

T — 0, the Gibbs distribution concentrates on the states of lowest energy, i.e., on the largest

scores. This is why the softmax is a “soft” maximum. The same Gibbs distributions, with the

loss as the energy, are the stationary laws of noisy training in Chapters |3 and

Definition (Statistical models). A statistical model is a family of probability densities
p(y | z,w) on Y, one for each input z € X and each parameter w € W. If there are no inputs,
then we write p(z | w) for a family of probability densities on X.

The notion of likelihood was introduced by Fisherf] in statistics. Given observations, the
likelihood is the probability of the observations, viewed as a function of the parameter. It is not
a probability distribution in the parameter; it measures how well each parameter explains what
was observed. In training, we can select the optimal parameter by maximizing the likelihood.

Definition (Likelihood). Given a training set D,,, the likelihood of a parameter w is
IIp | ajw).
j=1

A maximum likelihood estimator is a parameter @ which maximizes the likelihood.

Taking —% log, maximizing the likelihood is the same as minimizing

1 n
Ly(w) = - > logp(y; | zj,w).
j=1
This is the empirical loss for the loss function ¢ = — log p, which is called the negative log-likelihood
loss, or the cross-entropy loss. Its population version is

L(w) =E[~logp(y | z,w)].
Remark (The cross-entropy in the scores). For one data point with the scores f = (f1,..., fn)
and the correct output y, the cross-entropy loss is

N
E(fﬂy) - logzefk - fy'
k=1

1J. Gibbs, Elementary Principles in Statistical Mechanics. Charles Scribner’s Sons, 1902.

R, Fisher, On the “probable error” of a coefficient of correlation deduced from a small sample. Metron 1
(1921), 3-32; On the mathematical foundations of theoretical statistics. Philos. Trans. Roy. Soc. London Ser. A
222 (1922), 309-368.
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Let p = (p1,...,pn) be the softmax of f, and let e, € RY be the coordinate vector of y. Then
Vil =p—e, and Vil =diag(p)—pp'.

The Hessian is the covariance matrix of the coordinate vector e, when k is drawn from p. So £ is
convex in the scores. By the chain rule,

VL (w) = 711 ilwa ()" (P (- | 2j,w) = ey,)

where D f,(z) is the Jacobian matrix of w +— f, ().
For N > 2, every softmax probability is less than 1, so the cross-entropy loss L,, is positive.
The margin of w on the training set is

y(w) = 11%11].1;1” ir;lyljl mi(w)  with m,(w) = f, (a:j)yj — fuw (x5), -

It is positive if and only if, at every training point, the correct output has the strictly largest
score. Suppose that the model is homogeneous of degree D, i.e.,

fow =P f, fore>0.

For instance, the quadratic network for modular addition in Chapter [2] is homogeneous of degree
3. Then L, (cw) is the average over j of

10g (1 + Z e—cDm]'k(’LU)) .
k#y;

Each sum in the logarithm is at most (N — 1)e=<"7®) and for an index j at which y(w) is
attained, it is at least e=<"7)_ If y(w) < 0, then the term of such an index j is at least log 2. So

log 2
L,(cw) > bl
n
Suppose that y(w) > 0. Since
log(l+s)<s fors>0 and gglog(l—ks) for 0 <s <1,
we obtain ]
2—6_6%(“’) < Lp(cw) < (N = 1)e¢77®),
n
Hence log(n\)
1 1 og(nN
—1 — < ——".
D8 L, (cw) V(w)) < cP

Suppose that 7 is positive somewhere. Since the error is uniform on {7 > 0}, minimizing L,
on the sphere {|w| = ¢} for large ¢ amounts to maximizing v on the unit sphere. This is the
low-temperature limit in the remark on Gibbs distributions, with the energies mj;(w) at the
temperature ¢~. Moreover, if f,(x) is continuous in w, then L,, has a positive minimum on
every closed ball. Hence |wy| — oo along every trajectory with L, (w;) — 0. This is why the

w

directions T and the networks of maximal margin appear in Chapter @
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1.3. Entropy and the Kullback-Leibler divergence

Why is — log p the right loss? The answer comes from information theory, founded by Shanno.
In this section, we explain the original meaning of entropy, cross-entropy, and the Kullback-Leibler
divergence, and then how they fit into learning.

Definition (Entropy). The entropy of a probability density g on Y is
H(q) = —/Q(y) log q(y) dy.
y

The quantity — log q(y) is the surprise of the outcome y: a likely outcome is not surprising,
and an unlikely one is. The entropy is the average surprise. In Shannon’s theory of communication,
for a finite set ), the entropy is the least average number of nats (units of loge) per symbol
which is needed to encode long sequences of independent outcomes of ¢. With log, in place of
log, it is measured in bits.

Definition (Cross-entropy and Kullback-Leibler divergence). Let ¢ and p be probability
densities on ) with p > 0. The cross-entropy of p relative to ¢ is

H(q,p) = —/yQ(y) log p(y) dy,

and the Kullback-Leibler divergence of p from ¢ is

KL(ql[p) = H(q,p) — H(q) = / q(y)log aw) dy.
v p(y)
The cross-entropy is the average surprise when outcomes are drawn from ¢ but predicted by
p, and the Kullback-Leibler divergence is the excess of this surprise over the least possible one.
Kullback-Leibletf] introduced it as the mean information for discrimination. For an observation ,

the log-likelihood ratio log ;’@ is the evidence that y provides for ¢ against p, and KL(q||p) is

(v)
the average evidence when ¢ is true. It is not symmetric in ¢ and p, so it is not a metric. The

next proposition shows that it is non-negative.

Proposition 1.1 (Gibbs’ inequality). Let q and p be probability densities on Y with p > 0.
Then
KL(q[lp) = 0,

with equality if and only if p = q almost everywhere. Equivalently, H(q,p) > H(q), i.e., the
average surprise is smallest when the prediction is the truth.

PRrROOF. Since logs < s — 1 for s > 0, with equality if and only if s =1,

p p
—KL(C]HP):/ qlogdyé/ C](—l)dy:/ pdy —1<0,
{g>0} q {¢>0} q {g>0}

with equality if and only if p = ¢ almost everywhere on {g > 0}. Since both p and ¢ are probability
densities, it follows that p = ¢ almost everywhere. U

We now explain how these notions fit into learning. Suppose that the data are generated by
an unknown true density ¢o(y | ). Then the population loss of the negative log-likelihood is an
average cross-entropy:

L(w) =B, [H (qo(- | 2), p(- | 2, w))] = By [H (qo(- | ))] + Eo [KL (go(- | 2)[Ip(- | 2, w))].

1C Shannon, A mathematical theory of communication. Bell System Tech. J. 27 (1948), 379-423, 623-656.
US. Kullback and R. Leibler, On information and sufficiency. Ann. Math. Statistics 22 (1951), 79-86.
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The first term does not depend on w; it is the unavoidable surprise of the data. The second term
measures how far the model is from the truth. The model is said to be realizable if

g =p(-|-,wy) for some wy € W.
Definition (Normalized loss). We normalize the population loss as
L(w) = L(w) — inf L(w') >
(w) = L{w) — inf L(w) >0,

and we call Wy = L~1(0) the set of optimal parameters.

Corollary 1.2. If the model is realizable, then
L(w) = Eqo [KL (qo(- | )|lp(- | 2, w))]
and

Wo={weW:p(|z,w)=q | x) for almost every =} .

Proor. By Proposition , the second term in the decomposition of L(w) is non-negative,
and it vanishes at wy. So inf L is the first term, and the claims follow from the equality case of

Proposition [L.1} O

So minimizing the cross-entropy loss is minimizing the Kullback-Leibler divergence from the
truth.

Example (Gaussian regression). Let p(y | 7, w) be the Gaussian density on RY with mean
fw(z) and identity covariance. Then
1 N
~logp(y | z.w) = 3 Iy fule) P+ log(2m).

So the negative log-likelihood loss is half the square loss, up to an additive constant. If the truth
is ¥y = fu,(x) + & with standard Gaussian noise £, then a direct computation with Gaussian
densities gives

L(w) = 2B, [l1ulo) ~ fun(@)F]

So Wy is the set of parameters which compute the same function as wg on the support of the
input distribution.

1.4. Fisher information and singular models

The Fisher information measures how much a single observation tells about the parameter.
Fishe introduced it under the name amount of information. It is the variance of the score
V. logp, and its inverse bounds how precisely the parameter can be estimated. The next notion
separates the classical theory of statistics from the theory needed for neural networks.

Definition (Fisher information). The Fisher information matrix of the model at w is
I(w) =B |[Vylogp(y | #,w) Vi logp(y | #,w)'],
where z is distributed according to the input distribution and y according to p(- | z, w).

IR. Fisher, Theory of statistical estimation. Proc. Cambridge Philos. Soc. 22 (1925), 700-725.
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Its statistical meaning is the CraméRa inequality: in a one-parameter model, every

unbiased estimator of w computed from n independent observations has variance at least m

So a large Fisher information means that the parameter can be estimated precisely, and a
vanishing Fisher information means that a small change of the parameter is invisible in the data.

If differentiation in w commutes with integration in g, then the score has mean zero: for every
x?

/p(y | 2, w)Vylogp(y | z,w)dy =V, / p(y | v,w)dy = 0.
Yy Yy

So I(w) is the covariance matrix of the score.
The Cramér-Rao inequality is proved like the Heisenberg uncertainty principle, with the score
in the role of the momentum. Let

pulw) = H p(y; | w)

be the density of n independent observations. An estimator is a function T'(y1, ..., ¥,), and it is
unbiased if

/Tpn(w) dyy -+ -dy, = w for every w.
Since

/8wpn(w) dyl te dyn = O,

differentiating in w gives

/(T — W) Oy log pp(w) pn(w) dyy - - - dy, = 1.

The total score 9, log p, is the sum of n independent scores with mean zero, so its variance is
nl(w). By the Cauchy-Schwarz inequality,

1 < Var(T) - nl(w).

For n = 1 and a location family p(y | w) = ¢g(y — w), where g has mean zero, the estimator
T =y, is unbiased, and the inequality is the Heisenberg inequality

4/y2¢2dy/1//2dy21 for ¢ = \/g.
R R

Proposition 1.3. Suppose that the model is realizable, p is C* in w, and differentiation in w
commutes with integration in y. Then

VQL (UJQ) =1 (wo) .
ProOF. By Corollary [1.2]

L(w) = E, U qologqody—/qologp(-!x,w) dy| .
Yy Y

V2L (w) = —E, UPV2 logpdy] with p = p (- | z, wo) .
Y

H. Cramér, Mathematical Methods of Statistics. Princeton University Press, 1946.

iC. Rao, Information and the accuracy attainable in the estimation of statistical parameters. Bull. Calcutta
Math. Soc. 37 (1945), 81-91.



1.5. THE BAYESIAN POINT OF VIEW 9

Since
2

V210gp:v}f—VIonglogpt and /V2pdy:V2/pdy:O,
y y

we obtain

V2L (wy) = E [Vlogp Vlogp'| = I (wp) .

By Taylor’s formula, Proposition [I.3] gives
1
L(w) = 3 (w — wo)" I (wo) (w — wg) + o <|w - w0|2) .

So the Fisher information is the second-order part of the Kullback-Leibler divergence between
nearby distributions.

Definition (Regular and singular models). Suppose that the model is realizable. It is regular
if it is identifiable, i.e., W = {wo} consists of one point, and the Fisher information matrix I(wy)
is positive definite. Otherwise, the model is singular.

So the model is regular exactly when L has an isolated non-degenerate minimum, i.e., when
L looks like a quadratic bowl near Wj. In a singular model, different parameters may give the
same distribution, or the Fisher information degenerates somewhere on Wy; see Watanabe [W].

Example (A coin). Let w € (0,1) be the probability that a coin lands heads, so that
p(l | w) =w and p(0 | w) =1 — w, where 1 means heads. The score is

y 1l-y
w 1—w
and its variance is
1 B 1
(1—w)?  w(l—w)

So the coin is a regular model. If k£ is the number of heads in n flips, then the frequency % is an
unbiased estimator of w, and its variance is

w(l—w) 1

> 0.

[(w):w-u;—i—(l—w)-

n nl(w)
So equality holds in the Cramér-Rao inequality.

Example (Handwritten digits). The digit network is a singular model: many different
parameters compute the same function, as we shall see in Chapter 2] The same holds for every
neural network. How singularity changes the theory is the subject of Chapter [6]

1.5. The Bayesian point of view

In the Bayesian point of view, which goes back to Baye and Laplac, probability measures
a degree of belief in an unknown quantity. Beliefs are updated by Bayes’ rule when data arrive:
for events E and F with P(F') > 0,

P(F | E)P(E)

PE|F) =
(| F) = S
IT. Bayes, An essay towards solving a problem in the doctrine of chances. Philos. Trans. Roy. Soc. London 53
(1763‘)7 370-418.
UP.-S. Laplace, Mémoire sur la probabilité des causes par les événemens. Mém. Acad. Roy. Sci. Paris (Savants
étrangers) 6 (1774), 621-656.
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In learning, the unknown quantity is the parameter w.

Definition (Prior, posterior, and evidence). A prior is a probability density ¢ on W, which
describes our belief before seeing any data. After seeing the training set D,,, Bayes’ rule gives the
posterior density

Wn(w) = @(w) ] IZp (Z/] | Lj, W )7 where Z,, :/ H y] ‘ i, w dw’.

The number 7, is the evidence: the probability of the observed outputs7 averaged over the prior.

So the posterior is the prior reweighted by the likelihood. Instead of one parameter, the
Bayesian point of view keeps all parameters, weighted by how well they explain the data, and
predicts by averaging:

p(y|z,D,) = /Wp(y | 2, w) 7, (w) dw.

Example (A coin). Take the uniform prior ¢ =1 on [0, 1]. If n flips give k£ heads, then the
posterior density is

(n+1! —k
w(w) = Tt (1= w)" 7,
Tn(w) = f = )
by Euler’s Beta integral
Lo ] by alb!
w'(l —w)’dw = ———.
/0 ( ) (a+b+1)!
By the same integral, its mean is kié and its variance is

(k+1)(n—k+1)< 1
(n+2)2n+3) ~— 4n+3)
So the posterior concentrates near the observed frequency %, in a window of width of order n*%;

see Figure|1.2, The posterior mean ki; is Laplace’s rule of succession: after k heads in n flips,

k+1
the probablhty of heads at the next flip is 5.
gl | prior h
e =10, k=7
& 6 |—n=100, k=70 .
2 [ |
0 Lo=-="" IS~

00102030405060708091
w

F1GURE 1.2. The uniform prior and the posteriors after 10 and 100 flips of a coin

Remark (The Bernstein-von Mises theorem). In a regular model, the posterior is asymptoti-
cally Gaussian: its density is close to the Gaussian density with mean the maximum likelihood
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estimator and covariance (nl(wg))~!. This is the Bernstein-von Mises theorem; see Theorem 10.1
of van der Vaar. It is Laplace’s method applied to the integral of

p(w) [Tp (y; | 25, w) = p(w)e "),
J
in which the phase nL,, has a non-degenerate minimum. For the coin, the posterior variance is
w(l —w) 1 ' k
—(1 1)) = 1 1 thw = —
U oD) = s (L o(l) withw =

in accordance with the Fisher information computed in Section [I.4]

Example (Handwritten digits). For the digit network, the posterior is a probability density
on R13902 the space of all weights. As n grows, it still concentrates, but it concentrates near
the whole set Wy of optimal parameters, which is not a point. Since the model is singular, the
Bernstein-von Mises theorem does not apply, and the posterior is not asymptotically Gaussian.
Which parts of Wy the posterior prefers is the subject of Chapter [6]

Like the softmax in Section [I.2} the posterior is a Gibbs distribution. Indeed, with the negative

log-likelihood loss L,
1
T = Z—ngoe

—nLy

1

n

So the energy is L,, the reference measure is the prior, and the temperature is

Proposition 1.4 (Gibbs variational principle). Let ¢ > 0 be a probability density on W, let
L be a measurable function on W which is bounded below, and let € > 0. Let

_L
e s p

fW e_%go dw

Then for every probability density i on W with KL(ull¢) < oo,

—510g/ e‘ggpdwg/ Lyydw + ¢ KL(p||),
W W

with equality if and only if = p. almost everywhere.

He =

PROOF. Let Z = [, e~ %o dw. Since L is bounded below, 0 < Z < oo. If S L dw = oo,
then there is nothing to prove. Otherwise, since

L
logﬂzlogﬁ+g+logZ on {u > 0},
¥

€

integration against p gives

e KL (pl|pee) :/ Ly dw + e KL(u||@) + €log Z.
W

The claim follows from Proposition [L.1] O

If ¢ > 0 and L,, is bounded below, for instance if ) is finite, then Proposition applies with
€= % and L = L,. The minimizer is the posterior 7,, and the minimum is —% log Z,,. So the
posterior balances the fit to the data, [, L,udw, against the cost + KL(y|/¢) of moving away
from the prior. If ¢ is uniform on W, then

KL(u]l) = log Vol(W) — H(y).

IA. van der Vaart, Asymptotic Statistics. Cambridge University Press, 1998.
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So, up to the constant %log Vol(W), the posterior minimizes the mean energy minus the temper-
ature times the entropy, and the minimum is the free energy of statistical mechanics. Divided by
the temperature %, the minimum —% log Z,, becomes

F,=—logZ,.

This is why F), is called the free energy in Chapter [6]
The volume enters when p is the normalized restriction of ¢ to a sublevel set. Suppose that
L >0, and let

V(t):/ pdw fort > 0.
{L<t}

If V(t) > 0, then the density p = %@1{L<t} satisfies

1
Ludw <t and KL — log ——.
/W pdw <t an (lle0) 8 1)

Hence

1
—slog/we_ggpdw < %I>1(f) <t+slog V(t)) )
The first term is the depth of the loss, and the second one is the price of a small volume. If

V(t)=ct*(1+0(1)) ast— 0"

for some ¢, A > 0, then the choice t = A\e gives
1
—alog/ e Fpdw < elog = + O(e) ase— 0.
W €

By Proposition with n = % and m = 1, this bound is sharp up to O(e). This trade-off between
depth and volume is behind the learning coefficient in Chapter [6] the effective losses in Chapter
[7, and the entropic selection in Chapter [10}

1.6. Generalization

A model generalizes if it predicts well on new data from the same source, i.e., if its population
loss is small and not only its empirical loss. Recall that the empirical loss is computed on the
training data, while the population loss is the average over all possible data. In practice, one
estimates the population loss on a held-out test set, a second set of samples that is not used in
training. Since the test data are independent of the trained parameter, the test loss is an unbiased
estimate of its population loss. By the law of large numbers, it converges to the population loss
as the size of the test set grows.

(Classically, a model with as many parameters as data points is expected to overfit, i.e., to fit
the noise in the training data, so that its empirical loss is much smaller than its population loss.
Modern neural networks do not fit this picture. They have far more parameters than data points,
they reach zero empirical loss, and they still generalize. Moreover, large networks can reach zero
empirical loss even when the labels are replaced by pure noise, as observed by Zhang et al.

Example (Handwritten digits with random labels). Replace the labels of the 60,000 training
images by independent uniformly random digits. Suppose that a large network still reaches zero
empirical loss on them. Since the labels of new images are then independent of the images, every
model predicts a new label correctly with probability %07 so the network has learned nothing that

ic. Zhang, S. Bengio, M. Hardt, et al., Understanding deep learning requires rethinking generalization.
International Conference on Learning Representations, 2017.
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generalizes. The same architecture, trained on the true labels, generalizes well. So the number of
parameters alone cannot explain generalization: what matters is which of the many parameters
with zero empirical loss training finds. This question is a central theme of Part III.

There are two regimes of generalization, and the distinction is crucial for safety. Generalization
in distribution means that the new inputs are drawn from the same distribution as the training
data; this is what a held-out test set measures. Generalization out of distribution means that the
new inputs come from a different distribution, for example because the world has changed after
the system is deployed; no test set drawn from the training distribution can measure this. We
return to this distinction in Chapter



CHAPTER 2

Neural networks

A neural network is a model whose functions f,, are compositions of simple maps, called
layers. The parameters, called weights, are the entries of the matrices and vectors in the layers.
In this chapter, we define neural networks, describe the digit network and the GPT models, give
the examples which appear in Part III, and explain why neural networks are singular models.

2.1. Layers and neurons

Definition (Layers). Let 0 : R — R be a fixed function, called the activation function. A
layer is a map
RM R,z o(Az +b),
where A € My y(R), b € RV, and o is applied to each coordinate. Let a; be the j-th row of A.
The j-th coordinate = — o({a;, z) + b;) is called the j-th neuron of the layer. The matrix A and
the vector b are called the weights and the biases of the layer.

A neuron adds up its inputs with the weights a;, shifts the sum by the bias b;, and then
“fires” according to o.

Example (Activation functions).
(1) [Sigmoid] The sigmoid function
1
Z) =
o(2) 1+e7
increases from 0 to 1; see Figure . It is a smooth version of the step function 1y.~p: a
neuron with this activation is nearly off for z < 0 and nearly fully on for z > 0. It is the

activation function of the digit network below.
(2) [ReLU] The rectified linear unit

ReLU(z) = max{0, z}

is the common choice in modern networks. It is piecewise linear.

(3) [Quadratic] The quadratic activation o(z) = 2% makes f, a polynomial in w and z, which is
convenient for algebraic geometry.

(4) [Identity] The identity o(z) = z gives a linear layer.

14
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p— ; t t t i Z
—6 —4 -2 2 4 6

1
14+e=%?

FIGURE 2.1. The sigmoid function o(z) = which increases from 0 to 1 and

takes the value % at 2 =0

Definition (Neural networks). A neural network of depth D is a composition
Jw="{polp 10---04
of layers {(x) = o(Arz + by), except that the last layer {p(x) = Apx + bp is often affine. The

parameter w consists of all entries of Ay, bq,..., Ap,bp, which are also called the weights. The
output dimension of an intermediate layer is called its width.

The values that flow through the network on a given input, i.e., the outputs of the intermediate
layers, are called activations. They are the internal “thoughts” of the network, and they are the
main object of study in interpretability (Chapter [4).

Example (Handwritten digits). The digit network has depth 3:
fu="L300y00: R784 4 R16 2 , R16 43 , Rm’

with the sigmoid activation in every layer. The 784 input coordinates are the pixels, the two
hidden layers have 16 neurons each, and the 10 outputs are the scores of the digits; see Figure
The number of parameters is
d=784-16+16+16-16+ 16+ 16 - 10 4+ 10 = 13,002.
1 Lo L3

One may hope that the first hidden layer detects small pieces of strokes, the second one combines
them into strokes and loops, and the output layer combines those into digits. Whether a trained
network actually computes in this way is a question of interpretability (Chapter {).

784 pixels 16 neurons 16 neurons 10 digits

F1GURE 2.2. The digit network, with the input layer, two hidden layers, and the
output layer
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Example.
(1) [Two-layer networks] A two-layer network with width H and scalar output is

H
fu() =" ajo ((uj,z) +b;) with w = (aj,uj,bj)le e REM+2),
j=1

Each summand is one hidden neuron.

(2) [Two-layer linear networks] With o(z) = z and no biases, a two-layer network is the map
x+— BAz with A € My (R) and B € My g(R). The function it computes is linear, but the
parametrization by the pair (A4, B) is not. This model is the subject of Section .

(3) [A quadratic network for modular addition] Let p be an odd integer. On inputs (a,b) €
(Z/pZ)?, consider

fu(a,b) = 2—31 % (u;(a) - u;’(b))2 € R?,

where v, u : Z/pZ — R are lookup tables and V; € RP. It is trained to output the coordinate
vector indexed by a + b. Gromovﬂ gave explicit weights with which such a network solves
modular addition. He also observed grokking (Section in its training. We return to this

network in Chapter [12]

2.2. Symmetries and singularities

Different weights can compute the same function. This simple fact makes neural networks
singular models.

Example (Handwritten digits). In the digit network, permuting the 16 neurons of a hidden
layer, together with their incoming and outgoing weights, does not change f,,. So every function
computed by the digit network is computed by at least (16!)? ~ 4.4 x 10?® parameters, if the
neurons in each hidden layer have distinct weights. These parameters form a finite set. Continuous
symmetries give positive-dimensional sets, as follows.

Proposition 2.1. Let A € My (R) and B € My 4 (R). For every G € GL(H,R),
(BG™) (GA) = BA.
If, moreover, rank A = H, then GA = A implies G = 1. So the orbit
{(GA,BG™): G € GL(H,R)}
is an immersed submanifold of dimension H? on which the function x — BAx is constant.

PROOF. The identity is clear. If rank A = H, then A has a right inverse A™ with AA*T = 1.
So GA = A gives
G =GAAT = AAT =1
Hence the map G — (G A, BG™1) is injective. Its differential at G maps X to (XA, —BG~!XG™1),

which vanishes only if XA = 0, i.e., X = 0. So it is an injective immersion of the H2-dimensional
group GL(H,R). O

Remark (Further symmetries). If a; = 0, then the incoming weights (u;, b;) of the j-th
neuron can be changed freely. More generally, if a column of one weight matrix is zero, then the
corresponding row of the matrix before it is free.

IA. Gromov, Grokking modular arithmetic. larXiv:2301.02679.
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Consequently, the set W, of optimal parameters of a neural network is typically not a point
but a positive-dimensional set, and the Hessian of L is degenerate along it. Moreover, Wj is
usually not a manifold: several families of optimal parameters meet along singularities.

Example (The smallest singular network). Let M = N = H = 1 in the two-layer linear
network. Suppose that the target is the zero function. With whitened inputs (see Section ,
the loss is

1
L(a,b) = i(ba)2 for (a,b) € R?.

Its zero set Wy = {ab = 0} is the union of the two coordinate axes, which cross at a singular
point, the origin; see Figure [2.3] The Hessian of L vanishes at the origin, and it has rank one at
the other points of W.

FIGURE 2.3. The zero set of L(a,b) = 3(ba)? and some level curves of L

1
2

2.3. Language models and agents

The AI systems that motivate Al safety are mainly of two kinds. We describe them only to
the extent needed in these notes; the terms are collected in the glossary, Appendix [A]

A language model is a neural network trained to predict the next token (a word or a piece
of a word) of a text, with the cross-entropy loss of Section . The transformer, introduced by
Vaswani et alﬂ, is the dominant architecture of language models. It alternates layers as above
with attention layers, which mix information across the positions of the text.

An agent acts in an environment. Its decision rule, a possibly randomized map from observa-
tions to actions, is called a policy. In reinforcement learning, the actions are scored by a numerical
reward, and the policy, given by a neural network, is trained to earn more reward.

Example (Language models). The GPT models are language models: GPT stands for
“generative pre-trained transformer”. Chat systems such as ChatGPT are built on GPT models
which are further trained to follow instructions; see Ouyang et al. They increasingly act as
agents, for example by writing and running computer programs.

IA. Vaswani, N. Shazeer, N. Parmar, et al., Attention is all you need. Advances in Neural Information
Processing Systems 30 (2017), 5998-6008.

51, Ouyang, J. Wu, X. Jiang, et al., Training language models to follow instructions with human feedback.
Advances in Neural Information Processing Systems 35 (2022), 27730-27744.



CHAPTER 3
Training

Training is the process that selects the parameters of a model from data. It is an iterative
algorithm, which moves the parameter downhill on the empirical loss. In this chapter, we introduce
gradient descent, stochastic gradient descent, and the Langevin dynamics, which is the continuous-
time model of noisy training used in Part III. We end with the deep linear network, in which
training can be solved explicitly.

3.1. Gradient descent and gradient flow
Let L :R? — [0,00) be a C! loss (empirical or population).

Definition (Gradient descent and gradient flow). Let n > 0. Gradient descent with learning
rate 7 is the iteration

W1 = wg, — NV L (wg) for k=0,1,2,....
Gradient flow is its continuous-time limit n — 0, i.e., the ordinary differential equation
w(t) = =V L(w(t)).

Since —V L(w) is the direction in which L decreases fastest, gradient descent walks downhill
on the graph of L.

By the chain rule, along gradient flow,
d . 2
S Lw(®) = (VL(w(t)), 0(t)) = = [VL(w(®)]" < 0.
So gradient flow decreases the loss until it reaches a critical point, VL(w) = 0. For real-analytic
L, every bounded trajectory of gradient flow converges to a single critical point, by a theorem of
Lojasiewic. The critical point may be a minimum, or a saddle point, at which L decreases in
some directions. Gradient flow from a generic initial point does not end at a saddle point, but it
may spend a long time near one. This is the origin of the plateaus in Section [3.4]

Remark (The Lojasiewicz inequality). The theorem of Lojasiewicz rests on his gradient
inequality. If L is real-analytic near a point w,, then there are 6 € [%, 1), ¢ >0, and a ball U
around w, such that

IVL(w)| > ¢|L(w) — L (w,)|”  for we U.
This is clear if VL(w,) # 0, and 6 = § works at a non-degenerate critical point. For L(w) = w?
on R,
L (w)| = 2kL(w)' 2%,
so the best exponent at 0 is § =1 — 5. For L(a,b) = a®* on R?,

VL(a,b)[* = 4a?V* (a® + b*) > 8|abl?,

IS, Lojasiewicz, Sur les trajectoires du gradient d’une fonction analytique. Seminari di Geometria 19821983,
Universita di Bologna, 1984, 115-117.

18
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with equality on the diagonals a = +£b, so the best exponent at 0 is § = = The learning coefficients
of these two examples are A = i and \ = 3 (Chapter @ Sof=1-— )\ in the ﬁrst example. For
k =1, however, the two examples have the same A= 1 but the exponents 6 = = and 0= 3 . Like

A, the exponent 6 measures the flatness of L at w,, but it is a different invariant.

For the convergence, let w(t) be a trajectory of gradient flow with an accumulation point wi.
Then L(w(t)) decreases to L(w,). Replacing L by L — L(w,), we may assume that L(w,) =0 <
L(w(t)) for all ¢; otherwise, the trajectory is constant after some time. While w(t) € U,

d
CL()' = ~(1— )L [VL] < —e(1 — 6)|VE| = ~c(1 — O)i(r)|.

So, if w(t) € U for tg <t < t1, then the length of the trajectory between the times ¢, and t;

satisfies . -

to C(l - 6)
Choose t, such that |w(tg) — w.| and the right-hand side are both smaller than half the radius
of U. Then the trajectory never leaves U after the time ¢y. Hence it has finite length, and it
converges to w,. Problem [10.1f(c) asks for a stochastic version of this convergence, and Problem

12.3(2) asks for the convergence of the directions m E g| when |w(t)| — oo.

3.2. Stochastic gradient descent

For a large training set, computing VL, is expensive, since it is a sum of n terms. Sto-
chastic gradient descent replaces it by a cheap random estimate. It goes back to the stochastic
approximation method of Robbins—Monroﬂ

Definition (Stochastic gradient descent). Write
Z€ with £;(w) =€ (fu (x;),y;)-

Let b < n. At each step k, choose a subset Sy, C {1,...,n} of size b, called a minibatch, uniformly
at random and independently of the past, and set

Wgy1 = Wy — NGk, Where gy = Z Vi; (wy)
JGSk

Proposition 3.1. The estimate gy is unbiased, that is,
E gk [ wi] = V Ly (wy) .

PROOF. For a uniformly random subset S}, of size b, each index j belongs to .S;, with probability
b
2. Hence

177/
E[gx | wi] = EZP]GSkVE( k) =
7j=1

O

So stochastic gradient descent (SGD) is gradient descent plus a noise of mean zero; see Figure

That is,
Wit = Wy — NGk = Wi — NV Ly (wy) —né with § = gp — VL, (wy) -

'H. Robbins and S. Monro, A stochastic approzimation method. Ann. Math. Statistics 22 (1951), 400-407.
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The covariance of the noise depends on wy. Suppose that the model fits every data point exactly
at w, i.e., £;(w) = 0 for all j. Since each ¢; > 0 attains its minimum at w, we have V/;(w) =0
for all j. So the noise vanishes at w. In this sense, the noise of SGD typically dies on the set of
optimal parameters.

FIGURE 3.1. Gradient descent (solid) and stochastic gradient descent (dashed) on
the level sets of a loss

Proposition 3.2. Let n > 2. The covariance matrix of the noise is

() = B [66h [ ] = 57— (wn).
where -
Li(w) =— Z:l (VLj(w) = VLy(w)) (Ve (w) = VELy(w))'

is the covariance matriz of the gradients of the individual losses.

PRrROOF. Let v; = V{;(wy) — VL, (wy). Then

Zvj:() and fk:llj Zvj.
j=1

JESk
Two distinct indices ¢ # j both belong to S; with probability 225’:1)). Hence
1 (b & b(b—1)
t _ t t
E [fkfk | wk} = ? (n Zlvj?)j + m ZUz’Uj) .
Jj= i#]
Since
n n n t n
Z UjU; =nX; (wg) and Z vifu;- = <Z Ul') (Z vj> — Z ij; = —nXq (wy),
j=1 i#j i=1 j=1 j=1
we obtain ) )
1 -1 n—
t _ _ _
E (&) | wi] = ; (1 " 1) S (wy) = e (wg,) -

O

So the noise is at most of order b’%, and of this order if b < 7. Tts shape is the covariance of
the individual gradients. Two cases are typical.
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(1) Ezact fits: Consider the square loss £;(w) = 3| fu(2;) — y;|*. Let J;(w) be the Jacobian matrix
of w f,(x;). Then
Vi (w) = Ji(w)" (fu (25) = y;)-
Since Z—:’{ < 1 and a covariance matrix is at most the matrix of second moments,
= 9 2 2
Yo IVE(w)]” < T max | Jj(w)[|” L (w).

— b 1<ji<n

1
So, where the Jacobians are bounded, the size of the noise is at most a multiple of L3. This
motivates the degenerate noise v2¢L dB; in Problem (C)

(2) Noisy labels: Consider the negative log-likelihood loss ¢;(w) = —log p(y; | x;, w) of a realizable
model, and let wy € Wy. Since the vectors —V/;(wy) are independent samples of the score of
Section [1.4] whose covariance matrix is (wy), the law of large numbers and Proposition
give .

1
5[ (wp) = EV2L (wp) for large n and b < n.

Suppose that Wy is smooth near wqy. Since L > 0 vanishes on W,
V"I (wo) v = v"V2L (wy) v = 0

for every tangent vector v of Wy at wg. So the score is orthogonal to v almost surely, and the
noise has no component tangent to Wj.

b ('LUQ) ~

3.3. The Langevin dynamics as a model of noisy training

Write SGD as
Wiy1 — W = =NV Ly (wy) — 0.
Over K steps, the drift contributes about —KnVL,, i.e., it moves the parameter along gradient
flow for the time ¢ = Kn. The noise contributes a sum of K terms of mean zero and size 7,
whose variance is of order Kn? = 1. So on the time scale of gradient flow, the noise looks like a
Brownian motion (see Chapter [8)) whose variance is proportional to 1. This heuristic motivates
the following model, named after Langevi.

Definition (Langevin dynamics). Let £ > 0. The overdamped Langevin dynamics at temper-
ature ¢ is the stochastic differential equation

dw, = =V L (w,) dt + /2¢ dB,,

where B, is a standard Brownian motion in R¢.

We make this definition precise in Chapter [§] Its stationary distribution is the Gibbs measure

with density proportional to 6_@, which concentrates on the low values of L as ¢ — 0. The
Langevin dynamics is the mathematician’s proxy for SGD: it is isotropic and reversible, and it
has an explicit stationary law. Genuine SGD noise is none of these things. Chaudhari—Soatt
observed that its covariance is highly anisotropic and of low rank, and that the most likely
trajectories of SGD resemble closed loops, instead of converging to critical points. In Part III, we
study the Langevin dynamics, and we indicate where the difference matters (Chapter .

IP. Langevin, Sur la théorie du mouvement brownien. C. R. Acad. Sci. Paris 146 (1908), 530-533.
"P. Chaudhari and S. Soatto, Stochastic gradient descent performs variational inference, converges to limit
cycles for deep networks. International Conference on Learning Representations, 2018.
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Remark (The diffusion approximation). The heuristic at the beginning of this section can
be made precise in the language of semigroups. Consider the iteration

W1 = wg — NV L (wg) — 0,
where, given wy, = w, the noise §; has mean zero, covariance matrix (w), and bounded third
moments. Let f be a smooth test function. Suppose also that f, VL, and ¥ are bounded with

all their derivatives. By Taylor’s formula,
2

E [f (wyi1) | wp, = w] :f—nVL-Vf+%(Tr<ZV2f> +VL'V2F VL) +0 (7)),

where the functions on the right-hand side are evaluated at w. Let

d
L= -VL-V+1 Y 2,00 withl=L+]VL

ij=1
Since V|VL|* = 2V2L VL, a direct computation gives

2
E[f (wen) | wn = w] =+ 0L + 2 (L) F+ 0 (v).

So one step of SGD acts on test functions as the semigroup e**” at the time t = 7, up to O(n?).
With bounds on the derivatives of e'*" f, these errors add up to O(n?) over % steps. By It0’s
formula (Chapter [8)), with the diffusion matrix 3 in place of 21, the operator L7 is the generator
of the diffusion . )

The noise enters the generator at the relative order 7, the same as the correction |VL[?, which
comes from the discreteness of the steps. The noise dominates near the critical points of L, where
VL is small, and it decides the behavior over long times, such as the escape from wells and
saddles. If 3 = ¢2I, then the diffusion is the Langevin dynamics, with L in place of L, at the
temperature

€ no”

2
By Proposition the temperature of SGD is of order {. In general, it is the matrix Z¥(w).

Remark (Langevin dynamics as a sampler). The Langevin dynamics is also used in practice
for a different purpose. Let ¢ be a prior density. With L replaced by nL, —log ¢ and with ¢ =1,
the stationary density of the Langevin dynamics is proportional to ¢e™"Fn, which is the Bayesian
posterior of Section [I.5] Run in discrete time with minibatch gradients, this dynamics is SGD
with Gaussian noise added at each step. It is used to sample from the posterior, as proposed by
Welling—Te.

3.4. Plateaus and stages

A plot of the loss against training time is called a training curve. Training curves often do
not decrease smoothly. Long flat stretches, called plateaus, give way to sudden drops. Each drop
often coincides with the formation of a new piece of internal structure in the network, such
as the induction heads of Olsson et al; see also [HWFR]. A related phenomenon is grokking,

IM. Welling and Y. Teh, Bayesian learning via stochastic gradient Langevin dynamics. Proceedings of the
28th International Conference on Machine Learning (2011), 681-688.
"C. Olsson, N. Elhage, N. Nanda, et al., In-context learning and induction heads. arXiv:2209.11895.
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observed by Power et al. a network fits its training data early, but generalizes only much later,
and abruptly. The next section gives the one model in which plateaus can be computed exactly.

3.5. The deep linear network

Fix integers M, N, H > 1 and a target matrix ® € My »/(R) of rank » < H, with the singular
value decomposition

,
@:Zsauavg with 51 > 59 > -+ > 5, >0,
a=1

where {uy} and {v,} are orthonormal in RY and RM | respectively. Suppose that the data satisfy
y = ®x + £, where the noise ¢ is independent of z and has mean zero. Suppose also that the
inputs are whitened, i.e., E[zz"] = I. For the two-layer linear network = — BAx,

E B]y - BA;cﬂ - ;]E [Tr (BA - ®)az'(BA— )')] + ;JElél2

1 1
= _||BA - ®|% + =E[¢|?
JIBA = @3+ SEle,
where || - || is the Frobenius norm. So, up to a constant, the population loss is
1
L(A,B) = §HBA — @3 for A€ My y(R) and B € My y(R). (3.1)

It is a polynomial of degree four in the weights, and it is not convex, because the parametrization
is a product. Its set of optimal parameters is the fiber
WQ:F@:{(A,B) : BA:(I)}

The critical points of (3.1) are classified by Baldi—Horni and by Zhou—Lian. They occur
where, for a subset S C {1,...,r} of the modes,

BA = Z Saliavl, and Av, =0, B'u,=0 fora¢s.
a€eS

Every critical point which is not a minimum is a saddle point. We write C}, for the critical set
with S ={1,...,k}, at which only the k largest modes are learned, and

1
Ly =5 > st (3.2)

a>k

for its loss. Then Ly > Ly > --- > L, =0, and C, = W,,.
The classification follows from the formulas

OaL = B'(BA—®) and 0L = (BA— ®)A"
Fix a critical point (A, B), and write P = BA and E = ® — P. Then B'E = 0 and FA" = 0.
Hence .

P'E=A'B'E=0 and PE'=B(EA") =0.
So P and E have orthogonal column spaces and orthogonal row spaces, and

dd' = PP' + EE".

IA. Power, Y. Burda, H. Edwards, et al., Grokking: generalization beyond overfitting on small algorithmic
datasets. arXiv:2201.02177.

iip, Baldi and K. Hornik, Neural networks and principal component analysis: learning from examples without
local minima. Neural Networks 2 (1989), 53-58.

ity Zhou and Y. Liang, Critical points of linear neural networks: analytical forms and landscape properties.
International Conference on Learning Representations, 2018.
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This matrix preserves the column space of P and its orthogonal complement. Since its non-zero
eigenvalues s? are simple, each u, lies in one of these two spaces. Let S be the set of o with u,
in the column space of P. Then P'u, = ®'u, = s,v, for a € S, and P'u, =0 for a ¢ S. Since
®P' > PP* the column space of P lies in that of ®, which is spanned by the u,. So

P = Z sauavfl and F = Z sauavg.
aEesS agsS

Finally, B'E = 0 and EA* = 0 give B*u, = 0 and Av, = 0 for a ¢ S. Conversely, these conditions
give B'E =0 and FA* =0, so (4, B) is a critical point.

The saddle points are strict, i.e., at every critical point with S # {1,...,r}, the Hessian of L
has a negative eigenvalue. Indeed, let a ¢ S and a,b € R¥. The conditions above give

L (A + tav’, B + tuabt>

1 1 tt
= L(A, B) + t* (Q\Ba\z +3 ’A%’Q — Sala, b>) + §<a, b)? fort e R.

Since rank P = |S| < r < H, Sylvester’s rank inequality
rank P > rank A +rank B — H

shows that ker B or ker A® is non-zero. If Ba = 0 with a # 0, then b = da with a small § > 0
makes the coefficient of t? negative. If A'h = 0 with b # 0, take a = db. If a unit vector a lies in
both kernels, then b = a gives

4

t
L (A + tavt, B + tuaat> = L(A, B) — s4t* + Ex

Its minimum, at t? = s,, adds the mode o to BA. This is the direction along which gradient
flow leaves C in Theorem below, with a« =k + 1 and a = e.

The following theorem describes gradient flow from a small aligned initialization. To simplify
the formulas, we take the learning rate in gradient flow to be 1; a time constant 7 in front of A
and B only rescales time.

Theorem 3.3 (Saxe-McClel_land—Ganguh). Let eq, ... ,ex be the standard basis of R® and
ag > 0. Consider gradient flow A = —0aL, B = —0gL for (3.1)) with the initial condition

A(0) = /ag > equy,  and B(0) = \/ag > uqel,.
a=1 a=1
Then for allt > 0,

At) = Z Vaa(t) eqvl, B(t) = Z \/@uaeg, and BA = Z o (t)Uuav?,
a=1 a=1 a=1
where each mode strength a, solves the logistic equation a, = 2a4(Sq — ao) with a,(0) = ay, i.e.,

Sa
4alt) = 1+ (fﬁ — 1) e~2sat’

In particular, if ag < %, then aq(t) = % at the time

fo= 1 <_1):1 fa o2,
25, 08 ao 254 08 ao + <32>

This theorem is due to Saxe-McClelland-Gangulil

IA. Saxe, J. McClelland, and S. Ganguli, Ezact solutions to the nonlinear dynamics of learning in deep linear
neural networks. International Conference on Learning Representations, 2014.
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PROOF. We look for a solution of the form A = >, coeqavt, and B = Y, dauget, with real
functions ¢, dy. Then BA =3, codauav?, by orthonormality, and

BA—-® = Z (Cala — 54) UV,

a=1

Since 94L = B*(BA — ®) and gL = (BA — ®) A", we get
OaL = do(cada — 5a) ey, and gL =Y co (Cada — Sa) Uaty,.
a=1 a=1

So gradient flow preserves the form of (A, B), and reduces to the decoupled system
Co = —dgy (Cady — 84) and dy = —c, (Cado — So) fora=1,... r
By uniqueness of solutions of ordinary differential equations, this gives the solution. Moreover,
d o 2 . ;
7 (ca — da) = 2¢4Co — 2d,d, = 0.

So the balance ¢, = d, at t = 0 is preserved. Then a, = c,d, = ¢ satisfies

(o = Coly + Cody = — (ci - di) (Go — Sa) = 204 (Sa — ) -
The logistic equation is solved by separation of variables, which gives the formula for a,(t).
Finally, ao(t) = % if and only if
<3a = 1> 2ot = ],
ag

Corollary 3.4 (The staircase). Along the flow in Theorem
1 T

L(A(8), B(t) = 5 >_ (sa = aa(t))”.
a=1
As ag — 0, the switching times satisfy t1 <ty < --- < t, and
t L 1 L
o~ —log —.
254 & ag

Each mode switches from a, &~ 0 to a, &~ s, within a time window of order i around t,. Hence,
for ty <t < ty1, the loss is close to Ly in (3.2), and the trajectory is close to the saddle set Cl.

PROOF. The formula for the loss follows from

2
dcauatt| =Yk
« F «

The other claims follow from the explicit solution in Theorem [3.3] since s; > s9 > -+ >s,. 0O
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training time ¢

FIGURE 3.2. The staircase in Corollary [3.4] for (sy, sq,53) = (1.6,1.3,1) and ag = 1073

So the loss falls in a staircase; see Figure [3.2] Long plateaus near the saddle sets Cy, C1, . ..
are separated by sharp drops, as the modes are learned one at a time in the order of decreasing
singular values. In this model, the question “which structure does the network learn, and when?”
has a closed-form answer. We return to it in Chapter [7]



Part 2

Al safety



CHAPTER 4

What is Al safety?

Al safety is the study of how to build and deploy Al systems whose behavior is beneficial
to humanity, and how to prevent the harms that powerful AI may cause. It draws on computer
science, statistics, philosophy, economics, and, increasingly, mathematics. Its questions are no
longer hypothetical: chat systems built on GPT-4, GPT-5, and GPT-6 are used every day by a
very large number of people, and they increasingly act on their own. In this chapter, we describe
the concerns of Al safety and two directions of research, interpretability and generalization out
of distribution, with an eye toward the questions that become mathematics in Part III. Our
presentation mainly follows Levine [L].

4.1. Risks from powerful Al

The main concerns of Al safety are the following.

(1) Misuse: People use Al systems to cause harm on purpose.

(2) Misalignment: An Al system pursues a goal different from the intended one, either because
the goal was specified incorrectly or because training instilled a different goal (Sections
and .

(3) A lack of robustness: An Al system which performs well on its training and test data fails on
inputs unlike them (Section |4.4)).

(4) A lack of legibility and steerability: Humans cannot understand how an Al system computes,
so they cannot verify or monitor its reasoning (Section , and they cannot reliably correct
its behavior.

(5) A failure of cooperation: Interacting Al systems and humans produce bad collective outcomes,
even if each system behaves well alone.

(6) The gradual disempowerment of humans: Humans delegate more and more decisions to
systems that they do not understand, and they lose their influence over the institutions that
shape their lives.

In these notes, we focus on one aspect, which lies between misalignment, robustness, and
legibility: among the many parameters that fit the training data, which one does training select,
and when? We explain in Section [£.2] and Chapter [f] why this is a safety question.

4.2. Where things go wrong

An Al system is produced in five stages:

(1) define the desired behavior,
(2) measure it by a score,
(3) train the system on data,
(4) test it on held-out data,
(5) deploy it.
Each stage has its own failures: the definition may miss what was intended, the score may
reward the wrong thing, the training data may omit important cases, and the test may share the

28
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blind spots of the training data. For example, suppose that a content recommender is intended
to benefit its users, but its success is measured by the time users spend on the platform. Then
content that leaves users angry or addicted may score well merely because it holds their attention.

The training stage is where the mathematics of Part III enters. A trained network is one of
many parameters that fit the training data, and these parameters may behave differently after
deployment. So the question which parameter training selects is a safety question. We develop it

in Chapter [f

4.3. Interpretability

An AT system is legible to the extent that humans can understand how it represents concepts
internally. Current training methods produce illegible Al: the engineers who design an Al system
often cannot understand how it computes. The research field which tries to make AI more legible
is called interpretability. It tries to reverse-engineer a trained network into human-understandable
structure, validated by interventions on the network and not only by human-readable descriptions;
see Olah et al. Its basic unit is a feature: a variable or property that the network represents in
its activations, such as “the text is in French”.

Example (Handwritten digits). For the digit network, a feature may be “the image contains
a closed loop”, which is present in the digits 0, 6, 8, and 9. Interpretability asks whether some
neuron, or some direction in the 16-dimensional activations of a hidden layer, represents this
feature in the trained network. It also asks whether changing the activations along this direction
changes the predictions as expected.

A network with a few thousand dimensions per layer seems to represent millions of features.
The superposition hypothesis of Elhage et al. [EHQO] explains this as follows: when features are
sparse, i.e., only a few are active at a time, a network can store more features than dimensions,
as directions in the activation space that are not orthogonal but only nearly so. We state this
hypothesis precisely in Chapter

Example (Five features in the plane). Let fi,..., f5 € R? be the unit vectors at the angles

% for k =0,...,4, i.e., the vertices of a regular pentagon. No two of them are orthogonal. If
features 1 and 2 are active, the activation is
y=Jf1+f2

and reading off feature 1 by projection gives
2
(y, fiy =1 —|—cosg7r ~ 1.31

instead of 1. The excess is the interference from feature 2. It is tolerable as long as few features
are active at once.

iC. Olah, N. Cammarata, L. Schubert, et al., Zoom in: an introduction to circuits. Distill 5 (2020).
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Ja y=fi+ [

FIGURE 4.1. Five features in the plane; the projection of f; + f; onto f; is 1.31
instead of 1

The tool used in practice to read features out of a network is the sparse autoencoder, which
represents the activations as sparse combinations of learned directions. The question when such
sparse combinations can be decoded is a subject of Chapter [I1]

A second success of interpretability is the reverse-engineering of learned algorithms. Networks
trained on modular addition learn an algorithm based on the discrete Fourier transform on Z/pZ
[NCL]. Networks trained on multiplication in a finite group G learn algorithms based on the
irreducible representations of G [CCINJ|. Which algorithm, and which representations, a given
training run selects is not predicted by any theorem. We return to these problems in Chapter [I2]

4.4. Generalization in and out of distribution

Two networks can perform equally well on the training data and yet compute their outputs in
essentially different ways, and hence generalize differently. For this reason, testing and evaluation
alone do not give assurances of safety, as argued by Lehalleur et al. The safety-critical regime is
out of distribution: how a trained system behaves on inputs unlike those seen in training.

Example (Goal misgeneralization). In a video game, an agent was trained by reinforcement
learning to collect a coin. In every training level the coin sat at the right end of the level. When
the experimenters moved the coin, the agent ran past it to the right end of the level. It had
learned “move right”, not “get the coin”. The two policies agree on every training level, so the data
could not distinguish them. Yet training reliably produced one and not the other, as observed by
Langosco et al ]

The example shows the general pattern: the system keeps its capabilities but pursues a
different goal from the intended one. Training selects among the policies that fit the data by
something other than the data: the architecture, the input encoding, the initialization, and the
dynamics of training.

IS, Lehalleur, J. Hoogland, M. Farrugia-Roberts, et al., You are what you eat — AI alignment requires
understanding how data shapes structure and generalisation. |arXiv:2502.05475.

i, Langosco, J. Koch, L. Sharkey, et al., Goal misgeneralization in deep reinforcement learning. Proc. Mach.
Learn. Res. 162 (2022), 12004-12019.
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CHAPTER 5

Which solution does training find?

In this chapter, we formulate the question that connects Al safety with the mathematics of
Part III: among the many parameters that fit the training data, which one does training select,
and when? We describe two accounts of the selection, one Bayesian and one dynamical, and the
program of developmental interpretability which tries to connect them. As in Chapter [4 our
presentation mainly follows Levine [L].

5.1. Many solutions fit the data

A large network has many settings of its weights that fit the training data perfectly, and
they may disagree everywhere else. The optimizer must land on one of them. By Section [2.2]
the set Wy of optimal parameters is typically a positive-dimensional set with singularities, and
different parts of W, may implement different internal mechanisms. A held-out test drawn from
the training distribution cannot tell two mechanisms apart if they agree on that distribution;
see Figure [5.1] So the selection among the points of Wy is made by the training process itself.
Understanding it is a prerequisite for knowing whether a system that behaves as intended on the
tests will behave as intended elsewhere, as argued by Lehalleur et al. (Section .

Y

training data  out of distribution

X

FIGURE 5.1. Two functions that agree on the training data (dots) and differ out
of distribution (shaded)

Example (Selection by the initialization). Let X € M, 4(R) have rank n < d, and let y € R™.
Consider the linear model f,, () = w - x and the data points (x;,y;), where % is the j-th row of
X. With the square loss, the empirical loss is L,, = %L, where

1
L(w) = 5| Xw -y

Its optimal set
Wy =A{w: Xw =y}

31
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is an affine subspace of dimension d — n, and the data do not distinguish its points. Gradient
flow of L is
w=—-X"(Xw—y).

It moves only in the range of X*, which is the orthogonal complement of ker X. So

w(t) —w(0) L ker X fort > 0.
Since y
5 Xw(t) —y) = = XX (Xw(t) - y)
and X X" is positive definite, Xw(t) — y exponentially fast. Hence w is integrable, and w(t)
converges to the unique point of Wy in w(0) + (ker X)*, i.e., to the orthogonal projection of w(0)
onto Wjy. In particular, from w(0) = 0, gradient flow selects the solution of minimal norm,

—1
X'(XXY)

So the selection is made by the initialization and the dynamics. With noise, it is slowly forgotten.

For the Langevin dynamics, L does not depend on the component of w; in ker X. So this

component is its initial value plus v/2¢ times a Brownian motion in ker X, and the parameter

moves a distance of order one along Wy in a time of order e~!. The heuristic in Chapter

predicts the same time scale for the entropic drift. There is no stationary law, since e~ % is not
integrable on R

5.2. Two accounts of selection

There are two theories that claim to predict the selection.

The first account is Bayesian. Singular learning theory, due to Watanabe [W], describes the
Bayesian posterior distribution of the parameters given the data. It weighs regions of parameter
space by volume, through an invariant of the singularities of L called the learning coefficient .
Smaller A means more nearly optimal parameters nearby, i.e., a flatter region, and the posterior
prefers the regions of smallest A. We develop this theory in Chapter [0

The second account is dynamical. Training is not Bayesian; it is a dynamical process, gradient
descent with noise. In the deep linear network, gradient flow selects structures one at a time, in
the staircase of Corollary [3.4] We develop this account in Chapters [7} [§] and [I0]

Whether the two accounts agree is a central question. The problem MAIS-O7 (Chapter [7))
asks to build the bridge between them first in the deep linear network, where both sides are
explicit.

Remark (Equilibrium and finite times). The two accounts agree at equilibrium. By Section
[1.5] and the remark on the Langevin dynamics as a sampler in Section [3.3] the posterior is the
stationary law of the Langevin dynamics with the potential L, — %loggp at the temperature
e=1

The two accounts differ at finite times. For the Langevin dynamics w, with a potential L on
T< at temperature ¢, the law of w, approaches the normalized Gibbs measure on the time scale
v !, where 7. is the spectral gap of the generator; see the remark on spectral gap and relaxation
in Section [8.6] Suppose that L has exactly two local minima. Let h be the communication
height between them (Chapter [8)) minus the value of L at the shallower one. By the theorem of

Holley-Kusuoka-Stroock in Chapter [10]

limelog~y. = —h.
e—0
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Under the assumptions of Section , 7=t is, up to a factor 1+ o(1), the Eyring-Kramers time
of the transition from the shallower well to the deeper one. For t < 7!, the law of wy is still
concentrated in the wells reached from the initialization, with the weights inherited from the
law of wy and not with the Gibbs weights. Moreover, in training, the temperature is set by the
learning rate and the minibatch size (Section , not by n, and the noise is not isotropic. In
this sense, Bayesian selection is the limit ¢ — oo, while training stops at a finite time.

5.3. Stages of learning and developmental interpretability

The learning coefficient can be estimated at the parameter that a training run has reached, by
sampling with the Langevin dynamics. This local estimate measures how degenerate the current
solution is [LEW]. As a network trains, its estimated local learning coefficient is observed to
jump at discrete moments, called phase transitions. At such a moment, the solution moves to a
qualitatively new, differently degenerate region of parameter space, as a new piece of internal
structure forms. Tracking these jumps is the program of developmental interpretability.

For safety, the hope is to predict the stages of a training run, and hence the arrival of new
capabilities, from geometric quantities measurable along the way. In stagewise training, new
capabilities may arrive abruptly, as in the grokking of Section [3.4]

Remark (Phase transitions). In statistical mechanics, a phase transition is a value of a
parameter at which the equilibrium state changes abruptly and the free energy is not smooth. In
Bayesian learning, the parameter is n. Let U; and U, be disjoint neighborhoods of two sets of
local minimizers with the losses L; > Ly and the learning coefficients A\; < Ay. With the empirical

entropy S,, of Chapter @, we expect, as in ((7.1)),
F, (U;) =nS, +nL; + \jlogn fori=1,2.
Since 7, (U) = efn=FU) (Chapter @),

Tn (U]-) — an(U2)—Fn(U1) ~ €_n(L1_L2)+(>\2_>\1)10gn.

7y (Uz)
So the posterior mass moves from U; to Us near the large root n. of
n B )\2 — )\1
logn Ly — Ly’

as in ([7.2). The exponent changes by O(1) on a window of n of length O( which is small

compared to n. when n, is large. Moreover, since U; and U, are disjoint,

min F,, (U;) —log2 < F,, (U UUs) = —log (e’Fn(Ul) + e*F"(UZ)) < min F, (U;).

LL)

So F,,(U; UU,) is, up to log 2, the minimum of the two local free energies, whose leading terms
cross at n. with a corner. This is the Bayesian ladder of Section The phase transitions
of developmental interpretability occur in training time instead: the estimated local learning
coefficient at w; jumps when w; leaves a plateau near one critical set for the next one. In Corollary
a plateau lasts a time of order log = o while the jump takes a time of order 2. The conjecture

AIS-O7 in Chapter [7] asserts that, in the deep linear network, the learning coefﬁaent rises as
the loss falls along the saddle sets Vlslted by gradient flow, as it does along the Bayesian ladder.
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5.4. Two clocks

The Bayesian account and the dynamical account run on different clocks. The Bayesian clock
ticks in the sample size n: as n grows, the posterior moves to regions of lower loss, trading loss
against the learning coefficient. The dynamical clock ticks in training time ¢: gradient descent
escapes a saddle point at a rate set by the curvature of the loss there.

Remark (The clock at a saddle point). Let z be a Morse saddle of L, i.e., a non-degenerate
critical point of index one (Chapter , and let —p < 0 be the negative eigenvalue of V2L(z).
Near z, gradient flow is approximately linear, and the component of w(t) — z in the unstable
direction grows like e*. So a trajectory which starts near z, at the distance 0 from the stable
manifold of z, leaves a fixed neighborhood of z after the time

1

;10g5+0(1) as 0 — 0.

In the proof of Theorem the linearization of the system for (c,,d,) at the origin is
Co = Sad, and da = SaCas

with the eigenvalues +s,, and the stable manifold of the origin is the line {¢, = —d, }. The initial
point (/ag, \/ao) is at the distance y/2ao from it. So the formula above gives

1 1
t, = —log — + O(1),
25, oga0+ (1)

as in Theorem [3.3] With noise, the process leaves even from the saddle point itself. In dimension
one, the Langevin dynamics of L(x) = —4x* with zg = 0 is

t
Ty =V 2¢ e‘”/ e " dB;,

0
and e #x, converges almost surely to a Gaussian random variable with mean 0 and variance i
So || first reaches a fixed dy > 0 at the time

1 1

2,“ IOg c + Op<1>7

where O,(1) is a term bounded in probability. Hence, at a saddle point, the dynamical clock is
logarithmic in the initial distance or in the temperature, with the rate p set by the curvature. At
a well, it is exponential, of order et (Chapter ED The Bayesian clock has no analogue of yu: the
coefficient of logn in the free energy of a window around a saddle point is decided by volumes
and by the rim of the window (Section [7.3).

The two accounts also use different data. The selection of a region is decided by volumes, and
it is measured by the learning coefficient. The time that training spends near a region is not:
rescaling L by a constant changes no learning coefficient but changes every time scale. Relating

the two clocks is a theme of Part III (Chapters [7] and [§)).

Remark (Rescaling the loss). Let ¢ > 0. By Lemma [6.61), cL has the same local invariants
(A, m) as L. Time scales are not invariant. If w(t) is a gradient flow of L, then w(ct) is a gradient
flow of ¢L, and the Hessian eigenvalues, which set the escape rates from saddle points, are
multiplied by ¢. For the Langevin dynamics, let w, solve

dwt = —CVL (wt) dt + \/%dBt
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[os
dvs = —V L (vg) ds + —gdBS,
c

where B, = \/EB% is again a standard Brownian motion. So the dynamics of cL at temperature

¢ is the dynamics of L at temperature £, run ¢ times faster. If 71¢ denotes the hitting time of a
fixed set by the Langevin dynamics of L at temperature ¢ from a fixed initial point, then

Then vy, = ws solves
c

1
7_cL,s _ 77_L,%
C

in law.

In particular, the Arrhenius factor ¢ becomes e%. In the singular Eyring-Kramers law of
Theorem [9.4] the learning coefficient A4 of the starting well enters the dependence on € only
through the power 6)“4_%, which the rescaling does not change. The exponential rate is the barrier
height h, which is not an invariant of the singularities of L.

5.5. From questions to problems

The MAIS repository of Levine [L], at github.com/Math-for-AI-Safety /MAIS, turns such
questions into precisely stated open problems. The problems labeled MAIS-On in these notes are
from its problem list. In Part III, we treat the following problems in detail:

e Chapter [6f MAIS-O69 on the estimation of the local learning coefficient, MAIS-O70 and
MAIS-O77 on local learning coefficients of the deep linear network, and MAIS-O72 on
the stratification of Wy by the learning coefficient;

e Chapter [Tt MAIS-O7 on opposing staircases, and MAIS-O79 and MAIS-O81 on saddles;

e Chapter [9f MAIS-O73 and MAIS-O74 on Eyring-Kramers laws for singular wells;

e Chapter [I0} MAIS-O75 on entropic selection;

e Chapter [IT} MAIS-O4, 040, 042, and O47 on superposition;

e Chapter [I2} MAIS-06, 059, 062, and 063 on modular addition.

We chose these problems because they are the closest to semiclassical analysis, spectral theory,
and harmonic analysis. In Chapter 13| we suggest where to start.


https://github.com/Math-for-AI-Safety/MAIS
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CHAPTER 6

Singular learning theory

Singular learning theory, developed by Watanabe [W], is the asymptotic theory of Bayesian
learning in singular models. Its central invariant, the learning coefficient, measures the volume
of nearly optimal parameters, and it replaces the dimension count of classical statistics. In this
chapter, we introduce Bayesian learning and the free energy, compute the free energy in the regular
case, define the learning coefficient, and state Watanabe’s theorem. We then discuss the local
learning coefficient, its estimation, the stratification of the optimal set, and the computation of
learning coefficients, which lead to the problems MAIS-069, O70, O72, and O77. Our presentation
mainly follows Watanabe [W] and, for the local learning coefficient, Lau et al. [LEW].

6.1. Bayesian learning and the free energy

Throughout this chapter, we consider a statistical model p(z | w) without inputs, with
parameters in a compact set W C R%. We assume that it is realizable, i.e., the data X;,..., X,
are independent samples from gy = p(- | wy) for some wy € W. By Proposition [L.1] the loss

L(w) = KL (qol|p(- | w))
is non-negative, and W, = L71(0) is the set of parameters that reproduce the truth.
Definition (Prior, posterior, and free energy). A prior is a probability density ¢ on W, which

encodes which parameters are plausible before any data are seen. The posterior is the probability
measure

T (dw) = Zlngo(w) f[lp(Xj | w)dw, where Z, = /Wgo(w) f[lp(Xj | w) dw

The free energy is

F,=—logZ,.
For a measurable set U C W, the local free energy F, (U) is defined in the same way, with the
integral restricted to U.

The number Z,, is the probability that the model, averaged over the prior, assigns to the
sample. So F}, is small when the model predicts the data well. Regions of small local free energy
carry most of the posterior mass, since

T (U) = efn=Fal0),
Write L L X)
h = —— | X d L log
5 n; 0g o (X;) an nz (X | w)

Then S, is the empirical entropy, and L, is the empirical loss, normahzed so that E[L,(w)] = L(w).
Since

H X |w _e—nS —nLn(w)

j=1

37



6.2. THE REGULAR CASE 38

we obtain

F, =nS, — log/ o(w)e " En W) dyy.
W
The first term does not depend on the model. The second term is controlled by the deterministic

integral
2n) = [ slw)e ) dw,
w

in which L, is replaced by its mean L. By Watanabe’s theory [W], the replacement costs a
random term which is bounded in probability; see the remark on the random term in Section [6.3]
We therefore study the asymptotics of Z(n) as n — co. It is a Laplace integral, with the large
parameter n and the phase L.

6.2. The regular case

Proposition 6.1. Suppose that L € C3(W), Wy = {wo} with wy in the interior of W, the
Hessian I = V?L(wy) is positive definite, and @ is continuous and positive. Then

Z(n) = ¢ (wp) <27T)2 (det )72 (14 0(1)) asn — .

n
Consequently,

—log Z(n) = ;llogn + O(1).

PROOF. Let 6 € (0,1). By Taylor’s formula and the continuity of ¢, there is 6 > 0 such that
for |w — wp| < 9,

(1— 6’); (w —wo)' I (w—wp) < L(w) < (1+ 8); (w — wo)' T (w — wy)
and
(1 =0)p (wo) < p(w) < (1+0)p (wp) .
On the compact set {w € W : jw—wg| > d}, we have L > ¢ for some ¢ > 0. So this set contributes
at most .
e " maxg - Vol(W) =0 (nT)

to Z(n). Write
271' % 1
Zo(n) = @ (wo) (n) (det I) 3.
On the ball, the substitution w — wy = n~2v and the Gaussian integral

140 ¢ 2 5
/ e‘ﬁgvh’dv:( u )Q(det])_
Rd 1:|:9

. Zn) _ Z(n) _
< lim inf < limsu <(14+6)(1—-0) =.

NI

show that

d
2

[Sl[oH

(1—6)(1+06)"

For the lower bound, we restrict the Gaussian integral to |v| < d4/n, which loses o(1). Letting
0 — 0 completes the proof. O
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So in a regular model,
d
F, =nS, + 3 logn + O,(1),

where O,(1) denotes a term bounded in probability. This is the expansion behind the Bayesian
information criterion of Schwar. The term %logn is the price of not knowing wy: the posterior

concentrates in a ball of radius of order n_%, whose prior volume is of order n=s. Every parameter
costs half a logn. This is the classical complexity penalty, which compares models by their
numbers of parameters.

6.3. The learning coefficient

In a singular model, W is not a point and L is not quadratic near Wy, so Proposition 6.1
does not apply. The right replacement is a volume law.

Definition (Volume function). The volume function of L with respect to the prior ¢ is
Ve) = / e(w)dw for e > 0.
{weW:L(w)<e}

Proposition 6.2. For every n > 0,
Z(n) = / eV <“> du.
0 n

1 m—1
V() = ce? (log 5) (1+0(1)) ase— 0"
for some ¢, \ > 0 and an integer m > 1, then
Z(n) =T\ +1)en*(logn)™ (1 +0(1)) asn — occ.

If, moreover,

In particular,
—log Z(n) = Aogn — (m — 1) loglogn + O(1).

PrROOF. Since L > 0,
6—nL(w) = / e_u]l{nL(w)<u} dua
0

and the first claim follows from Fubini’s theorem. For the second claim, write

1 N 1 m—1
e=— and N(e)=ce <log) :
n 5
Fix g9 € (0,e7') such that
1 m—1
V(e) < 2ce <log E) for 0 < e < go.
Since V < 1,

/OO e Vieu)du < e * =0 (N(e)).

€0

€

For 0 <u < = and ¢ < e”', we have
1 1 1
log — <log — + |logu| <log—(1+ |logul).
eu £ £

IG. Schwarz, Estimating the dimension of a model. Ann. Statist. 6 (1978), 461-464.
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So

V(eu) A -1
<2ut(1+]1 m
T < 2 ogul)™
which is integrable against e~* du on (0, 00) since A > 0. For each fixed u > 0,
V(eu)

B V(eu) N log% —logu m-1 N
N(e) ~ cleu) (og Lym1 " ( o

log 1
By the dominated convergence theorem,

&€
€0
1 €

N /0 e " V(eu)du — /OOO e~ du = T(A + 1).

This completes the proof.

Example.

(1) [Regular case] In the setting of Proposition {L < €} is approximately the ellipsoid

{;(w—wo)tl(’w—wo) < 5}.
So

V(e) = ¢ (wo) wa(2¢)% (det )% (1 + o(1)),
where

[S]ISW

o
F(g+1)
6.1l

is the volume of the unit ball. So A = g and m = 1, and Proposition recovers Proposition
(2) [A degenerate minimum| Let W = [—1,1], ¢
5§1,so)\:iandm:1.

Wy =

=1, and L(w) = w*. Then V(¢) = e for

(3) [A singular optimal set] Let W = [—1,1]?, ¢ = 1, and L(a,b) = a?V?, as in the smallest
singular network of Section [2.2] For 0 < s < 1,

! 1
Leb b) € [—1.1% : ab —4 ‘{1S}d —4 (1 1 )
b ({0 € 1P s b < sh) =4 [ min {12 do = s (1108 7).
so with s = /¢,

1 11 1

= 14+ =log~) = —-e2log— (1 1)).
V(e) = v (1+ 5log-) = 3¢t log - (14 o(1)
see Figure [0.1]

So A = 1 and m = 2: the exponent stays % instead of rising to % =1, and a logarithm appears;

40
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{22 +y* < e} {2%y? < &}

FIGURE 6.1. Nearly optimal parameters near a regular minimum (left) and near
the singular optimal set {zy = 0} (right); the second region is much larger for
small ¢

The following theorem says that the volume law always holds for analytic models; see
Watanabe [W]. It rests on the resolution of singularities by Hironakaf]

Theorem (Volume asymptotics). Suppose that L is real-analytic and ¢ is smooth and positive
on W. Then there are a rational number A > 0, an integer m € {1,...,d}, and a constant ¢ > 0
such that

1 m—1
V() = et <log 5) (1+0(1)) ase—0".
Definition (Learning coefficient). The numbers A and m are called the learning coefficient

and the multiplicity of the model. In algebraic geometry, A is known as the real log canonical
threshold of L with respect to .

Remark (The zeta function). The exponents can be read off from the zeta function

((z) = /WL(w)ng(w) dw = /000 e*dV(e) for Rez > 0.

Since . )
I\™~ r
/ g=tA-l (log ) de = _Tlm) ,
0 5 (z+A)m
a volume law with exponents (A, m) corresponds to a pole of order m at z = —\. For instance,
the degenerate minimum w?* above has
1
)= gt
and the singular optimal set {a?b* = 0} above has
1
G =G

By resolution of singularities, ¢ extends meromorphically to C with poles at negative rational
numbers, as shown by Atiya and Bernstein—Gelfan. The largest pole is —\, and its order is
m [W].

'H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero. I, II. Ann.
of Math. (2) 79 (1964), 109-203, 205-326.

"M. Atiyah, Resolution of singularities and division of distributions. Comm. Pure Appl. Math. 23 (1970),
145-150.

i1 Bernstein and S. Gelfand, Meromorphic property of the functions P*. Funct. Anal. Appl. 3 (1969), 68-69.
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Concretely, resolution of singularities gives a proper real-analytic map g onto a neighborhood
of Wy, and finitely many charts covering its domain, with local coordinates u in which

Lig(u)) =ui® g and | det g/ (u)] = blu) [u’ - uy

Y

where kj;, h; > 0 are integers, and b is real-analytic and positive. Since b is positive, the largest pole
of the contribution of each chart to (, and its order, are those of the product of the one-variable

integrals
! 1
/ wkicthi gy = ———— —

Hence A is the smallest of the numbers hg; L over all charts and all J with k; > 0, and m is the
J

largest number of indices j attaining it in one chart. This is why \ is rational. For L = a?b?, no
resolution is needed: k = (1,1), h = (0,0), and 2E = B2l = 2 give A = § and m = 2.
In general, ((—s) = fW L3¢ dw is finite for 0 < s < X and infinite for s = A, by the volume

law. Hence

A = sup {s >0: /WL(w)_Sgp(w) dw < oo} :

For L(w) = |wl|?, this is the fact that |w|™* is integrable near 0 in R? if and only if s < . It also
explains the name real log canonical threshold. In complex algebraic geometry, the log canonical
threshold of a holomorphic function f is the supremum of the numbers ¢ > 0 for which |f|72¢ is
locally integrable. For L = f? with real f, A is the same supremum for real integrals.

Remark (Blow-ups as polar coordinates). The simplest blow-up is the passage to polar
coordinates. Suppose that L is a homogeneous polynomial of degree 2k on R%, and let ¢ be the
indicator function of the unit ball. Then

((z) = /0 kil gy /S L) do(0) = 2282@ o

where (s is the zeta function of L on the unit sphere with its surface measure o. The radial
factor has a simple pole at —%, and the poles of (s come from the zeros of L on the sphere.
Near a point w # 0 of W, the factor r?* is bounded above and below, so the local invariants
(AM(w), m(w)) of L at w, defined in the next section, are those of L|gs-1 at . Hence A(0) is the

smaller of % and the smallest local learning coefficient of L|ga-1. If the tvvo| a|1"e equal, the orders
of the poles add, and m(0) is one more than the multiplicity on the sphere. If L > 0 on S},
then A\(0) = & and m(0) = 1, as for a positive definite quadratic form and for w* with d = 1.
For L = a?b?, we have & = 1 and the zeros of cos? sin?§ on the circle are quadratic, so they
also have A = 1. This gives (A\,m) = (3,2) at the origin.

In an affine chart, polar coordinates are the directional blow-up

wy =u; and w; =uwu; for 2 <5 <d,

for which

dw = |u|"*du and L(w) = v L (1,uy, ..., uq).
This is how the exponents h; of the Jacobian arise in the normal crossing form: here h; =d — 1
and ki = k, so h21’;|;1 = %. If L(1,ug,...,ug) still vanishes, then it is resolved in d — 1 variables.

The resolution theorem says that finitely many blow-ups, along points and more general smooth
submanifolds, reach the normal crossing form. For L = a?b?, the chart a = u;, b = ujuy gives

L=ufu} and dadb=|u;|du.
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So k= (2,1) and h = (1,0), and both ratios h;;? equal %, in accordance with m = 2.

The loss L(A, B) = 1||BA||% of the two-layer linear network with ® = 0 is a homogeneous
polynomial of degree 4 in d = H(M + N) variables. So its local invariants on Fj are constant along
rays, and A(0) < HMAN) For M = N = H = 2, this bound is 2, while the Aoyagi-Watanabe
coefficient of Section is % Since A(0) is the smaller of 2 and the values on the sphere, the

value % is attained at points w # 0 of Fy.

Remark (Oscillatory integrals). The same exponents govern oscillatory integrals with the
phase L, which are central in harmonic analysis. Suppose that L is real-analytic, that ¢ > 0 is
smooth with compact support in the interior of W and positive somewhere on Wy, and that L has
no critical point in supp ¢ \ Wy. Then V', defined with this ¢, satisfies a volume law with some
constants ¢ > 0, A, and m. Moreover, V' is smooth on (0,00), and, by resolution of singularities,
its asymptotic expansion as € — 0% can be differentiated term by term. Since

/ L) o (w) dw :/ eV (¢) de,
W 0

the oscillatory analogue of Proposition [6.2] gives

/ e o (w) dw = T(\ + 1) ceiEAT’A(log )™ (14 0(1)) as T — oo;
w

see Arnold—Gusein—Zade—Varchenk So the learning coefficient is the decay rate of the oscillatory
integral with the phase L, and the volume law is a sublevel set estimate for L; see Phong-Stein-
Sturmf] and Steinf]

The Newton polyhedron of L at a point of W is the convex hull of the union of the orthants
a + [0, 00)¢ over the exponents « of the Taylor series of L at that point. The Newton distance is

the number ¢ such that (¢,...,t) lies on its boundary. For the monomial []; w?kj , the Newton
polyhedron is the single orthant (2k,...,2ks) + [0,00)% So ¢ = max; 2k;, and A = } by the
remark on the zeta function. Varchenk showed that the decay rate T’%, up to a power of log 7,

persists for phases which are non-degenerate with respect to their Newton polyhedra and have
Newton distance ¢ > 1. The monomial wells of Chapter [9] are of this kind when G is real-analytic.

By Proposition [6.2]
—log Z(n) = Aogn — (m — 1) loglogn + O(1).
Watanabe’s theorem is the corresponding statement for the random free energy.

Theorem 6.3 (Watanabe). For a singular model satisfying Watanabe’s reqularity conditions,
F, =nS, 4+ Alogn — (m — 1)loglogn + O,(1) asn — oc.

V. Arnold, S. Gusein-Zade, and A. Varchenko, Singularities of Differentiable Maps, Volume II: Monodromy
and Asymptotics of Integrals. Birkh&user, 1988.

iD. Phong, E. Stein, and J. Sturm, On the growth and stability of real-analytic functions. Amer. J. Math. 121
(1999), 519-554.

WE Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. Princeton
University Press, 1993.

VA. Varchenko, Newton polyhedra and estimation of oscillating integrals. Funct. Anal. Appl. 10 (1976),
175-196.
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Moreover, the expected generalization error, i.e., the expected Kullback-Leibler divergence of the
Bayesian predictive distribution p, from qq, satisfies

EIKL (ollpa)] = > +o ().

See Watanabe [W] for the precise conditions. So A takes the place of %, and it controls both
the free energy and the generalization error. The expansion localizes: restricting the integral
to a neighborhood of a point of W, gives the same expansion with that neighborhood’s own
learning coefficient. Hence, as n grows, the posterior concentrates on the regions of W, with the
smallest learning coefficient. This is the precise sense of the slogan that learning prefers “simpler”
solutions: simplicity means a smaller learning coefficient, not fewer parameters.

Example (Selection by volume). Let W = [—1,2] with the uniform prior, and let
L(w) = w*(w — 1)
Then Wy = {0,1}, and L behaves like w? near 0 and like (w — 1)* near 1. So A = 1 near 0 and
A= % near 1. With L in place of L,,, Laplace’s method gives

) 2
/2 o~ L(W) gy — \/?(1 +0(1)) and / e~ L) g, — o (Z) noi (1+o0(1)).
2

1

So the posterior odds of the quartic well against the quadratic well are

L)
2/

The reason is volume: near 1, the set {L < €} has length about 2¢1, much larger than the length

ni (1+o(1)) = oo.

about 27 near 0. In general, let U; and U, be neighborhoods of two parts of W, on which the
volume functions satisfy volume laws with the exponents (A1, m;) and (A2, m2) and the constants
c1 and ¢y. Then Proposition [6.2] gives

fUl pe " dw T M+1D)a e

J, et dw TN+ 1)
So the region with the smaller learning coefficient carries more posterior mass by a power of
n, and the constants matter only when the exponents agree. If A\; < Ay and L — ¢ satisfies the
volume law on U; for some § > 0, then the ratio acquires the factor e™. This is the trade-off
between loss and learning coefficient in the remark on phase transitions in Chapter |5l With 1 in
place of n, the same computation compares the Gibbs masses of two wells (Proposition .

(log )™ ™™= (1 + o(1)) .

Remark (The random term). A sequence of random variables 7, is bounded in probability,
written T,, = O,(1), if for every n > 0 there is C' > 0 such that P(|T,,| > C') < n for all n. It
tends to 0 in probability, written T,, = o0,(1), if P(|T,,| > 1) — 0 for every n > 0. We explain why
the random part of F), is O,(1) but not o0,(1).

Consider first the regular case of Proposition [6.1 Write

s(x) =Vylogp (x| we) and J(z)= -V logp (x| wo)

for the score and minus its derivative. Then E[s] = 0 and E[ss'] = E[.J] = I, by Section [1.4| and
the proof of Proposition . With v = y/n(w — wy), Taylor’s formula gives

nL,(w) = 1vt[ v—0Y,+0 (|U|3>
n 2 n n \/ﬁ I
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where - -
Y,=—7) s(X;) and I,=-) J(X;).
ﬁ]; ! n; ’

By the central limit theorem, Y,, converges in distribution to a Gaussian vector with covariance
I. By the law of large numbers, I,, — I. Completing the square,

L, o _ L 1y \* -1 Lo

5V IU—UYn_§(U—I Vo) I(v—17Y,) — QYT
So the data shift the Gaussian by n-zl ~1Y,,, which does not change its integral, and they lower
its minimum by $Y;'77'Y,. Hence

1
F, =nS, —log Z(n) — §Y;I—1Yn + 0,(1).

The random term converges in distribution to —%]G |2, where G is a standard Gaussian vector in

R?. The shifted Gaussian is the Bernstein-von Mises approximation of Section
In a singular model, the same mechanism works in the coordinates u of a resolution of

singularities. Write u* = ' - - - . In a chart in which L(g(u)) = u?*, Watanabe [W] shows

that
nLa(g(w)) = nu® — Vi uhé, (u),

where &, is a random function which converges in distribution to a Gaussian process. With
t = nu* and u; > 0, this reads

nLu(g(w)) =t — V& (u).

So on the region t < 1, which carries the integral, the random term is as large as the deterministic
one. Hence [i, pe™™n dw is Z(n) times a random factor which is bounded and bounded away
from 0 in probability, but which does not tend to 1.

Remark (Free energy and generalization error). The two statements of Watanabe’s theorem
are linked by an exact identity. Recall that the Bayesian predictive distribution is

pulz) = /W Pl | w) ma(duw),

as in Section . Since p(x | w) ITj=, p(X; | w) is the likelihood of the n+1 samples Xy, ..., X, ,

we have 7
Pn (Xns1) = g“, that is, —logpn (Xpi1) = Foy1 — F).

n

Let S = — [ golog o be the entropy of go. Taking expectations, we obtain
E[KL (qollpa)] = E [Fosa] —E[F,] = S.

So the expected generalization error is the increment of the expected free energy, minus the

entropy. Since Fy = —log [, ¢ = 0, summation gives
n—1
S E KL (qollp,)] = E[F,] — nS = Alogn + olog n),
=0

by the expansion of the expected free energy in Watanabe’s theory [W]. So, if nE[KL(qo||pn)]
has a limit as n — oo, then this limit is A.

The regular case is the least favorable one.

Lemma 6.4. Suppose that L € C*(W) and Wy contains an interior point of W. Then \ < g.
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PROOF. Let w, € W, be an interior point. Since L attains its minimum 0 at w,, we have
V L(w,) = 0. So Taylor’s formula gives

L(w) < Ajw—w,|*  with A = ;max HV2LH
near w,. Hence, )
V(e) > (min @)wy (i)Z
for small e. If A > %, then the volume law gives

V(e)e™

a contradiction. O

ol

— 0,

Remark (Flatness and the Hessian). In machine learning, a minimum is often called flat
if the Hessian of the loss has small eigenvalues. The learning coefficient measures flatness at
all orders. Suppose that L is real-analytic. Let w, € W, be an interior point, let A(w,) be the
learning coefficient of a small ball around w, (the local learning coefficient of the next section),
and let r be the rank of V2L(w,). Then

<Aw)<

N3

The upper bound is Lemma applied to the ball. For the lower bound, write w — w, = (u,v)
with u in the range and v in the kernel of V2L(w,). Since 92 L(w,.) is positive definite, the implicit
function theorem gives a smooth map v such that

¥(0) =0 and 0,L(¢(v),v) =0.
By Taylor’s formula in u, there is ¢ > 0 such that
L(u,v) > L(y(v),v) + clu = $(v)[* > clu — i (v)*

near wy. So near ws, the set {L < e} lies in the tube {|u — ¥ (v)| < (%)%}, whose volume is O(2).
Hence A(w,) > %. Both bounds can be strict: for L(x,y) = 2®+y*, the scaling (z,y) — (e2z,c1y)
gives A(0) = 2, while r = 1 and d = 2. On the other hand, the size of the non-zero eigenvalues
does not affect \: for L(z,y) = 2 + ry?, we have A\(0) = 1 for every x > 0, and & enters only the
constant of the volume law. So a flatter region in the sense of the learning coefficient has more
degenerate directions, counted with their orders of vanishing, and not merely a smaller curvature.
Both notions appear in Chapter [10. There, the strata of W, differ in A, and along a stratum the

Langevin dynamics drifts toward smaller transversal curvature, which changes only the constant
of the volume law.

6.4. The local learning coefficient
The learning coefficient of a region is the minimum of local invariants attached to its points.

Definition (Local learning coefficient). Let L be real-analytic near w, and not locally
constant. The local learning coefficient A(w,) and the multiplicity m(w,) are defined by the

volume law
1 m(wsx)—1
Vol ({w € B (w,,8) : |L(w) — L (w,)| < e}) = e (log 6) (1+0(1))

for small 6 > 0. At a local minimum, the absolute value is not needed, and the definition is that
of Lau et al. [LEW]. At a saddle point, this two-sided definition is one of several possible choices.



6.4. THE LOCAL LEARNING COEFFICIENT 47

Example.
(1) For L(x,y) = 2? + y*, A(0) = 1 and m(0) = 1.
(2) For L(z,y) = 2?y?, (A\,m) = (3,2) at the origin and (3, 1) at the other points of the axes.
(3) For the saddle L(z,y) = z* — y?, the two-sided definition gives (A\,m) = (1,2) at the origin.
In (3), the substitution u = r —y and v = x + y turns {|z? — y?| < &} into {Juv| < €}, a
region of the same shape as in (2), which explains the logarithm. The oscillatory integral of
Section sees this saddle differently. By stationary phase, for ¢ smooth with compact support,

/ e (a,y) dudy = Zp(0,0)+ 0 (%) as 7 oo,
R? T

with the decay rate 77! of a volume law with A = 1, but without the factor log 7. For this saddle,
the logarithmic contributions of {L > 0} and {L < 0} cancel, and the oscillatory integral and
the two-sided volume no longer carry the same information. This is one reason why there is no
canonical invariant at a saddle point; we return to it in Chapter [7}

Lemma 6.5. Let L be C' near w., and suppose that L — L(w,) takes both signs in every
neighborhood of w,. Then for every sufficiently small 6 > 0, there is ¢ > 0 such that
Vol ({w € B (w,,d) : |L(w) — L(w,)| <e})>ce for0<e<1.

In particular, if L is real-analytic, then the two-sided local learning coefficient satisfies M(w,) < 1.

PROOF. Write f = L — L(w,). Choose points ps € B(w.,2) and p > 0 such that B(ps,p) C
B(w,, g) and £f > 0 on B(py,p). Let e =p_ — p,, and let D be the disc of radius p centered
at p, in the hyperplane through p, orthogonal to e. For ¢ € D, the function t — f(q + te) is
positive at ¢ = 0 and negative at ¢t = 1, so it vanishes at some t(q) € (0,1). Hence

|f(q+te)| < Ale[ [t —t(q)| with A= JSup V£l
So the segment {q + te : 0 < ¢ < 1}, which lies in B(w,, 2), meets {|f| < ¢} in a set of length at
least min{ £, |e|}. These segments are disjoint, and Fubini’s theorem gives the lower bound with

¢ = Volg—1(D) min {/1\, |e\} :
U

The logarithm at the saddle z? — y? is special to dimension two. Let Q(z,y) = |z|*> — |y/|?
with x € RP, y € RY, and p,q > 1. Polar coordinates in x and in y, followed by the substitution
a = |z|? and b = |y|?, give

St gsety 7
Vol ({(z,y) : [z] <0, |y| <6, |Q(z,y)| <e}) = 4 Lija-pj<eyaz™ b2~ dadb.
o Jo
For p = ¢ = 1, the right side is
1
2¢ log B (1+o0(1)).

pt+q _9

For p 4+ ¢ > 3, the function a = is integrable near 0, and the right side is comparable to ¢.
So, by the Morse lemma, a non-degenerate saddle point in d > 3 variables has the two-sided
invariants (1, 1).

At points of Wy, the local invariants can often be computed without a resolution of singularities,
by the following rules.
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Lemma 6.6. Let L, Ly, and Ly be non-negative real-analytic functions near wy, ., and yx,
respectively, which vanish at these points and are not identically zero. Suppose that Ly and Lo
have the local invariants (A1, m1) at x. and (Ag,mz) at y., and that Ay < Ay.

(1) Comparison: If L' > 0 is real-analytic and c;L < L' < coL near w, for some constants
0 < ¢1 < ¢o, then L' has the same local invariants at w, as L. If ¥ is a real-analytic
diffeomorphism, then L o U has the same local invariants at V"' (w,) as L at w,.

(2) Free variables: The function (z,y) — Li(x) has the local invariants (A1, my) at (T.,ys).

(3) Sums: The function Li(x) + Lo(y) has the local invariants (A + Ao, mq +mae — 1) at (., Y ).

(4) Products: The function Li(x)Lo(y) has the local invariants (A, my) at (z.,y.) if M < Ag,
and ()\1, my + m2) Zf /\1 = )\2.

PROOF. We may replace the balls in the definition by products of balls. In (1),
{L<€}C{L'<6}C{L<8}.
Co &1

By the volume law of L, the volumes of the two outer sets are comparable to £*(log %)m_l. Since
L' satisfies a volume law as well, its exponents are those of L. A diffeomorphism changes volumes
by a bounded factor and maps small balls into balls. Part (2) is Fubini’s theorem. In (3),

{L1<;}X{L2<;}C{L1+L2<6}C{L1<8}X{L2<5}.

So the volume function of L; + Ly is comparable to

1 mi1+mo—2
ghithz (10g )
€

and since it satisfies a volume law, its exponents are A; + Ay and my + mg — 1. In (4), Fubini’s
theorem gives ¢ = (1(s for the local zeta functions. The largest pole of (; is —\;, of order m;, and
Gi(z) > 0 for real z > —\;. So (4) follows from the remark on the zeta function in Section[6.3] O

Y

For instance, the invariants of z?y? in the example above follow from (4) at the origin, and
from (1) and (2) at the other points of the axes. For a € RY, the function |a|? has the invariants
(£,1) at 0, by (3). So for a € R? and b € RP, the function |a|?|b|> has the invariants (2Pt 1)
at the origin if p # ¢, and (%,2) if p = ¢. For the two-layer linear network with H =1 and ® = 0,
we have A = a' and B = b with ¢ € RM and b € RY, and

1
L= SlaPpl*

So L has the invariants (M, 1) at the origin if M # N, and (&,2) if M = N. These are
the values of the Aoyagi-Watanabe theorem of Section [6.6] for H = 1 and r = 0.

The local learning coefficient is estimated in practice by sampling. With a tempering parameter
3 > 0, the tempered posterior is proportional to ¢(w)e () At B = @, the average of
nL, over the tempered posterior exceeds its minimum by Alogn to leading order, by a theorem
of Watanab. So A can be estimated by sampling, with the Langevin sampler of Section [3.3]
without knowing ¢y or resolving any singularity. With L in place of L,,, the theorem rests on the

following identity, in which N plays the role of fn.

IS, Watanabe, A widely applicable Bayesian information criterion. J. Mach. Learn. Res. 14 (2013), 867-897.



6.4. THE LOCAL LEARNING COEFFICIENT 49

Proposition 6.7. Suppose that V' satisfies the volume law of Proposition[6.9 For N > 0, let
Exn be the expectation with respect to the Gibbs measure

1 ~NL(w)
wrd
on W. Then dlog Z(N)
0og
NEN[L] = ——————~ N )
~N[L] Tlog N — X as N = o0

PRrROOF. The identity follows by differentiation under the integral sign. Since
/ (u—1)e“du=se® fors>0,

we have -
NL(w)e_NL(w) = / (u — l)e_u]l{NL(w)<u} du.
0

So Fubini’s theorem gives

/W N L(w)p(w)e N gy = /000<u — e ™V (;) du.

The proof of Proposition with the weight (u — 1)e™™ in place of e™* and with the dominating
function |u — 1|e™, shows that this integral is

(TA+2) =T\ +1))eN"(log N)™ (14 0(1)) = AI'(A + 1)eN " (log N)™ (1 + o(1)) .
By Proposition [6.2
Z(N) =T(A+ 1)eN*log N)™ ' (1 +o(1)),
and dividing completes the proof. O

In the regular case, A = g, so each of the d quadratic directions carries the mean energy ﬁ, as
in the equipartition of energy in statistical mechanics. The convergence is slow. For L(a,b) = a?b?

on [—1,1]* with ¢ = %, the volume function computed in Section gives

1 1 1

which is the derivative of Alog N — (m — 1) loglog N with respect to log N, up to the error term.
To estimate the local coefficient at a point w,, Lau et al. [LEW] pin the posterior near w, by

a Gaussian factor e~ 2w~ Let E, -, be the expectation with respect to the probability measure
on W with density proportional to

exp _nka(w) 3 lw —w,|?
logn 2 )

Their estimator is E I I
S (025 ) = Ear (1ol = 0l ()
logn
In Problem [6.1], the expectation is taken to be exact. If L,, is replaced by L and w, € Wy, then
An is NEy[L] with N = ﬁ, for the prior proportional to e~ 2*=%+* on W. If, moreover, W is
the disjoint union of U; and U,, then
_ Zy(N)

NEy[L] = Z(N) NEna[L] +

Z>(N)
Z(N)

NEy»[L],
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where Z; and Ey; are defined with the integrals restricted to U;. So, by Proposition applied
to each U;, the estimator is approximately the average of the learning coefficients of U; and Us,
weighted by their posterior masses. The following problem asks when it localizes.

Problem 6.1 (MAIS-069). Let W = {w € R? : |w| < 3}. Consider the model y ~ N (p(w), 1)
with X
p(w) = (wy = 1) (w} +wj)”,
and the truth y ~ N(0,1). Then L(w) = $pu(w)? and Wy = {wy =1} U{(0,0)}, with A = 1 on
1
4

at the origin. Let w, = (1,0), and let X, (w,;~) be the estimator of [LEW]
1
logn

the segment and A\ =
with the tempering 3 =

and the localization strength ~v. Determine the sequences 7y, — 00

for which j\n(w*;vn) — % in probability, and identify the limit at the transitional scaling.

For fixed v, the Gaussian factor is just another prior on W, and the estimator converges to
the global value i, as in Proposition . Under a hard restriction to a small ball around w;,
it converges to % Problem MAIS-O69 asks for the boundary between the two regimes. By the
decomposition above, it is a two-well problem for Laplace’s method, with the large parameter

N = 1ngLn' Heuristically, the posterior mass near the origin is of order e 2 N ’i, and the mass

near w, is of order 7’%]\/' ~3. This suggests that the transition occurs at ~, ~ %log n.

6.5. The stratification by the learning coefficient

On the optimal set Wy, the local learning coefficient is a function X : Wy — Q~o. Any theory
of effective dynamics on the strata of Wy needs some regularity of the level sets of A, such as the
one asked for in Question below.

Example. On T?, let L(x,y) = sin? zsin? y. Then W is the union of the two vertical circles
{z € {0,7}} and the two horizontal circles {y € {0,7}}. Off the crossings, A = 3 on the vertical
circles (quadratic transversal profile) and A = i on the horizontal circles (quartic transversal
profile). At the four crossings, A = } and m = 1, by Lemma (4) So the stratification has two

pieces, and the crossings belong to the flatter one. This is the example of MAIS-O75 (Chapter
10).

Question 6.1 (MAIS-O72). Let L : T? — [0,00) be real-analytic and not identically zero,

with Wy = L7(0) # 0. For ¢ > 0, let
Se ={w € Wy : ANw) = c}.

(a) Does A take only finitely many values on Wy ? -
(b) Is each S, a locally closed subanalytic subset of T¢, and does the frontier condition S, \ S. C

Uerce Ser hold?
The same questions are asked for the pair (A\,m), ordered by declaring (N, m’) deeper than (A, m)
if N <X, or N =Xandm' >m.

Remark (Subanalytic sets and resolutions). We recall the notions in Question [6.1] A subset
of T is semianalytic if each point of T¢ has a neighborhood U in which the set is a finite union
of sets of the form

{welU: flw)=0, g1(w)>0,...,q(w) >0}
with real-analytic functions f and g; on U. It is subanalytic if each point has a neighborhood U
in which the set is the projection to U of a bounded semianalytic subset of U x R® for some e.
The image of a semianalytic set under a proper real-analytic map is subanalytic, but in general
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not semianalytic. Finite unions, finite intersections, complements, and closures of subanalytic
sets are subanalytic; see Bierstone—Milma. A set is locally closed if it is the intersection of an
open set and a closed set, i.e., if it is open in its closure. The frontier condition says that S, is
bordered only by points of smaller learning coefficient. In the example on T? above, the four
crossings border the vertical circles, and they have the smaller coefficient %.

It is known that A is lower semicontinuous on Wy, i.e., that {\ < ¢} is closed for every ¢, by
a result of Lehalleur-Rimanyi} The following sketch indicates that (a) and (b) follow from the
resolution of singularities. Let g be a resolution as in the remark on the zeta function, over a
neighborhood of a point of Wy. For a point p with L(g(p)) = 0, choose a chart around p in which

Lig(u)) = u e and | detg/(u)] = blu) [ul? -l

Y

and set Lo
v(p) = min<{ — 1. uj(p) =0, k; >05.
2k;

In a small box around p, the factors ujkj and |u;j|" with u;(p) # 0 are bounded above and below.
So, as in the remark on the zeta function, the largest pole of the contribution of this box to the
zeta function is —v(p). In particular, v(p) does not depend on the chart. For w € W, near the
point, the fiber g~!(w) is compact, since g is proper. For small ¢, the set g~ *(B(w,d)) lies in a
small neighborhood of g~ (w), which we cover by finitely many small boxes centered at points of
g1 (w), with a partition of unity. The contributions of these boxes to the local zeta function at
w are positive for real z, so their poles do not cancel. Hence

Al(w) = min {y(p) 'pE g_l(w)} :

A point near p lies only on hyperplanes {u; = 0} which pass through p. So v is lower semi-
continuous, and {r < ¢} is locally a finite union of such hyperplanes. Since g is proper,
{N < ¢} = g({v < ¢}) is closed and subanalytic near the point. This recovers the lower
semicontinuity of \.

Moreover, W is compact, so it is covered by finitely many such neighborhoods, and, since g
is proper, finitely many charts suffice over each of them. So v takes only finitely many values,
and hence so does A, which is (a). Then {\ < ¢} = {\ < ¢} for the largest value ¢ < ¢ of A, so
{\ < ¢} is closed. Hence S. = {\ < ¢} \ {\ < ¢} is locally closed and subanalytic, and

S\Sec{r<cp\Se={A<c},
which is (b). For the pair (A, m), the multiplicity m(w) is the largest number of indices j with
u;j(p) =0 and hggl =
of the hyperplanes {u; = 0} in place of single hyperplanes, but the orders of the poles have to be
followed through the sum over the boxes, and this refined version needs more care.

(w), over the points p € g~ (w). The same idea applies, with intersections

6.6. Computing learning coefficients

Learning coefficients are computed by resolving singularities, which is feasible for small models.
The first nontrivial model computed in this way is reduced rank regression, i.e., the two-layer
linear network of Section [3.5] viewed as the statistical model y = BAx + ¢ with Gaussian noise.

IE. Bierstone and P. Milman, Semianalytic and subanalytic sets. Inst. Hautes Etudes Sci. Publ. Math. 67
(1988), 5—42.

i, Lehalleur and R. Riményi, Geometry of fibers of the multiplication map of deep linear neural networks.
arXiv:2411.19920.
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Aoyagi—Watanab computed its learning coefficient by a resolution of singularities carried out by
hand.

Theorem (Aoyagi-Watanabe). Consider reduced rank regression with input dimension M,
output dimension N, width H, and true rank r.

(1) IfN+r<M+H, M+r<N+H, and H+r <M+ N, then
20H+r)(M+N)—(M—-N)?—(H+r)*+9
8 Y
where = 1 if M+ H + N +7 is odd and 6 = 0 otherwise. Moreover, m =2 if M+ H + N +r
is odd and m =1 otherwise.
(2) If M + H< N +7r, then \= ;(HM — Hr + Nr) and m = 1.
(3) If N+ H < M+, then \=3(HN — Hr + Mr) and m = 1.

2
(4) If M+ N < H +r, then A= 3MN and m = 1.

A:

In the case M = N = H, only case (1) occurs, and we write AAW for the learning coefficient
with true rank r. Then

T 8 T r—1 8 )
where 9, = 1 if 3H + r is odd and ¢, = 0 otherwise. So the learning coefficient strictly increases
with the rank r of the target as long as r < H. This global value is attained at the most degenerate
points of the fiber Fg. The full table of local invariants is open.

Remark (A conservation law). In the deep linear network , the symmetry of Proposition
gives a conservation law, which constrains the point of F3 that gradient flow reaches. Write
R=BA—®, so that A= —B'R and B = —RA". Then

d t t t t d t

a(AA):—BRA —ARB:£<BB>.
So AA*— B'B is constant along gradient flow. In the proof of Theorem this is the conservation
of ¢2 — d?. Suppose that the initialization is balanced, i.e., AA®* = B'B at t = 0, as in Theorem
If the flow converges to a point (A, B) € Fg, then AA* = B*B there, so

3'd = A" (B'B) A= (4'4)".
Since A'A is symmetric, it has the same rank as its square. Hence
rank A = rank (AtA) = rank <<I>t<I>> =r and rank B =rank (BtB> = rank (AAt> =r.

So the flow selects the most degenerate points of Fg, those with rank A = rank B = r, at which
the local learning coefficient is the Aoyagi-Watanabe coefficient. Hence, in this model, if gradient
flow from a balanced initialization converges to a point of Fg, then this point has the minimal
local learning coefficient, which the Bayesian selection prefers.

At less degenerate points of Fg, the local learning coefficient can be larger. For instance,
suppose that rank A = M or rank B = N at w = (A, B) € Fp. Then the differential (A, B) —
BA + BA of the multiplication map (A, B) — BA is onto My 3(R). So near w, the fiber Fy is
a submanifold of codimension M N, and L is half the squared norm of M N local coordinates.
Hence \(w) = ¥ and m(w) = 1, by Lemma For M = N = H =2 and ® = 0, this gives

A(w) =2 at w = (I,0), while the Aoyagi-Watanabe theorem gives A = 3.

ML Aoyagi and S. Watanabe, Stochastic complezities of reduced rank regression in Bayesian estimation. Neural
Networks 18 (2005), 924-933.



6.6. COMPUTING LEARNING COEFFICIENTS 53

The local invariants are constant on large subsets of F, by linear algebra. The group GL(H, R)
acts by (A, B) — (gA, Bg~') and preserves L. The pairs (h, k) € GL(M,R) x GL(N,R) with
k®h™' = & act by (A, B) — (Ah™', kB). They preserve Fy and change L into 1||/k(BA—®)h™!||%,
which lies between two positive multiples of L. By Lemma (1), such linear changes of variables
do not change (A\(w), m(w)), and neither does a fixed change of bases in RM and RY, which
replaces ® by an equivalent matrix. So we may assume that

L. 0
o - ( : 0) .
Suppose that rank A = @ and rank B = b. Then BA = ® forces dim(im ANkerB) = a — 7.

Choosing bases adapted to ker A C ker® C R to im A Nker B, im A, and ker B in R, and to
im® C im B C RY shows that (A, B) lies in the orbit of the normal form

I(; I 0 8 I. 00 O
Aa,b = 0 CLO_T 0 and me = 0 0 0 Ib—r s
0 0 0 000 O

with the blocks of sizes (r,a —r,M —a) in RM, (r,a —r,H —a—b+rb—r) in R¥ and
(r,b—r,N —b) in RV, So the orbits of the combined action on Fy are exactly the sets

{(A,B) € Fp : rank A = a, rank B = b},

where 7 < a < min{H, M}, r < b < min{H,N}, and a + b < H + r. The last inequality is
Sylvester’s rank inequality rank(BA) > rank A + rank B — H. Hence (A(w), m(w)) depends only
on the pair (rank A, rank B). The following problem asks for the table. Some entries, such as
those with rank A = M or rank B = N above, follow from these normal forms and the rules
of Lemma[6.6] At (a,b) = (r,7), A(w) is the Aoyagi-Watanabe coefficient, whose computation
required a resolution of singularities. The table is the first step toward MAIS-O77 below.

Problem 6.2 (MAIS-O70). Consider the loss L(A,B) = 3||BA — ®||3. of reduced rank
regression, where A € My py(R), B € My g(R), and ® € My (R) has rank r < H. For every
pair of integers (a,b) withr < a <min{H, M}, r <b <min{H, N}, and a+b < H+r, compute
the local invariants (A(w), m(w)) at the points w = (A, B) € Fg with rank A = a and rank B = b.
Determine the pairs (a,b) at which A\(w) equals the Aoyagi- Watanabe coefficient .

A natural first case is M = N = H = 2, with r € {0, 1,2}. Since the exact local values would
be known at every point of a singular optimal set, the table would also be a test case for the
estimators of Problem [6.1]

Problem 6.3 (MAIS-O77). For the loss L(A, B) = 5| BA — ®||3, with H > r:

(a) Compute the local invariants (A(w), m(w)) at every point w of the fiber Fg, i.e., solve Problem
and identify the minimal stratum.

(b) Compute the two-sided invariants (A(w), m(w)) at every point of each saddle set Cy, 0 < k <

r.

Part (b) moves from the fiber, where L is minimal, to the saddle sets, where the two-sided
definition is needed. It is the substance of the opposing-staircases conjecture in Chapter [7}



CHAPTER 7

Staircases

In Section we saw that gradient flow on the deep linear network descends a staircase
of saddle points in training time. On the Bayesian side, the posterior descends a ladder of free
energies as the sample size grows. In this chapter, we compare the two staircases, which leads to
the conjecture MAIS-O7 and the problems MAIS-O79 and MAIS-O81. The rungs of the dynamical
staircase are saddle sets. MAIS-O81 asks whether a saddle has a free energy, and MAIS-O79 asks
whether a saddle can be a local minimum of an averaged loss. Both lead to Laplace integrals
over windows around saddles, which we compare with the Laplace and oscillatory integrals of
Section 6.3l

Throughout this chapter, we use the deep linear network with a target ® of rank r < H
and distinct singular values s; > --- > s, > 0. Recall from Section the critical sets C}, which
are saddle sets for k < r, and their losses

1
Lk:§ZsZ for 0 <k <r.

a>k
7.1. The Bayesian ladder

Consider the Bayesian side of the same model, i.e., reduced rank regression with M = N = H.
The free energy of a small region U, around C} is expected to be

F, (Uy) = nS,, +nLi + AV logn, (7.1)

where \iW is the Aoyagi-Watanabe learning coefficient with true rank & (Section . The first
term is common to all regions. The second term favors small loss, i.e., large k, and the third term
favors small learning coefficients, i.e., small k. Hence, as n grows, the region with the smallest
free energy, which carries most of the posterior mass, moves from k& = 0 to larger k. This is the
Bayesian ladder; see Figure [7.1]

Rung k overtakes rung k£ — 1 when

nLp_1 4+ Ao logn = nLy + AW logn.
Since Ly — L = %sz, the crossover ny is the large root of

2 Y

logn st where AN, = A2 — A2 > 0. (7.2)

Suppose that the crossovers are ordered, i.e., ny < ny < --- < n,, which requires a well-separated
spectrum. Then the posterior visits the ranks 0,1, ..., 7 in the same order in which gradient flow
visits Cy, C4, ..., C,.

54
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FIGURE 7.1. A schematic ladder with (Lo, Li,Ly) = (1,3,0) and

(AW AW AMWY = (1,3,6): the lowest curve, which carries most of the poste-
rior mass, moves from k£ =0 to k = 1 and then to k = 2 as n grows

Remark. The approximation (7.1)) is a theorem when the regions consist of minimizers at
the same loss. It is conditional when they consist of local minimizers at different positive losses,
since nl, then fluctuates on the scale \/n. For saddle sets, which are the rungs of the dynamical
staircase, it is only a heuristic. We discuss both points in Section

7.2. Opposing staircases

The learning coefficient is defined at local minima. To attach an invariant to the saddle sets
Cy, we use the two-sided local learning coefficient of Chapter [} the volume of nearby parameters

whose loss lies within ¢ of L(w), above or below, scales as e*™) up to a logarithmic factor. For
0<k<r, let
Ak = wlélcf’k AMw).

Conjecture (Opposing staircases, MAIS-O7). For the two-layer linear network with H > r
and distinct singular values,

A<M <---< A\ while Ly>Ly>--->L,.

That is, along the saddle chain visited by gradient flow, the loss falls and the learning coefficient
rises, step for step. Since Cy, is not compact, the attainment of the infimum is part of the claim.

If proved, the conjecture would let singular geometry predict the stages of training in advance,
which is the central hope of developmental interpretability. Two pieces of evidence support it. In
transformer experiments, the estimated local learning coefficient climbs as the loss falls through
most training stages [HWFR]. On the Bayesian side, the Aoyagi-Watanabe coefficients of Section
have the positive increments that the conjecture demands. However, they are computed at
the optimal sets of the models with true rank k£, and not at the saddle sets. The computation of
the two-sided values at the saddle sets is Problem |6.3((b).

The two-sided values at the saddle sets are small. Let k < r and (A, B) € C, and write
E = ® — BA as in Section [3.5] By the strict-saddle argument there, L — Ly takes negative values
in every neighborhood of (A, B). It also takes positive values. Indeed, since rank ¥ =r — k < H,
we can write £ = —Y' X with X € My »(R) and Y € My g(R). Then

(B+tY)(A+tX) - ®=t(BX +YA) - (1+£) E,
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and BX + Y A is orthogonal to E in the Frobenius inner product, since B'E = 0 and EA* = 0.
So

t2
LA+X,B+tY) = (1+8) L + SIBX + YA} > Ly fort 0,
Hence Lemma [6.5] gives
M <1 forO0<Ek<r.

On the other hand, C, = Fp consists of minimizers. Suppose that M = N = H. Then \, = \AW,
since the Aoyagi-Watanabe value is the smallest local learning coefficient on Fg, attained at its
most degenerate points. Since A2V increases with k for k < H, and H > r > 1, the formula of

Section [6.6] gives

3H? 46y _ 3

A >NV =" 2 >0

- 8 T2
So, for M = N = H, we have \, <1< )\ﬁw for k < r, and the last inequality \,_; < A, of the
conjecture holds automatically. The rest of the conjecture concerns the » numbers Ag, ..., \,_1 in

(0,1].
The conjecture as stated fails for some M and N. For M = N =1, H = 2, and r = 1, write
A =aand B =" with a,b € R% Then Cy = {0} and
1
L — Ly= —s1(a,b) + §<a, b)2.
So the origin is a non-degenerate critical point of index two in four variables, and A\g = 1 by the
computation after Lemma (6.5 At every point of Fp, we have rank A = 1 = M, so A\; = 5 by

Section . Hence A\g =1 > 5 = A; in this case. So the conjecture needs an assumption on M
and N, such as M = N = H, the case of the Bayesian ladder of Section

7.3. The free energy of a saddle

The Bayesian ladder at saddle sets presupposes that a saddle point has a free energy of the
form nL + Alogn with a well-defined exponent A. The following example shows that this is not
automatic.

In Laplace’s method, an integral fU e~ is governed by the points of U where L is smallest.
For a window U around a local minimum, these are interior points, and Propositions and [6.2]
apply. For a window around a saddle point, they lie on the rim of the window, in the unstable
direction.

Example (The rim of a Morse saddle). Let L(z,y) = 1(y* — 2?) on R?, with a Morse saddle
at the origin, and let Us = [—§, 6]* with 6 = §,, — 0 and d,,\/n — oo. Then

I 8 n_ 92 J n.2 2w 2 n 52
Us —s

_s n no

The second integral is dominated by its endpoints. Indeed, the substitution z = § — % gives

’ 37 et —u(1-552) g i 1+o(1
2 — 2néd e
/0 e x — /0 e U — ( o(1)),

u
2

®

by dominated convergence, since the integrand is at most e~
—362, the deterministic free energy

and tends to e™. Since infy, L =

F(Us) = —log/U ek
5
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satisfies 3
F(Us) — TLiII]lfL =3 logn +logd + O(1).
5

For 6 =n* with 0 < a < %, the coefficient of logn is % — a. So it depends on how the window
shrinks, i.e., on the rim of the window in the escape direction, and not only on the saddle point.

In the language of Section the minimum of L on Us is attained at the two points (446, 0),
which lie on the edges {z = +§}, and

1
L— 1nfL—§y + - (5—|:17|)(5+|x|)

Near these points, this function grows quadratlcally in y and linearly in 6 — |z|. So, for fixed ¢,
the volume function of L — infy, L on U5 satisfies

Vi(t) = t2(1+0(1)) ast— 0"

The exponent S s = from the stable dlrectlon plus 1 from the boundary in the unstable direction.
Proposition @ recovers the leading term above, since

(5 ) 8v2  22m
'z)—=—-= .
2/ 30 J
At the boundary scale § = cn™2, the substitution (z,y) = n"2(X,Y) gives instead
F(Us) — ni[rJlfL = logn + O(1).
6

The coefficient 1 is the two-sided learning coefficient of the saddle 2? — y? in Chapter |§| However,
the correction —(m — 1)loglogn with m = 2, which the two-sided volume law would suggest, is
absent. So particular windows reproduce particular invariants, and no window is distinguished.

Oscillatory integrals behave differently. For the same L and 6/7 — oo, integration by parts
shows that each one-variable factor of [, ™" differs from the Fresnel integral over R by O(+5).

So
, 2m
ATLEY) o dy = =~ (1 10 ( ))
J, (ol

Since |e™F| = 1, the rim only contributes lower order terms, and the decay rate 77! does not
depend on the window. In the Laplace integral, the rim dominates by the factor 2%, This is the
difficulty in the following problem.

To state it, let M = N = H and 1 <r < H. Let the singular values s1(q) > --- > s,(q) > 0
of the target ®(q) depend on a parameter ¢ — oo, such that

28N and %—H)o for1<k<r.

s@? ~C M s
Let ng(q) be the large root of with s, = sk(q). Suppose that the spectrum is well separated,
ie., ni(q) < --- < n,(q) for all large gq. The data are independent pairs (z;,y;), where z; is
standard Gaussian in R and y; = ®(¢)z; + & with standard Gaussian noise &;. The prior ¢ is
smooth and positive on a compact set W C My x(R)? which meets every Cj(q). Write

n 1 n
F,.(U) = —log/Ugo(w) Hp(yj | z;,w)dw and {l;,(w) = - Zlogp(yj | zj,w) .
j=1

Let ”
Jy = [ nl(q),2nr(q)] NN.
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This range of sample sizes contains every crossover.

Problem 7.1 (MAIS-O81). Either define a functional A(C) € Qsq on compact critical sets C
of real-analytic losses, which equals the smallest local learning coefficient on C when C' consists of
local minimizers, and window radii §q, > 0 with SUPpe g, dgn — 0, such that for every 0 < k <,
with U™ = {w € W : dist(w, Cr(q) "N W) < dgn}s

|Fyn (UF™) = ninfyan £y, — A (Ci(q) N W) logn|
sup —0

nedq logn

in probability as ¢ — o0o;

or prove that no such pair (A, d,,) exists, and identify the correction terms depending on the
windows, such as the rim term above, that the ladder must carry.

Remark (Fluctuations at positive loss). In the notation of Chapter 6]

- 0 (X;)
nL,(w) —nL(w) = <log ———— — L(w)
285 T
is a sum of n independent terms of mean zero and some variance o(w)?. On Wy, the terms vanish.
If L(w) > 0 and p(- | w) has the same support as qo, as for the Gaussian models below, then
o(w)? > 0, and the sum is of order /n, by the central limit theorem. For the model of Problem

[7.1] we use the conditional densities p(y | z,w) in place of p(z | w), so that £y, = S, + L,. For
w = (A, B) € Cj, write, as in Section [3.5]
E=®-BA= Z Sa gL
a>k
Then, with y = ®x + &,
q(y | )

p(y | z,w)
Since x and ¢ are independent standard Gaussian vectors,

o(w)*=>" s+ ; > sa
a>k a>k
For a fixed target and k < 7, v/no(w) is much larger than A\2W logn. So, at positive losses,
can only hold after the random level of the loss on Uy is subtracted. This is why Problem
subtracts ninf ¢, ,, over the window, which contains both n.S5,, and the random level ninf L,,.
For a fixed target, the crossovers ny are fixed numbers, and no statement as n — co sees the

ladder. So Problem uses targets ®(q) with sg(q) — 0, for which ny(q) — oo. By (7.2)),

ngs; = 2A\; log ny.

1
log = §|E30|2 + (Ez,§).

So, near the crossover, the difference %sz of the loss terms of the rungs £ — 1 and k is of the
same order as the difference A\, logn of their volume terms. The random difference between the
two rungs is smaller. Indeed, on Cj_1, the matrix ® — BA is E + spuv}, and E'uy, = 0. So the
difference of the log-likelihood ratios above on C_; and on C}, is
1
Sk <Uk7x> <uk7£> + §Si <Uk7'r>2 ’

whose variance is s7 + ;. Summed over the n samples, the random difference is of order

Vnsy = \/2A\, logn = o(logn).
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This is why Problem|7.1|asks for the precision o,(log n). Finally, the condition 5;?(;)% > e guarantees

th'at. (7.2) has a large root, since n s decreases on (1,e) and increases on (e, 00), with the
minimum e.

Until Problem is settled, the stratification by the learning coefficient is meaningful on the
optimal set, but only heuristic on the saddle sets C} with & < r, which gradient flow visits.

7.4. Effective losses

Researchers in developmental interpretability say that during a plateau, “the saddle is a local
minimum of an effective loss”. Here is one way to make this precise.

Definition (Effective loss). For €, > 0, the effective loss at resolution (g, 0) is

_L(w)

L. s(w) = —510g/ e = du.
B(w,d)

A compact set C' is an effective local minimum at resolution (¢, §) if
sup L. s(w) < inf { L. 5(w) : dist(w,C) = 20} .
wel

So e~ :Les(®) ig g Laplace integral over the ball B(w,d), with the large parameter % in place of
n. Hence L. s(w) is € times the free energy of the window B(w, ). Suppose that L — mingr = L
satisfies a volume law on B(w, d) with the exponents (A, m,,). Then the proof of Proposition

[6.2) gives

1 1
L.s(w) = min L+e¢ <)\w log — — (my, — 1) loglog — + O(l)> as € — 0.
’ B(w,d) € €

The first term is the depth of the loss in the window, and the second term measures its volume.
So the effective loss trades the depth of the loss in a window against its volume. At a degenerate
saddle, a large volume may compensate for a small depth, so that the effective loss there may be
smaller than at the points at the distance 20 from it. As ¢ — 0 with § fixed, L. 5(w) — minm L,
uniformly on compact sets. So only the depth counts, and a compact set of strict saddles is not
an effective minimum at small €, at least when ¢ is small. For large ¢, the average of L over the

window dominates; see the remark below.

Remark (The effective loss as a free energy). Fix w, write U = B(w, d), and let
L
e =
fhy = ——— on U
Jye Fdu
be the Gibbs density of the window at the temperature €. Proposition [1.4] with the uniform
density on U as the prior, gives

L. s(w) = min (/ Ludu~l—€/ ,ulog,udu) ,
’ U U

where the minimum is over the probability densities 1 on U, and it is attained at g = . So
L. 5(w) is the mean energy minus the temperature times the entropy, minimized over the densities
on the window, as in Section [L.5] In particular, the normalized indicator function of the sublevel
set {u € U : L(u) < t} gives the bound of that section by the depth and the volume,

L.s(w) <t—clogVol({ue U : L(u) <t}) fort>minlL.
U
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Differentiation under the integral sign in

L. s(w) = —slog/ e~ Hwt) gy
B(0,0)
gives

VL. s(w) = / VL, du,
U

1
V2L€75(w) = / V2L i, du — B (/ VLV L'y du— VL, s(w) VL575(w)t> )
U U

So the effective gradient flow in Problem [7.2)(c) below follows the gradient of L averaged over the
Gibbs density of the window, and the covariance of the gradient lowers the effective Hessian.
As € = o0, the expansion of e~% in powers of % gives

1
L. s(w) = —log Vol(U) + (L),.5 — % Var, s(L) + O (5—2) :

where (-),, s and Var, s are the mean and the variance with respect to the normalized Lebesgue
measure on U. The first term does not depend on w. So, at large ¢, the effective loss is, up to
a constant, the ball average of L, a mollification of L. The normalized Lebesgue measure on
B(0,6) C R? has vanishing odd moments, and

S, o
(vivj)gs =0 fori#j and <Ui2>0’5 =T
So Taylor’s formula gives, with the Laplacian A on R¢,
52

L)ys =1L ———— AL O (6*).

(Lyus = Llw) + 555 ALw) + 0 (5°)
For the deep linear network, d = H(M + N), and a direct computation gives

AL = M|[BJI% + N||AJ1%.

Since L is a polynomial of degree four, its fourth derivatives are constant, and the remainder
O(4%*) is a constant ¢ which depends only on §, M, N, and H. Hence

62 2 2
(LYws = L(w) + a1 D) (MBI + NIAlI%) +c.
So, at large ¢, the effective loss of the deep linear network is the loss plus a quadratic penalty on
the weights. In machine learning, such a penalty is called weight decay.

A quadratic Morse saddle is never an effective local minimum. For L(z,y) = 3(y* — 2?), the
translation by (26,0) maps B(0,d) onto B((24,0),6), and for |z| < 9,
L(x +26,y) — L(z,y) = —20(x + ) < 0.
Hence L. ;5(24,0) < L. 5(0,0) for all £, > 0, and {0} is not an effective local minimum at any

resolution. So the problem concerns degenerate saddles. In the deep linear network, the origin
lies in Cy, and the quadratic part of L at the origin is

H
Ty (@tBA) = — > b} day,
h=1
where aj, is the h-th row of A and by, is the h-th column of B. Each summand is a quadratic form

of rank 2r in (ap,by) € RM x RM. So the Hessian of L at the origin has a kernel of dimension
H(M + N —2r).
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Problem 7.2 (MAIS-O79). Fiz R > 0 so large that the ball {||A||% + || B||% < R} meets every
Cy, and let CF = Cpy N {||A||% + || B||% < R}.

(a) For each k, determine the set Ej, C (0,00)* of resolutions (g,d) at which CE is an effective
local minimum.

(b) Ford >0, let I;.(0) ={e > 0: (¢,0) € Ey}. Is there a § for which every I(9) is a nonempty
interval and

sup I (0) <inf Ij_1(0) for 1 <k <r?

If so, decreasing € moves the effective minima through CE,CE, ... CE in order.

(¢) Fiz such a 6. Let w(t) be the gradient flow of L from the aligned initialization of Theorem
with the scale ag, and let weg solve weg(t) = —V L, )5 (Wert(t)) with the same initial
point. Is there, for each small ag, a positive decreasing C* function €4, and a time T(ag) > t,
such that

sup  dist (weg (), w(t)) = 0 as ag — 07
0<t<T(ao)

The truncation to Cf is needed, since the definition requires compact sets and Cj is not
compact. Parts (a) and (b) are finite-dimensional questions about explicit Laplace integrals over
balls near degenerate saddles, with the rim effects of Section Part (c) asks whether annealing
in € is a proxy for training time; no principled choice of the schedule ¢(t) is known.



CHAPTER 8

Diffusions and metastability

Metastability is the phenomenon that a random process spends long periods near certain
states, called metastable states, and only rarely moves between them. For the Langevin dynamics
at small temperature ¢, the metastable states are the wells of the potential, and the moves are the
crossings of the barriers between them. In this chapter, we make the Langevin dynamics precise,
relate it to partial differential equations, solve the one-dimensional case completely, and present
the Eyring-Kramers formula, the potential-theoretic approach of Bovier-Eckhoff-Gayrard-Klein
IBEGK], and the semiclassical point of view. Our presentation mainly follows [BEGK] and
Berglund [B].

Throughout this chapter, L : T¢ — [0, 00) is a C? function, called the potential, € > 0 is the

temperature, and
L(w)
me(dw) =e "= dw

is the (unnormalized) Gibbs measure. In the applications, L is a loss and w is a parameter.

8.1. Brownian motion and the Langevin dynamics

Definition (Brownian motion). A standard Brownian motion in R? is a random continuous
path t — By, t > 0, with By = 0, such that for 0 < ty < t; < -+ < t, the increments
B,, — By, ..., B, — By,_, are independent Gaussian random vectors with mean 0 and covariance
matrices (t; — to)I, ..., (tx — tp_1)L.

The existence of Brownian motion was proved by Wienef]
The Langevin dynamics with the initial point w is the shorthand for the integral equation

t
wt:w—/ VL(ws)ds—i—\/%Bt for t > 0, (8.1)
0

where VL is regarded as a periodic vector field on R?, and wy is projected to T¢. Since the noise
is additive and VL is Lipschitz, (8.1)) can be solved path by path, by the Picard iteration as for
ordinary differential equations. We write PP, and E,, for the probability and the expectation for
the process started at w. For ¢ = 0, is the gradient flow, along which L decreases. The noise
allows the process to climb up the potential. For small ¢, it does so only rarely.

The following formula is due to It

Theorem (It6’s formula). For f € C*(TY),

f(wy) :f(w)+/0t£sf(ws)d8+\/2_€/OtVf(ws)st, where L, =eA —VL-V.

The last term s a stochastic integral, which has mean zero.

1N Wiener, Differential-space. J. Math. and Phys. 2 (1923), 131-174.
K. Itd, On a formula concerning stochastic differentials. Nagoya Math. J. 3 (1951), 55-65.
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Remark (The idea of It6’s formula). Suppose that f € C3(T?). Let 0 = tg < t; < -+ <

ty = t, and write
5tk; = tk+1 — tk, 5wk = wtk+1 — Wy, and 5Bk; = Btk+1 — Btk'

By Taylor’s formula,
1
fw) = f(w) =)V (wy) - dwy,+ 3 > wy - V2 f (wy,) Swg + > O (|5wk|3) .
k k k
By (8.1),
Swy, = —V L (wy,) 0t + V22 6By, + 0 (6ty,)

1
and 0By is Gaussian with covariance 0t,l. So |dwy| is of size 6t} , not §tx, and the second-order
sum does not vanish as maxy, 6t, — 0. Its main part is

e 6By - V2f (wy,) 6By
k

Given the path up to time t;, the k-th term has the mean and the variance
eAf (wy,) 0ty and 2e*Tr (VZf (wtk)2> ot3,

and the fluctuations of different terms are uncorrelated. So the second-order sum tends to
5f0 Af(ws)ds in L?. This is the rule dB; dB; = (5]l dt. The third-order sum is of size 3, 5tk,
which tends to 0. The first-order sum tends to — fo VL -V f(ws)ds plus the limit of

V2e Y V[ (wy,) - 0By,
k

which is, by definition, the stochastic integral. Each term has mean zero, since V f(wy, ) depends
only on the path up to time ¢y, and 0 B}, is independent of it and has mean zero. This is why the
integrand is evaluated at the left endpoints.

The operator L. is called the generator of the Langevin dynamics. Taking expectations, we
obtain
Ey [f (w)] = f(w) +tL.f(w) +o(t) ast — 0.
The term €A comes from the variance 2¢t of the noise, and the term —V L -V comes from the
drift. Moreover, u(t,w) = E,[f(w;)] solves the Kolmogoroy] equation

O = L.u  with u(0,-) = f.
See also Delande [Dl, Section 1.1].
Proposition 8.1. For f, g € C*(T?),

fL.gdr. = —¢ Vf-Vgdr..
Td Td
Consequently, the Gibbs measure is invariant, that is,
[ Ealgiinian) = [ gir. orizo
Td Td

Moreover, —L. is a symmetric non-negative operator on L*(T¢, ).

IA. Kolmogoroff, Uber die analytischen Methoden in der Wahrscheinlichkeitsrechnung. Math. Ann. 104 (1931),
415-458.
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PROOF. Since ]
Ve s = ——¢ £VIL,
9

we have

e’gﬁeg = &te’%Ag — e EVL- Vg = ediv (e’%Vg) .
Multiplying by f and integrating by parts on T? gives the identity. Taking f = 1, we get

/ L.gdr. = 0.
Td

So, by the Kolmogorov equation for u(t, w) = E,[g(w;)],
d
4 | Ealgoimiaw) = [ Louttar —o
dt Td Td
The last claim follows from the symmetry of the right-hand side in (f, g), and from

—/ fﬁsfdﬂsze/ VfRdr. > 0.
Td Td
]

The symmetry is the reversibility of the dynamics with respect to m.; see Berglund [Bl Section
1]. As € — 0, the Gibbs measure concentrates on the zero set L~1(0), and the process spends
most of its time near it.

In the language of semigroups, the Kolmogorov equation says that

Eu[f (wy)] = (et£6f> (w) fort>0.

So the Langevin dynamics is encoded in the semigroup e“<, a heat semigroup with a drift. The
Schwartz kernel p;(w,w’) of €<, defined by

(etﬁef) (w) = /Td pe(w,w') f(w') dw',

is the transition density: p;(w, -) is the density of the law of w; under P,,. As a function of (¢, w’),
it solves the adjoint equation with respect to dw, called the Fokker-Planck equation,

Op = eAp +div (pVL) = ediv (e’%V (e%p» with p(0, ) = 0.

By the identity in the proof of Proposition , p= ge_g solves the Fokker-Planck equation if
and only if 0,9 = L.g. In particular, the stationary solutions are the multiples of e_%, which is
the invariance of the Gibbs measure written for densities. On R? instead of T?, two examples are
explicit.
(1) No potential: If L is constant, then w; = w + v/2¢B;, and
pe(w,w') = (47r5t)’%e’%
is the heat kernel of e***. So Brownian motion is the probabilistic form of the heat kernel.
(2) Quadratic potential: If L(w) = &|w|* with p > 0, then the law of w, under P, is Gaussian
with mean e #w and covariance i(l — e 1. As t — oo, it tends to the normalized Gibbs
measure, the Gaussian with covariance iI. This is the Ornstein-Uhlenbeck process, and p; is
given by Mehler’s formula.
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In general, Lemma [8.4] gives
tL L _tp L
e = e2e £ fe 2,
So every expectation for the Langevin dynamics is computed by the Schrodinger semigroup of
the Witten Laplacian P.. For the quadratic potential, P-. is a harmonic oscillator. Finally, the
reversibility means that if wy is distributed according to the normalized Gibbs measure, then

the pair (wp,w;) has the same law as (w,wp). Indeed, by the symmetry in Proposition [8.1]
e L(sw)pt(w, w') is symmetric in (w, w’).

8.2. Hitting times and boundary value problems

Definition (Hitting times). For a closed set C' C T¢, the hitting time of C' is
o =inf{t >0:w, € C}.

A basic tool is the strong Markov property: at a hitting time 7, the process starts afresh, i.e.,
given the path up to time 7¢, the future path (w,.it)i>0 is the Langevin dynamics started at
Wr..
Probabilities and expectations of hitting times solve boundary value problems for L.. Let
A, B C T? be disjoint closed sets whose complements have C'* boundaries. Then the probability

qap(w) =P,[1t4 < 7] to reach A before B solves
Le.gap=0in T\ (AUB), qap=1onA, gap =0 on B,
and the mean hitting time wg(w) = E,[75] solves
—L.wp=1in T\ B, wp=0on B;

see [BEGK] (2.9), (2.17), and (2.25)]. The function g4 p is called the equilibrium potential, or
the committor function [Bl Section 3].

A random time 7 > 0 is called a stopping time if, for each ¢ > 0, the event {7 < t} is
determined by the path (w;)o<s<:. Hitting times are stopping times; the time of the last visit to a
set before time 1 is not. The stochastic integral in [t6’s formula, stopped at a bounded stopping
time, still has mean zero. So, for f € C?(T¢), a stopping time 7, and ¢ > 0, taking expectations
in [t6’s formula at the time ¢t A 7 = min{¢, 7} gives Dynkin’s formula

Eu [f (winr)] = f() + E, [ / Lt () ds] .

Dynkin’s formula proves the representations above, starting from the solutions of the boundary
value problems, which exist by elliptic theory. Suppose that A and B have smooth boundaries,
and let u solve

—Lau=1inT4\ B, u=0ondB.
By elliptic regularity, u is C? up to 9B, and we extend it to a function in C?(T%). By the
maximum principle, © > 0 outside B. Let w ¢ B. For s < 7, we have wys ¢ B, and hence
L.u(ws) = —1. So Dynkin’s formula with 7 = 75 gives

w(w) = Ey [u(winrg, )] + Ey [t A TB].

Hence E,[t A 73] < maxwu for all t. By monotone convergence, E,[T5] < maxu < oo, and in
particular, 75 < oo almost surely. As ¢t — 00, u(wirr,) — u(w,,) = 0, and dominated convergence
gives

u(w) = E, [18] .
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The same argument for the solution ¢ of £.q = 0 in T¢\ (AU B), with ¢ =1 0on dA and ¢ =0
on 0B, gives

q(w) = By [q (wry )] = Pu [14 < 78]
So the solutions of the two boundary value problems are the equilibrium potential g4 g and the
mean hitting time wpg.

8.3. Metastability in dimension one

In dimension one, the mean hitting time can be computed explicitly, and the whole asymptotic
theory is an exercise in Laplace’s method. We consider the Langevin dynamics on R with a
potential L € C3(R) which grows at least linearly at —oo, i.e., L(z) > |z| for 2 < —R, for some
R > 0.

Proposition 8.2. For b € R, the function

1 (" v :
w(x):g/ e“s)</ eL(s>dz>dy forx <b

ew” — L'w' = —1 on (—00,b)  with w(b) = 0.

_L
Moreover, e =w’ — 0 at —oo.

solves

PROOF. Since

the equation is equivalent to

Differentiating the formula gives
L(z) 1 (7 L(2)
e = w(r) = —/ e = dz,
—00

which satisfies this equation, and which tends to 0 at —oo by the growth of L. 0

For a < x < b, Dynkin’s formula on the interval (a,b), as in the previous section, gives
w(z) = w(a)P, [1a < 1] + Eu [1a A1)
One checks that the first term tends to 0 as a — —oo, by the growth of L, and the second term
tends to E,[7,] by monotone convergence. So w(z) = E,[r] is the mean hitting time of b. The
next theorem is the one-dimensional Eyring-Kramers formula, in which we allow the well to be
degenerate; see Figure [8.1]
Theorem 8.3. Let x4 < z* < b, and assume the following.
(1) x4 is the unique global minimum of L on (—o0,b], and there are k > 0 and an integer k > 1
such that
L(z) = L(za) =k (z—22)" A+ 0z —x4])) asz— za.
(i) L'(z*) =0, L"(z*) = —pu_ <0, and L(y) < L(z*) fory € (z*,b].
Let h = L(z*) — L(x4). Let K be a compact subset of {x < z*: L(y) < L(z*) fory € [x,z*)}.
Then, uniformly for x € K,

1 2
E, [r] = 2T (1 + %> m—'fk\/:ﬂsi‘ée? (1+0o(1)) ase—0.
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PROOF. Write

By Proposition [8.2]
1 (% tw
B fn = [ < 1w)dy

We first estimate the inner integral. Let

1 IS i L(za)
=2I'(1+— | | — T .
J ( + 2]{3) (/{) c

We claim that I(y) = J(1+40(1)) uniformly for y € [247= b]. Let 6 € (0,1). Choose § € (0, =5%4)
such that

(1—0)k(z—2)* <L(z) = L(xa) < A+ 0)k(z—x4)*" for |z —a4| <6.

We use the substitution z — x4 = (£)2Fv and the integral

1 1
/ e dy = 2T (1 + ) c 2k forc>0.
R 2k

So
(14072 (1—o(1)) s/ e s < (1—0) %,

|z—z4]|<6

On the rest of (—o0, b], we have L > L(z4) + ¢ for some ¢ > 0, by (i) and the growth of L. So

the rest contributes
o Lz g)+c
0 (e Heate ) — o(J).
Letting & — 0 proves the claim.

Next, we estimate the outer integral. Let 6 > 0 be small. For z € K and y € [z,b] with
ly — 2*| > 9, we have L(y) < L(z*) — ¢ for some ¢ > 0 independent of z € K, by the choice of K,
assumption (ii), and compactness. Since I(y) < I(b) = J(1 + o(1)), the part of the outer integral

with |y — 2*| > § is
L(z*)—c
0] <e c J) .

On |y — z*| < 0, the claim gives I(y) = J(1 + o(1)). Laplace’s method at the non-degenerate
maximum 2%, as in the proof of Proposition [6.1], gives

P )
y z* 2
/ eL(e)dy:eL(s)’/ig(l—i-o(l)).
2*¥—0 H—
1 o [27e
E, =-e¢ < 4/ —J(1 1)),
[n] = 2e* 5 250 (1 o(1)

which is the claimed formula. O

Hence

Remark. For k£ = 1, we have

1 3\ 1 27
K= 5L” (xa) and 2T <2> K2 =1 @)
So the formula becomes the classical Kramers formula
2
E,[r] = ———ef (1 +0(1)).

p-L" (x4)



8.4. THE EYRING-KRAMERS FORMULA 68

The degenerate well k(z — x4)% has the learning coefficient \ = i (see the examples in

Section , and the dimension is d = 1. So the transition time carries the factor 5’\_%, and it is
longer for a flat well than for a quadratic one by a power of . In dimension one, this is the law
conjectured in MAIS-O74 (Chapter [J)), and it holds for each starting point. In higher dimensions,
there is no explicit formula, and the zero set of L can be positive-dimensional and singular.

|
|
|
l
TA z* b

FIGURE 8.1. The potential L(z) = —% + 2+ 1, with a well at x4 = —1 and a
barrier of height h = % at 2 =1

8.4. The Eyring-Kramers formula
In higher dimensions, the barrier between two wells is crossed near a saddle point.

Definition (Critical points and Morse saddles). A point z is a critical point of L if VL(z) = 0.
It is non-degenerate if the Hessian V2L(z) is invertible. Its index is the number of negative
eigenvalues of V2L(z). A function whose critical points are all non-degenerate is called a Morse
function. A non-degenerate critical point of index one is called a Morse saddle: L decreases in
one direction and increases in the orthogonal directions.

The communication height between two disjoint compact sets K4 and Kp is

h = inf L (~v(t
inf max L (v(t))
where the infimum is over the continuous paths 7 : [0,1] — T¢ from K4 to Kp. Generically, it is
attained at a Morse saddle [Bl Section 1]. On the exponential scale, the large deviation theory of

Freidlin-Wentzell| gives the Arrheniug law
1iH(1)510g E., [t8] = L(2*) — L (x4)
e—

for two non-degenerate minima x4, zp separated by a Morse saddle z*, where 75 is the hitting
time of a small ball around xg. Moreover, the exit time from a neighborhood of a stable
equilibrium, divided by its mean, is asymptotically exponentially distributed [Bl, Section 2]. So
the transitions are rare events occurring at exponential times. The Eyring-Kramers formula
identifies the prefactor.

Remark (Hitting times and the Dirichlet heat semigroup). Let B be a closed set with smooth
boundary such that D = T¢\ B is connected. Let —£ be the self-adjoint operator on L?(D, )
defined by the quadratic form ¢ [ |V f[*dr. on Hj(D), i.e., —L. with the Dirichlet condition

M. Freidlin and A. Wentzell, Random Perturbations of Dynamical Systems. Springer, 1984.

5. Arrhenius, Uber die Reaktionsgeschwindigkeit bei der Inversion von Rohrzucker durch Sduren. Z. Phys.
Chem. 4 (1889), 226-248.
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on 0B. Let 0 < Ay < Ay <Az <--- be its eigenvalues, with eigenfunctions v; orthonormal in
L*(D, 7). The survival probability u(t, w) = P,[r5 > t] solves the Kolmogorov equation with
the Dirichlet condition

Ou=Luin D, uw=0on0dB, wu(0,:)=1.
Hence

Pl >t = (¢991) () = Lo ws(w) | vy

Integrating in ¢, we obtain

E, [r5] = /O I P ((—cf)l 1) (w),

which is the boundary value problem for wg. In the metastable situation, L is a Morse function,
B is a small ball around a local minimum z g, and x4 is the only local minimum of L in D. Then
Ay is exponentially small, while Ay > ¢ > 0 for small . The lower bound on A, follows from the
harmonic approximation of Section [8.6] which applies also with the Dirichlet condition, since
VL # 0 on 0B. Heuristically, 1, is close to a constant c. on the well of x4 and small on the
basin of . So the measures ;7. and im. concentrate on the well of x4, even if zp is deeper
and . itself concentrates near 0B. Hence

cs/zbldwam/wfdﬂg:l.
D D

1
Art ~
and E, [rg] = v
This is the exponential law of the transition times. To leading order, the Eyring-Kramers formula
is the asymptotics of A{', the inverse of the principal Dirichlet eigenvalue, and metastability is
the separation A; < As.
The bound Ay > ¢ uses that the critical points of L are non-degenerate. At a degenerate
well, Ay can tend to 0, and it is expected to be only polynomially small in €. For instance, let
d = 1, and suppose that L(z) = L(z4) + k(2 — 24)%* near x4 with & > 2. Then the substitution

Z—Tp= gﬁy turns the Witten Laplacian P. of Lemma near 4 into £2* times the operator
—85 + B2 Py — k(2K — D)ry? 2,

which does not depend on ¢. Since — L2 is unitarily equivalent to %Pg with the Dirichlet condition,

So, for w in the well and ¢ > 1,

Pyt >t~ e

Ay is of order £!~%. For the singular wells of Chapter |§|, a polynomial lower bound on Ay is open.
It is closely related to the spectral route to Problem [0.2] through the dynamics reflected near the
well; see the remark on spectral gap and relaxation in Section [8.6]

Theorem (Eyring-Kramers formula; Bovier-Eckhoff-Gayrard-Klein). Suppose that L is a
Morse function, x4 and xg are local minima, and the communication height between them is
attained at a single Morse saddle z*, at which V?L(z*) has the negative eigenvalue —p_. Under
the non-degeneracy assumptions of [BEGK],

27?\] |det V2L (2*)| LeH-L@a)

E., [78] = (14+0(1)) ase—0.

p—\ det V2L (z4) ‘
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The formula goes back to Eyrin and Kramer in the 1930s and 1940s. The first rigorous
proof in dimensions d > 2 is [BEGK| Theorem 3.2]. See Berglund [B Section 1] for the history
and the other approaches.

Remark (The exponential scale as an action). The theory of Freidlin-Wentzell is Laplace’s
method on the space of paths. Formally, the white noise B has the density

exp <—; /OT ’Bt‘th> ,

since the increments of B over intervals of length 0t are independent Gaussians with covariance
6t 1. Solving (B8.1)) for B, we see that the probability that (w;)o<;<r stays close to a given C' path

. _ Sp(é)+o(®)
¢ is, formally, e =, Where

IR
Se@) = [ |9+ VL
0
The action vanishes exactly along the gradient flow. For a path from x4 to z*, since

6+ VL) =6 - VL) +46- VL),

dt.

‘ 2

we have
Sr(9) = / b-VL(9)dt = L(=*) — L(xa).

Equality is approached as T — oo along the reversed gradient flow ¢ = VL(¢), i.e., along the
branch of the unstable manifold of z* which descends to x4, run backward. So the cheapest way
to climb is to run the gradient flow backward, at the cost of the height climbed. After z*, the
path descends to xp at no cost. This is the Arrhenius law.

In the language of Section , the potential of P. is V' = i[VL\Q to leading order. The Agmon

distance is )
das(o.) =int [ VGl
0

where the infimum is over the paths v from z to y. For every path,

| Vel =5 [ 19Lmisla = 5 1L 6m) - Lao)),

with equality along gradient lines. So

drs (20,3) = 5 (L&) = L (w2)

for x in the basin of x4 and for x = z*. Hence the ground state e~3 of P., normalized at x4,
L(z*)—L(z 4)
is e~ #ae(@as) on the basin of z A, and the Arrhenius factor e~ = is the tunneling factor

e_gdAg(a:A:'Z*) .

'H. Eyring, The activated complex in chemical reactions. J. Chem. Phys. 3 (1935), 107-115.
"H. Kramers, Brownian motion in a field of force and the diffusion model of chemical reactions. Physica 7
(1940), 284-304.
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8.5. Capacities

The approach of [BEGK] expresses mean hitting times through capacities, which are estimated
by variational principles. The Dirichlet form of the dynamics is

£.(f) :5/Td|Vf|2d7r€ for f € H'(T%).

Definition (Capacity). Let A, B C T? be disjoint closed sets with non-empty interiors. The
capacity of the pair (A, B) is

cap.(A, B) = inf {&;(f) cfe HY(T%), f=1ae on A, f=0ae. on B}.

In electrostatics, the capacity of a capacitor formed by two conductors A and B is the energy
[ IV f|? of the electrostatic potential f which equals 1 on A and 0 on B. This potential minimizes

the energy. Here the medium has the inhomogeneous conductivity ce . So cap.(A, B) is small
if every path from A to B passes through a region where L is large. The infimum is attained
at the equilibrium potential g4 5, and 0 < g4 p < 1. This follows by truncation and the strict
convexity of &; see [BEGK], Section 2].

Theorem (Bovier-Eckhoff-Gayrard-Klein). Let A, B C T? be disjoint closed sets whose
complements have C* boundaries. Then there is a probability measure va g on OA, the normalized
equilibrium measure, such that

1
E., dw) = —————— dm..
/(9A [TB] VA7B< w) Capa(A7 B) /Td\B QA’B "

This is [BEGK, (2.27)], stated there in a domain of R? with a small ball in place of A. The
formula explains the heuristic for mean transition times. The function g4 5 is close to 1 on the
well of A and close to 0 on the well of B. So the numerator is essentially the Gibbs mass of the
starting well, while the denominator is the conductance of the narrowest passage between the
wells.

Remark (The formula as Green’s identity). The formula of Bovier-Eckhoff-Gayrard-Klein
is Green’s identity for the weighted Laplacian L.. Suppose, for simplicity, that 0A and 0B are
smooth, and write

Q=T\(AUB) and q=qap.

By the proof of Proposition , e EL.g = ediv(e’§Vg). Let n be the unit normal on 0A
pointing into A, and let dS be the surface measure on JA. Since ¢ < 1in 2 and ¢ =1 on 0A, we
have 0,q > 0 on 0A. The equilibrium measure is the flux of the current 56’%Vq into A, that is,

eap(dS) =e0nq e~ % dS.
First, div(e_%qVq) = 6_%|Vq|2 in ©, Vg = 0 in the interiors of A and B, and ¢ = 0 on dB. So

the divergence theorem in €2 gives

cap.(A,B) = E.(q) = ¢ | Onge < dS = 4 5(0A).
0A

Second, L.q =0 and L.wg = —1in €2, and ¢ = wg = 0 on dB. So Green’s identity in {2 gives

—/qdwg —/(qﬁEwB—wgﬁgq) dr. —€/ (Onwp — wp Onq) e~ % ds.
Q Q

0A
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Since L.wp = —1 also in A, the divergence theorem in A gives

€ OnWp e~ %dS = —/ Lowpdr. =m(A).
9A A

Since ¢ = 1 on A, we obtain

/ wpdesp = m:(A) —i—/qdwg :/ qdm,.
9A Q Td\ B

Dividing by cap,(A, B) = e p(0A) gives the formula, with
€AB
cap.(A, B)
So the proof uses only the boundary value problems for g4 p and wg.

VA B =

We explain the Eyring-Kramers formula from this, since the same computation underlies
Chapter [0l By Laplace’s method, as in Proposition [6.1] the Gibbs mass of a small ball A around
a non-degenerate minimum x4 is

1 L(

m.(A) = (2me)? (det V2L (x4)) *e 7 (14 o(1)).

For the capacity, let h = L(z*), and let e; be the unstable direction at z*. Consider first the
one-dimensional problem. If f is a function on [—§, 6] with f(—J) =1 and f(d) = 0, then, by the
Cauchy-Schwarz inequality,

4 g *tse
1§</ |f'(s |ds> / |f (s - +1)ds/ ™ :l)ds,
-5 -3

. . . . . L(z* ) .
with equality if f’ is proportional to e = Since

L(z* +se)) = h——s +0(|sP)

Laplace’s method shows that the one—dimensmnal capacity through the saddle point is

ce™ ,/2“7; (1+0(1)).

In the d — 1 stable directions, L increases quadratically. Integrating the one-dimensional capacity
against the transversal Gaussmn weight produces the factor (27‘(‘6) = (det H')"2, where H' is the
restriction of V2L(2*) to ef. The product is

Re = gﬂ (27r5)

is the Eyring-Kramers formula.

_1
P (8.2)

L (%)

and the ratio = (A

8.6. The semiclassical point of view

The generator L. is unitarily equivalent to a semiclassical Schrodinger operator, with the
temperature € in the role of the semiclassical parameter.

Lemma 8.4. The map f + e~ % f is a unitary operator from L*(T%, x.) onto L*(T?,dw). For
v e C?(TY),

1
e (—eL.) (62%1)) = P.v, where P. = —*A + 1]VL|2 — %AL.
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PROOF. The first claim is clear from m.(dw) = e~ < dw. Let u = e%v. Then

Vu = 625 (Vv UVL>
2e
and L AL L|?
Ay = e2 Av—i—v -Vv+v +U|V| .
€ 2e 4e2
Hence

1
—eLou = —2Au+eVL-Vu = e <—€2AU + Z\VLIQU - ;;AL) .
O

The operator P. is the Witten Laplacian on functions associated Wlth , introduced by Witte
in his analytic approach to Morse theory. See also the book of Helffer—NleIl and Delande [D]
Section 1.1]. By Proposition , 1, P. is non-negative, and P.e™ % = 0,ie.,e —% is its ground state.
Since T? is connected, &.(f) = 0 only for constant f, so the ground state is simple. Since —L, is
unitarily equivalent to %PE, the spectral gap of the generator, i.e., the smallest non-zero eigenvalue
of —L., is % times the smallest non-zero eigenvalue of P.. To leading order, the potential of P.
s %|VL|2, which vanishes exactly at the critical points of L. So the low-lying spectrum of P is
decided at the critical points.

Remark (The harmonic approximation). Let z be a non-degenerate critical point of L, and
let pi1, ..., ig be the eigenvalues of V2L(z). If we replace L by its Taylor polynomial of order two
at z, then P. becomes the harmonic oscillator

2 Lo 2 e
— At V2L(2)(w = 2)| - 5 2 i
j=1
whose eigenvalues are

5Z<|Mn3 |,u]] ) for nq,...,ng € {0,1,2,...}.

So its lowest eigenvalue is 0 if 2 is a local minimum, and €2, o [#;| > 0 otherwise.

For a Morse function L, the harmonic approximation of Simo and of Helffer—Sjéstran
shows that, for each k, the k-th eigenvalue of %Pg converges as € — 0 to the k-th smallest of

the numbers >, (|p;]n; + “L]'T_“J) over all critical points 2z and all (ny,...,ny). In particular, if
¢ > 0 is smaller than the smallest positive one of these numbers, then, for small €, P. has as
many eigenvalues in [0, ce| as L has local minima. These eigenvalues are in fact exponentially
small. Under generic assumptions, Helffer—Klein—Nie and Bovier—Gayrard—Klei proved that

IE. Witten, Supersymmetry and Morse theory. J. Differential Geom. 17 (1982), 661-692.

B, Helffer and F. Nier, Hypoelliptic Estimates and Spectral Theory for Fokker-Planck Operators and Witten
Laplacians. Springer, 2005.

HB Simon, Semiclassical analysis of low lying eigenvalues. I. Non-degenerate minima: asymptotic expansions.
Ann. Inst. H. Poincaré Sect. A (N.S.) 38 (1983), 295-308.

VB. Helffer and J. Sjostrand, Multiple wells in the semi-classical limit. I. Comm. Partial Differential Equations
9 (1984), 337-408.

VB. Helffer, M. Klein, and F. Nier, Quantitative analysis of metastability in reversible diffusion processes via a
Witten complex approach. Mat. Contemp. 26 (2004), 41-85.

VA, Bovier, V. Gayrard, and M. Klein, Metastability in reversible diffusion processes. II. Precise asymptotics
for small eigenvalues. J. Eur. Math. Soc. (JEMS) 7 (2005), 69-99.
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the non-zero ones are ¢ times the inverses of the Eyring-Kramers mean times of the transitions
from the local minima to the deeper ones, up to factors 1 + o(1). For a singular well, V2L
degenerates along the well, and the potential i|VL]2 vanishes on the whole well, which may be
positive-dimensional. So the harmonic approximation is not available, and the low-lying spectrum
of P. reflects the singular geometry of the well. For instance, the size of the spectral gap in the

example of Chapter [10|is Problem [10.1|(b).

Remark (Spectral gap and relaxation). Let U C T? be a connected open set with smooth

boundary, and let
]IU Te

me(U)
be the normalized Gibbs measure on U. The quadratic form ¢ [, [V f|*d#t on H'(U), with no
boundary condition, defines a non-negative self-adjoint operator —CY on L?(U, #). It is —£. with
the Neumann condition 9, f = 0 on OU, where n is the unit normal. It generates the dynamics
reflected at OU, i.e., the Langevin dynamics pushed back into U whenever it reaches 9U. Its
kernel consists of the constants. By the min-max principle, its spectral gap 7., i.e., its smallest
non-zero eigenvalue, is

T =

e[, |Vf|?d#

Ve = inf{ Ju| Af| —— : f € H'(U) is not constant} with #(f) = / fdr.
Julf =7(P)I dr v

So 7. is the best constant in the Poincaré inequality for 7. Since et£e'1 =1, the spectral theorem

gives

[ F =2 oy < €7 NS = FD20sy-

So, after a time large compared with 7!, the expectations E,[f(w;)] for the reflected dynamics
no longer depend on the starting point w, in the L? sense. This is why ! is called the relaxation
time, and why a lower bound on 7., polynomial in e, expresses the equilibration within a
well. Upper bounds are easier: for every non-constant f € H'(U), the quotient in the infimum
above is an upper bound for v.. For U = T¢, there is no boundary, and ~, is the spectral gap
of the generator above. In this case, suppose that the law of wy has the density goe’é with
go € L?(T?, 7). By the Fokker-Planck equation and the identity in the proof of Proposition ,

the law of w; has the density gte_% with

_ tLe

gt = € Jo-
Since [ godm. = 1, we have #(go) = m-(T%)™*, and the bound above gives
. dy—1 —et - d\—1
Hgt me(T°) L2(7e) se ‘go me(T%) ‘L2(ng)'

So the law of w; approaches the normalized Gibbs measure on the time scale '



CHAPTER 9

Eyring-Kramers laws for singular wells

In Chapter [§] the wells of the potential were non-degenerate minima. For the loss of a neural
network, the wells are positive-dimensional singular sets of optimal parameters (Chapter . How
does a singular well change the Eyring-Kramers formula? In this chapter, we state the problems
MAIS-O73 and MAIS-O74, prove the conjectured law for the mean transition time started from
the equilibrium measure, compute the constant for monomial wells, and explain what remains
open. Our presentation mainly follows the author’s work [HJ.

9.1. The problems

Let L : T¢ — [0, 00) be real-analytic. Suppose that its zero set consists of two disjoint compact
connected components, the wells, i.e.,
Wo=L10)=K,UKp.

To each well K, we attach the pair (Ax,mg): the minimal local learning coefficient over K, and
then the maximal multiplicity among the points of K attaining it. Let A be the communication
height between K4 and Kp (Chapter . For a small p > 0, let 75 be the hitting time of

{w : dist (w, Kg) < p}.
Let B4 be the basin of K4, i.e., the set of points from which gradient flow converges to a point
of KA.

Problem 9.1 (MAIS-O73). Determine the asymptotics of E,[tg] as € — 0, uniformly for w
in compact subsets of the interior of B4 N{L < h}, in terms of the local data of L at K4 and the
geometry of L at the gate between the wells.

On the exponential scale, the answer et is supplied by the Freidlin-Wentzell theory (Chapter
. So the problem is the prefactor. The general problem allows degenerate gates. The problem
MAIS-O74 is the case of a single Morse saddle.

Conjecture (MAIS-O74). In the setting above, suppose that the infimum h is attained at a
single non-degenerate critical point z* of index one. Then

d 1\ma—t
B, [rs) = CeM ¥ (log =) ef (1+0(1)).

uniformly for w in compact subsets of the interior of Ba N{L < h}, where C' > 0 is explicit in
the leading coefficient of the volume asymptotics of L at K4 and the Hessian data of L at z*.

The heuristic is the ratio in the formula of Bovier-Eckhoff-Gayrard-Klein (Section [8.5): the
mean transition time is the Gibbs mass of the starting well divided by the capacity of the gate.
The mass is of order 4 (log %)m“*l by the volume law, and the capacity of a Morse gate is of
order gge’%, as in . When K4 is a non-degenerate minimum, A4 = g and my = 1, and the
conjecture is the Eyring-Kramers formula. In dimension one, the conjecture holds for each starting
point by Theorem In higher dimensions, the existing theorems assume non-degenerate wells

75
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(Bovier-Eckhoff-Gayrard-Klein [BEGK]), isolated degenerate minima (Avelin-Julin-Viitasaar]),
Morse-Bott wells (Assal—Bony—Miche, or isolated critical points with diagonal monomial normal
forms (Delande [D]). Here a Morse-Bott well is a smooth submanifold along which the Hessian
is non-degenerate in the normal directions. None of these results covers a positive-dimensional
singular well.

We formulate the hypothesis on the gate as follows. Let G4 and G be the connected
components of {L < h} containing K4 and Kp, respectively. We assume that z* is a Morse
saddle with L(z*) = h, and we write —u_ for the negative eigenvalue of VZL(z*). We assume,
moreover, that the two sides of z* in the unstable direction lie in G4 and G g, respectively, and
that every path from K4 to Kp along which L stays slightly above h passes near z*. See [H|
Section 1.1] for the precise statements.

9.2. The Gibbs mass of a singular well

The volume law of Chapter [6] transfers to the Gibbs mass by the computation in Proposition
6.2, with % in place of the sample size n.

Proposition 9.1. Suppose that, for a closed neighborhood A of K4 disjoint from Kg,
1 ma—1
Va(e) =Leb({w € A: L(w) < &}) = cue™ <10g ) (1+0(1)) ase—0".
€

Then . .
ma—
T(A) =T (Mg + 1) cae™ (log> (I+o0(1)) ase—0.
3

PROOF. As in Proposition [6.2]
7(A) :/ e “Va(eu) du.
0

The same dominated convergence argument applies, with the bound V4 < (27)¢ in place of
V<1 O

So the Gibbs mass is governed by the same volume law as the Bayesian free energy, and
selection at equilibrium is Watanabe’s computation. For real-analytic L, the volume law holds
with (A4, m4) as above. Indeed, let ¢ > 0 be a smooth cutoff with suppy C A and ¢ = 1 near
K 4. Since L is bounded below by a positive constant on A\ {¢) = 1}°, we have

Va(e) = / dw for small e.
{L<e}

So the volume law follows by resolution of singularities, as in Section [6.3] together with the
localization of the learning coefficient to the points of K, (Watanabe [W]). In [H], the volume
law is taken as a hypothesis. By Lemma g < %.

IB. Avelin, V. Julin, and L. Viitasaari, Geometric characterization of the Eyring-Kramers formula. Comm.
Math. Phys. 404 (2023), 401-437.

M. Assal, J.-F. Bony, and L. Michel, Metastable diffusions with degenerate drifts. Ann. Inst. Fourier (Grenoble)
75 (2025), 1-33.
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9.3. Capacity through a Morse gate

We call two closed sets A, B C T an admissible pair if they are connected, K4 and K3 lie in
their interiors, respectively, and
max L < h.
AUB

For instance, the closed p-neighborhoods of K4 and Kp form an admissible pair for small p.
Theorem 9.2 ([H]). Under the hypothesis on the gate, for every admissible pair (A, B),
cap.(A,B) = k. (1 +0(1)) ase—0,
where k. is given by .

The theorem requires nothing of the wells: the capacity is decided at the gate. We outline the
proof. For the upper bound, one constructs a test function f in the definition of the capacity. Let e;
be a unit eigenvector of V2L (z*) for the eigenvalue —p_. Near z*, in coordinates w = z*+yje; +y/
with 3/ L ey, let f depend only on ¥, through the optimal one-dimensional profile

§
Y1

f i€ = ds

Away from z*, let f =1 on the side of K4 and f = 0 on the side of K. The hypothesis on the

gate guarantees that the two sides can be separated by a region where L > h, and there the

energy of f is negligible. The energy of f near z* is the Gaussian computation in Section [8.5]
For the lower bound, the energy of every admissible function is bounded from below along a

family of curves, by the following lemma, whose idea goes back to [BEGK] Proposition 4.7].

Lemma 9.3 (Tube lower bound). Let W C R be a bounded open set, and let W : [0, S] x
W — T4 be an injective C* map whose Jacobian determinant J is positive, such that ¥(0,v) € A
and V(S,v) € B forveW. Then, for every f € C*(T?) with f =1 on A and f =0 on B,

dv 510, (s,v) > L)
E(f) >« ——, where R(v) = —— e = ds
YRR =] e

PROOF. By the change of variables w = U(s,v),

>5//|Vf 0> e 5 J ds dv.

For fixed v, let F(s) = f(V(s,v)). Then [F'(s)| < |Vf(V)||0s¥|. By the Cauchy-Schwarz
inequality,
S SIF'PT _wwm :
1=F(0)—-F(5) < |F'| ds < s < ds| R(v)
0 o [0:Y]

< </OS|Vf(\I/)|Qe‘L(f)st>2R(v) .

Squaring, dividing by R(v), and integrating over v completes the proof. U

32
e~ ds
g(y) =

N

M=

To obtain the sharp lower bound, one takes a tube of straight fibers W(s,v) = 2* + se; + v
through the saddle point, with v L e; ranging over a ball of radius e3 log %, and continues the
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fibers through the wells to A and B; see Figure . Near z*, we have J =1 and |0;¥| = 1. Let
H' be the restriction of V2L(z*) to ef, as in Section 8.5, Then

v-H'v 2
R(v) ~ ket 2T
\ e

So the integral ¢ [ dv_ j5 the Gaussian computation of k. in Section . The continuation

R(v)
through the wells costs exponentially less, because L < h there. In [H|, the continuation is
made of translates of one polygonal path, and weights compensate for its self-intersections. No
information on the wells is needed.

=N
FIGURE 9.1. A tube of fibers from A to B through the saddle point z*; the dashed
curves are level curves of L at a level slightly above h

9.4. An averaged singular Eyring-Kramers law

Combining Proposition 0.1} Theorem [0.2] and the formula of Bovier-Eckhoff-Gayrard-Klein, we
obtain the conjectured law for the mean transition time started from the normalized equilibrium
measure v4 g of Section 8.5

Theorem 9.4 ([H]). Suppose that K4 satisfies the volume law in Proposition[9.1, and that
the gate is a Morse saddle as above. Let (A, B) be an admissible pair whose complements have
C! boundaries. Then

1 mAfl
/ B, 5] vas(dw) = Ceet# (log 1) e
0A I

LaEy

(14+0(1)) ase—0,

where 1
2 *\ |3
0. oyt DO+ Ve et VL G
[
PROOF. By the formula of Bovier-Eckhoff-Gayrard-Klein, the left-hand side equals

1 / p
1 DN qgA,B QT¢.
Caps(Av B) T\ B :
Since gap=1on Aand 0 < gup <1,

0< / dA,B dﬂs - WE(A) = / dA,B d7T5 < (27T)d€7§,
T\B T\ (AUB)

where ¢ > 0 is the minimum of L on the compact set T\ (A° U B°), which avoids W;. This error
is negligible compared to m.(A), which is given by Proposition [9.1] Dividing by cap_(A, B) =
Ke(1 4+ o(1)) from Theorem (9.2 gives the theorem. O

Remark. When K4 = {x4} is a non-degenerate minimum, the regular case of the examples
in Section [6.3] gives

r (;l + 1) ca = (27)% (det V2L (xA))_% .
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So C, is the Eyring-Kramers prefactor. Since A4 < g, the factor eéM~% is never small. So,
compared with a non-degenerate well, a well with A4 < g lengthens the transition time by this
power of €. Moreover, the capacity is symmetric in (A, B). So if Kp also satisfies a volume law,
then the mean transition time from K, to Kp divided by the one from Kpg to K4 is

F'(Aa+1)ca A —Ap < 1>mA—mB
_— = log — 1 1
F()\B‘i‘l)CBg Oge’f ( +O( ))’
i.e., the ratio of the Gibbs masses of the two wells, as one expects from reversibility.

The constant c4 is explicit for monomial wells, a natural first target. Let kq,...,k; > 1 be
integers, and set
T (W . 1

F(w) = [ sin® (), w=maxk;, [={j:kj=2x}, and A= _—.

e 2 J 2

The zero set of F' is the union of the coordinate subtori {w; = 0}, which is singular along its

crossings. Near the origin, F'is []; wf-kj times a positive analytic factor. Write w = (w;, w’) with
w' = (wj);¢r, and let my = Card I. Here my plays the role of the multiplicity.

Proposition 9.5 ([H]). Suppose that K4 = F~'(0) and L = FG on a neighborhood of K a,
where G is continuous and positive there. Then the volume law holds with Ay = X\, ma = myg, and

k.
4mo ymo—1 _ -2
cA—/ G (07, w") ’\H sin 2|7 du'.
(m() - 1)' Td—mg ]¢I
The proof in [H] is probabilistic. If w is uniformly distributed on T?, then the variables

U; = —log|sin | are independent, with the tails
2 ) s
PU; > s] = — arcsin (e ) ,
and {F < e} is the event

d 1
Z 2ijj > IOg —.
j=1 <
So the volume law reduces to the tail of a sum of independent random variables. Since P[2k;U; > s]

s

is of order e %, the terms with j € I dominate. For j € I, the tail of 25U, is comparable to
that of an exponential random variable with mean % So, as for a sum of mg independent such
variables, the sum of these mg terms has a tail of order s™~!e=*¢. With s = log %, this is the
order e*(log 2)™~! of the volume law.

Example. Let d =2 and G = 1.
(1) If (k1, ko) = (1,1), then Ag = 1, m4 = 2, and ¢4 = 8. So the transition time carries the factor
1
e zlog .

(2) If (k1, ko) = (2,1), then Ay = £, ma =1, and

L 8y/mT (i)
r(3)

So the transition time carries the factor .

1
49
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Remark (The prefactor is not local). Let (k1, k2) = (2,1) as in Example (2), but let G be
general. Then I = {1}, and
cq = 4/ G(O,wg)ﬁ sin% = dws.

—Tr

So ¢4 depends on the values of G along the whole circle {w; = 0}. Hence the prefactor C, is not
determined by the germ of L at any single point of K 4. It is a global quantity along the deepest
stratum of the well.

Remark (Where the Gibbs mass sits). By Lemma , Te(dw) = (6_2%)2 dw is the square
of the ground state of the Witten Laplacian P.. So the weak limits of the normalized measures
7.(A) " 4 7. as € — 0 play the role of the semiclassical measures of a sequence of eigenfunctions.
The computation behind Proposition [9.5] with a continuous function f inserted in the integrand,
identifies the limit on a monomial well. It is the probability measure on the subtorus {w; = 0}
whose density with respect to dw’ is proportional to

.

J

»

G (07, w') IT |sin |

i¢l
So the Gibbs mass concentrates on the deepest stratum of the well, where the local learning
coefficient is minimal and the multiplicity is maximal. It is not uniform there: it accumulates

near the crossings with the other coordinate subtori.

9.5. The pointwise problem

Theorem [9.4] concerns the mean transition time when the starting point is distributed according
to v4 g. The conjecture asks for each starting point w. We explain what is missing [H|, Section 9].
Let

T'E = / Ey [TB] I/A,B(dy)-
oA
For w ¢ AU B, the strong Markov property at the hitting time of AU B gives

Eo [78] = Eu [avs] + Eu [Lry<rpBu,, [75]]

Since w,, € 0A and

inf E. [r5] < T. < supE. [rg],
0A 0A

the pointwise law on a compact set D C T¢\ (AU B) follows from Theorem and the three
estimates

(a) supyep Ew[raus] = o(T2),

(b) sup,ep Puwlts < Ta] = 0(1),

(c) SUPy +/c0A |Ey 78] — Ey[78]| = o(T%).

Recall from Chapter [8| that wg(y) = E,[75] solves the Dirichlet problem

—anlein']I‘d\B, wg = 0 on B.

Remark (The strong Markov property as superposition). Let 2 = T¢\ (AU B). In the
language of elliptic equations, the decomposition above is the superposition principle for the
Dirichlet problem in 2. Since Q C T¢ \ B, we have wp = u; + ug in 2, where

—L.up=1in Q, wu; =0 on 0f),
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and
Loy =01inQ, wus =wpon dA, wuy =0on JdB.
By Dynkin’s formula, as in Chapter [8| u;(w) = E,[7aup] and

ug(w) = /M wp dH,, where Hy(E) =Py [w,, , € E]

is the harmonic measure of Q at w for the operator L.. In particular, #,,(0A) = ga p(w). Let
T and T be the maximum and the minimum of wg on 9A. Then T, < T. < T, and

T qap(w) < wp(w) —ui(w) < T qap(w).

By (a), u; = o(T:) on D. By (b), the equilibrium potential satisfies g4 5 =1 — o(1) on D. By (c),
T =T = o(T:). Hence

wp(w) =T. (14 o(1)) uniformly for w € D.

Estimates of the types (a) and (b) are established in [BEGK] for non-degenerate wells.
Estimate (c) is the main obstacle. It asks that the oscillation of wg on JA be small compared
with its size. So (c) is a Harnack-type estimate for the equation of wg along the well K 4, with
constants uniform in . For a non-degenerate minimum, [BEGK] controls the oscillation on a ball
of radius of order £2 by Harnack inequalities on balls of radius e. When K 4 is positive-dimensional,
O0A has diameter of order one. Then a chain of order e~! Harnack balls along K4 produces a
constant exponential in e~!, which is useless against the polynomial factor eM~%_ The reason is
the drift. In the variable w = wq + rz,

£.=5 (8.~ 1vev).
r 9

So the Harnack constant on a ball of radius r is bounded independently of £ when rsup |VL| < Ce
on the ball, and each ball in a chain costs a fixed factor.

Problem 9.2 (Equilibration along a singular well). Under the hypotheses of Theorem (9.4
prove (c), i.e., that y — E,[15] is asymptotically constant on 0A relative to Ty.

Heuristically, (¢) holds because the process equilibrates within the well on a time scale
polynomial in 7!, much shorter than 7.. Along a flat stratum, the noise moves the process
diffusively, covering distances of order one in time of order e~!. In spectral terms, a natural route
to (c) is a lower bound, polynomial in ¢, on the spectral gap of the dynamics reflected at the
boundary of a neighborhood of K 4. This gap is the best constant in the Poincaré inequality for
the normalized Gibbs measure there; see the remark on spectral gap and relaxation in Section [8.6]
By the conjugation in Lemma , it is % times the smallest non-zero eigenvalue of the Witten
Laplacian P. there, with the boundary condition conjugated from the Neumann condition. This
is a question of the same type as Problem M(b) in the next chapter. The potential |V L|? of
P. vanishes on the whole well, and there is no barrier inside the well. So the gap should not be
exponentially small. The limiting motion along the zero set of a real-analytic potential is studied
by Larssonﬂ. We discuss the motion along the zero set in the next chapter.

M. Larsson, Langevin dynamics along the zero set of real-analytic potentials. arXiv:2608.09840.


https://arxiv.org/abs/2608.09840

CHAPTER 10

Entropic selection and the noise of training

Metastability concerns wells separated by barriers, which are crossed on time scales exponential
in % But the optimal set of a network may contain strata of the same loss, joined inside W} with
no barrier between them. Noisy dynamics should still migrate from a less flat stratum to a flatter
one, driven purely by the volume transversal to the strata, on time scales polynomial in % This
entropic drift toward flatness is a candidate mechanism for the simplicity bias of noisy training,
i.e., its tendency to find simple solutions, where simplicity is measured by the learning coefficient
as in Chapter [6] In this chapter, we discuss the smallest test case, MAIS-O75, and the effect of
realistic noise.

10.1. Two strata of equal loss

On T?, consider
L(z,y) = sin® zsin* y.
As we saw in Chapter [6] its zero set W is the union of the two vertical circles {z € {0,7}},
where A =  off the crossings, and the two horizontal circles {y € {0,7}}, where A = 1. At the
four crossings, A = i and m = 1; see Figure .

2m
=
A
0,3)
0 ™ 2

FIGURE 10.1. The zero set of L(z,y) = sin® xsin* y on T?, with the vertical strata
(A = 3) and the horizontal strata (A = )
Problem 10.1 (MAIS-O75). Let w; be the Langevin dynamics with the potential L(x,y) =
sin? zsin'y at temperature e, started at (0, %), the midpoint of a vertical stratum.
(a) Let T be the hitting time of {dist(w,{y € {0,7}}) < p} for a fixzed small p > 0. Prove that
E[r] = e+ and determine b.
(b) Prove that the inverse spectral gap of the generator is of order e~
and determine a.

® up to logarithmic factors,

82
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(c) Replace the noise by the degenerate noise \/2e L(w;) dBy, which vanishes on Wy, and start

at (5,5) ¢ Wo. Show that w, converges almost surely to a point of Wy, and determine the

asymptotics of the distribution of the limit point as € — 0.

Problem is a natural first target. A solution would give a rigorous instance of purely
entropic selection between strata of a singular optimal set. The following heuristic explains the
expected answer to (a).

Question 10.1. Why should b= 17

Answer. Near the vertical stratum {z = 0} and away from the crossings, L(z,y) =~ z*sin’y.
For a fixed y, the transversal coordinate x relaxes quickly to the Gaussian distribution with

332 sin4
density proportional to e™ ¢ —, whose variance is
€
E |2%| = :
[ } 2sinty
The drift of the y-coordinate is
—0,L = —4sin® zsin® y cosy ~ —4x*sin® y cos v,

and averaging over the transversal Gaussian gives the effective drift

—4 <

: Jsin'y -sin®y cosy = —2e cot .

Equivalently, the transversal Gibbs mass at height y is

o m2 sin4 y \/ mE
/ e d
R

e dr = ———.
sin®y

So the y-coordinate feels the effective potential U, where

N

U(y) = —elog

—— = 2clog|siny| + const and —U'(y) = —2ecoty.
sin®y

This drift points toward the crossings at y = 0 and y = 7, where the channel of nearly optimal
parameters is widest. So the effective dynamics along the stratum is

dy; = —2¢ cot y, dt + \/2_5dBt.

As in the proof of Proposition , with the effective Gibbs density 6_%, which is proportional to

g its generator is

) 1
€ (85 — 2coty8y) = esin’y 9, <SH12y 8y> :
In the time s = et, the generator is divided by ¢, and the equation becomes
dy = —2cotyds +V2dB,, where 8, = géBg

is again a standard Brownian motion, by the scaling of Brownian motion. This process reaches a
neighborhood of {0, 7} in a time s of order one. Hence 7 is of order e~!. The entropic drift is of
the same order as the diffusion, so it biases the exit toward the crossings without changing the
exponent.

The effective dynamics also predicts the constant. By Dynkin’s formula, as in Section the
mean exit time u(y) of the effective dynamics from (p, ™ — p) solves

—e(u" —2cotyu’)=1on (p,m—p) with u(p) =u(r —p) =0.
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By the divergence form of the generator,

o\ 1
(sin2y> T esin?y’

Since u'(%) = 0 by symmetry, integrating from 7 gives

u'(y)

sin y cos y
5 :

Hence ) )
sin? y — sin? p T cos? p

el A el d K
u(y) 2 e ( 2 ) 2
Without the entropic drift, the mean exit time of 5(95 from the midpoint is

-(5-0)
2 \2 ")

It is larger, since cos p = sin(§5 — p) < § — p. So the effective dynamics predicts

Elr] = 2 (14 o(1).

i.e., b =1 with an explicit constant.

Remark (The adiabatic reduction). In the language of Section [8.6] the answer is an adiabatic
reduction of Born-OppenheimeIﬂ type. The transversal coordinate x is fast, and the coordinate y
along the stratum is slow. For a fixed y, write ¢ = sin* y. The Witten Laplacian in the variable z
for the potential 220 is the harmonic oscillator

—£%0% + o?2* — eo,
whose lowest eigenvalue is e — eo0 = 0 for every y. So, at order e, the transversal energy
produces no potential along the stratum. The effective dynamics comes from the dependence of
the transversal ground state on y, i.e., from the transversal Gibbs mass computed above. The
computation in the proof of Lemma [8.4] in dimension one and with U in place of L, turns the
effective generator €02 — U'(y)d, into
202 , Lo o €y 2 2 2
—S0+ U ) - U (y) =« (—02 +2cot’y + 1),

since
2e

sin?y’

U'l(y) =2ccoty and U"(y)=—

On (p, m — p) with Dirichlet conditions, its eigenvalues are of order 2. This corresponds to rates
of order ¢ for the generator, in agreement with the heuristic value b = 1. The potential 2 cot? y + 1
grows like y% at the crossing y = 0, where the transversal frequency o vanishes and the reduction
breaks down.

Part (b) is a question of semiclassical spectral theory. By Section , it asks to show that
the smallest non-zero eigenvalue of the Witten Laplacian P. of Lemma on T? is of order e!*¢
up to logarithmic factors. As explained there, the harmonic approximation is not available, since
the leading part i\VLP of the potential of P. vanishes on the whole zero set Wy, a union of four
circles. On the exponential scale, the theorem of Holley—Kusuoka—Strooc states the following.

1M Born and R. Oppenheimer, Zur Quantentheorie der Molekeln. Ann. Physik 84 (1927), 457-484.
"R. Holley, S. Kusuoka, and D. Stroock, Asymptotics of the spectral gap with applications to the theory of
simulated annealing. J. Funct. Anal. 83 (1989), 333-347.



10.2. DEGENERATE NOISE 85

For a smooth potential on a compact connected manifold, the spectral gap 7. of the generator
satisfies

limelog . = —h,

e—0

where h is the critical depth of the potential, roughly the largest height one has to climb from a
local minimum to reach a global minimum. The critical points of L off W}, are the four maxima
(£5,%£75). So every local minimum lies on the connected set W, of global minima, and s = 0.
Hence the gap is not exponentially small, and (b) asks for the power of ¢.

10.2. Degenerate noise

The noise of SGD is not isotropic, and it typically vanishes on the optimal set (Proposition
and the case of exact fits after it). Part (c) of Problem replaces the Langevin noise by
V2eL dB, a caricature of minibatch noise vanishing at zero loss. The initial point is off the zero
set, since on Wy both the drift and the noise vanish, and the process stays at its initial point. For
noise of this type, Wojtowytschﬂ proves the convergence to the optimal set and a preference for
flatness provably different from the isotropic case. What remains open is quantitative, and it is
part (c): how the selection is split between the learning coefficient and the basin of first arrival.

The dynamics of part (c) is

dwt = —VL (wt) dt + 25[/ (wt) dBt

By Ito’s formula, as in Chapter [§], its noise of covariance 2¢ L1 produces the second-order term
eLA. So the generator is

L.f =cLAf—VL-Vf=eL"#div(L7:Vf).

As in the proof of Proposition , L. is symmetric with respect to the measure L™= dw on
T2 \ Wy, which plays the role of the Gibbs measure. By the volume law, this measure has infinite
mass near every point of Wy, since 1 + % exceeds the learning coefficients % and i. So it cannot
be normalized, in accordance with the convergence of w; to W,. Moreover,

L.=L(A—~VlogL-V).

Multiplying a generator by a positive function only changes the clock. Precisely, let 1w be the
Langevin dynamics at temperature € with the potential log L, i.e.,

divy = —Vlog L () ds + V2e df,  with @y = w,

for a standard Brownian motion 5. Then, before W} is reached, the process w; has the same law
as Ws(r), where the clock s(t) solves

fl‘; _- (ws(t)) with s(0) = 0.
Indeed, at t = 0, the derivative of E[f ()] is L(wp) times the generator of @, applied to f at
wy, which is L. f (wp). So the two processes follow the same paths at different speeds, and the
limit point in part (c) should be the point at which 1, reaches Wj.
For L(z,y) = sin? zsinty,
log L(x,y) = 2log | sin x| + 4log | sin y|.

is. Wojtowytsch, Stochastic gradient descent with noise of machine learning type. Part II: continuous time
analysis. J. Nonlinear Sci. 34 (2024), Paper No. 16.
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So the two coordinates of w, are independent one-dimensional diffusions,
drs = —2cotzsds + V2¢e dﬁsl and dy, = —4coty,ds+ V2 dﬁf.

So the stratum

Near {0, 7}, their drifts point into {0, 7} and are of sizes ) and

dist(ac,Q{OJr} dist(yjl{OJr}) :
on which 1, arrives is decided by the coordinate which reaches {0, 7} first. From (7, 7), the
coordinate y starts at the unstable equilibrium 7 of its drift, while the noiseless flow of x reaches
0 at the time s = ilog 2. This suggests that, as € — 0, the limit point concentrates at (0, 5), on
a stratum with A = % So, from this initial point, the basin of first arrival decides, and not the

learning coefficient.



CHAPTER 11
Superposition

In Section , we described the superposition hypothesis of Elhage et al. [EHO]: a network
stores more features than its activation space has dimensions, as nearly orthogonal directions,
and it tolerates the interference between them because only a few features are active at a time.
The regular pentagon of Figure stores five features in the plane. In this chapter, we state the
hypothesis precisely and explain the mathematics behind it: room for exponentially many nearly
orthogonal directions (concentration of measure on spheres), the price of near orthogonality (the
Welch bound and spherical harmonics), and decoding (uncertainty principles and sparse recovery,
where the sup norms of eigenfunctions enter). We end with the toy model of Elhage et al. and its
open problems. For one active feature, unit norms, and zero biases, we prove that the regular
pentagon is optimal.

Throughout this chapter, m is the dimension of the activation space and N is the number
of features, usually with N > m. These letters have nothing to do with the multiplicity m of
Chapter [0} Similarly, in this chapter, ® and A do not denote the target matrix and the learning
coefficient of the other chapters. The inner product of R™ or C™ is (-, -), linear in the first variable.
For unit vectors vy, ..., vy, the coherence is

= max |(v;, v;)|.
i#]

A matrix whose columns are unit vectors is called a dictionary, and its coherence is that of its
columns. For x € RY or CV ||z||o is the number of nonzero entries of z, and x is called k-sparse
if |z|lo < k.

11.1. The hypothesis

Fix a trained network, a layer, and a probability distribution P on the inputs z € X. Write
h(z) € R™ for the activations of the layer at the input z.

Definition (Sparse linear model). Let N,k € N and € > 0. The activations admit an (V, k, €)
sparse linear model if there are unit vectors vy,...,vy € R™, a vector b € R™, and a measurable
map x : X — [0,00)", the code, such that
2

E|lx(2)]lo <k and E Hh(z) —b— ;xz(z)v, <ceE||h(z) — Eh(z)||2,

where the expectations are over z ~ P.

The vector v; is the direction of the i-th feature, and z;(z) > 0 is its intensity. The superposition
hypothesis says that the activations admit such a model with N > m, with directions that are
only nearly orthogonal, and with k& < m. The sparse autoencoders of Huben et al compute such
codes for language models.

iR. Huben, H. Cunningham, L. Smith, et al., Sparse autoencoders find highly interpretable features in language
models. International Conference on Learning Representations, 2024.
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Remark. Without further constraints, the definition has no content. Suppose that P is
supported on finitely many inputs 21, ..., 2y with h(z;) # 0. Then

h(z)
N M b=0 u= P and o ()= h) e

give an (M, 1,0) sparse linear model. So the hypothesis needs either a bound on N in terms of

the sample size, or a statistical model for the codes.

For the hypothesis to make sense, there must be room for N > m nearly orthogonal directions
(Sections [11.2{and [11.3)), and a k-sparse code x must be recoverable from Y, xz;v; (Sections

and [11.5]).

11.2. Room

Room comes from the concentration of measure on the sphere, through the following classical
bound for spherical caps. Let w be the normalized surface measure on S™ .

Lemma 11.1. Forv € S™! and € € (0, %], the cap
C(v) = {u e S (u,v) > 5}

satisfies

52771

w(Cl)) <e 2.
PROOF. Let K ={tu:u € C(v),0 <t < 1} be the cone over the cap. By polar coordinates,
Vol(K) = w(C(v)) Vol (B™),
where B™ is the unit ball. For v € C(v) and t € [0, 1],
tu — ev|* = t* — 2te(u,v) +e? <t — 2 + &2

The right side is a convex function of ¢, equal to €2 <1 —ec?att=0andto 1l —ec?att=1. So
K lies in the ball of radius v/1 — &2 centered at ev, and

m
5 1’52m

w(C(v)) < (1 —52> P <e 2. O

62m

Theorem 11.2. For e € (0, %], the sphere S™™1 contains at least %e 2 unit vectors with
pairwise |(v;, v;)| < e.

ProOOF. Two distinct unit vectors u, v with |(u,v)| < e satisfy

lu —v[* =2 —2(u,v) >2—2>0.
By compactness, such families have bounded cardinality. Let V' be one of maximal cardinality. If
u € S™ 1\ V, then V U {u} is not admissible, so |{u,v)| > ¢ for some v € V. This also holds for
u €V, with v = u. Hence
s™tc |J (Cv)uC(-v)),

veV

and Lemma [IT.T] gives
62777,

1<2|V]e 2.
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For m = 4096 and ¢ = 0.1, Theoremm gives about 3.9 x 10® vectors. The same concentration
of measure drives the equidistribution of random orthonormal bases of eigenfunctions in Section

1.0
The exponent 2m is sharp up to a logarithm. Alo proved that if N unit vectors in R™ have

pairwise |(v;, v;)| < &, where N2<e< %, then
clog N
~ e2log L’

where ¢ > 0 is an absolute constant.

11.3. The price

Nearly orthogonal is not orthogonal. The following bound says how small the coherence of
N > m unit vectors can be.

Theorem 11.3 (Welch). Let vy, ..., vn be unit vectors in R™ or C™, with N > m and N > 2.

Then
N? N —m

N
> 2> T
Z ’<U17UJ>’ = and p = m(N —1)

ij=1
Equality holds in the first inequality if and only if

N
> vl =
i=1

Equality holds in the second inequality if and only if, in addition, |(v;,v;)| is the same for all

i .

The theorem is due to Welchfl

PrROOF. Let F' = Y, v;vf be the frame operator, with eigenvalues Ay,...,\,, > 0. Then
>N =TrF =N, and

m

Ny
m

2
> (i, v) P = Tr (F2) = f;v > 1L fjx _ N~
1y Yy - - ] = ] - )
i3 j=1 mo\;5 m
by the Cauchy-Schwarz inequality, with equality if and only if all \; are equal. For the second
inequality, the N diagonal terms equal 1 and the N(N — 1) others are at most 12, so

N2
N+ N(N—1)u* > —. O
m

A family with Y, v;vf = %I is a tight frame, that is,
N
N
> N, v))? = —|lul|* for every u.
i=1 m
The sum Y, ;(v;, v;)? is the frame potential. By Benedetto—Ficku, for N > m, the minimizers
of the frame potential over N unit vectors in R™ are exactly the tight frames, and every local

IN. Alon, Perturbed identity matrices have high rank: proof and applications. Combin. Probab. Comput. 18
(2009), 3-15.

i1, Welch, Lower bounds on the mazimum cross correlation of signals. IEEE Trans. Inform. Theory 20 (1974),
397-399.

iy Benedetto and M. Fickus, Finite normalized tight frames. Adv. Comput. Math. 18 (2003), 357-385.
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minimizer is a global minimizer. Five unit vectors in R? form many tight frames, and the regular
pentagon is one of them. This is the linear analogue of the pentagon problems of Section [I1.7]
The linear programming method of Delsarte—Goethals—Seide generalizes the first inequality
of Theorem . Let P, be the Gegenbauer polynomial of degree ¢ for S™~!, normalized by
Py(1) =1, and let H, be the space of spherical harmonics of degree ¢. The addition theorem

zy:Y(:c)Y(y) = dim M, Py ((2,9))

where Y runs over an orthonormal basis of H, in L*(w), gives

> Pl ) = g 3

ij=1 Y

Soif f =3, feP, with f, > 0 for £ > 1, then

N
> ((vi,vy)) = foN?.
ij=1
For real unit vectors and f(t) =t? = L + ™= P5(¢), this is the first inequality of Theorem m
If, moreover, fo > 0 and f(t) <0 for —1 <t < cos6, then a family of unit vectors with pairwise
angles at least 6 satisfies

2
> 0. (11.1)

N

DY (i)

i=1

N

NfL) = > f((vivg) = foN*.

ij=1
S0 .
v< W
fo
On the circle S', Py(cosf) = cos (d, and (11.1]) reads

al 00
E e
=1

N 2
> cosl(0; —6;) = > 0.

i.j=1

We use this in Section [11.71
On S?, with the normalized measure w, the space H, has dimension 2¢ + 1, and P, is the
Legendre polynomial. The reproducing kernel of H, is (2¢ + 1)P,({(z,y)), and its normalized
sections
e, = (20 + 1)%Pg ((z,-)) for x € S
are the L2-normalized zonal harmonics. So

f(x) =vV20+1(f,e,) for f e Hy,

and e, attains the maximal growth |le;||oc = v2¢ + 1 of the sup norm. For 2 < p < 6, the
maximal growth of the LP norm is attained by the Gaussian beams instead, and the authorﬂ
showed that a positive density subsequence of orthonormal spherical harmonics attains it.

1P Delsarte, J. Goethals, and J. Seidel, Spherical codes and designs. Geom. Dedicata 6 (1977), 363-388.
UX. Han, Spherical harmonics with mazimal LP (2 < p < 6) norm growth. J. Geom. Anal. 26 (2016), 378-398.
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11.4. Decoding

Suppose that y = &z with an m x N dictionary ® and a sparse x. When does y determine z,
and how can we compute 27 The following theorem is due to Donoho-Elad]and Gribonval-Nielsenf]

Theorem 11.4 (Donoho-Elad, Gribonval-Nielsen). Let ® be a real or complex mx N dictionary
with coherence > 0, and let x be k-sparse with

k<1<1+1>.
2 p

Then z is the unique sparsest solution of ®z = ®x, and x is the unique minimizer of ||z||1 subject
to Pz = Px.

PROOF. Let h € ker @\ {0}, and let vy, ..., vy be the columns of ®. Taking the inner product
of 32, hyuy = 0 with v; gives
hj = — Z hl<Ul, Uj).

I#]
So |h| < p(llhlly = [hy]), ie.,

gl < T Il for every .
For a set J of indices with |J| < k, summing over j € J gives
sl < 2 bl < 310
where h is the restriction of A to J. This is the null space property. Let J = suppx and z = x + h.
Then
12l = llzs + halls + el = el = [l + hells > llz])s.

Suppose that 2’ # x is another solution with ||2'||¢ < k. Then h = 2’ — x is supported on at most
2k indices, and summing the bound on |h;| over its support gives

2k
1l < 0 Il < el

which is a contradiction. O

By Theorem , i < y/m, so coherence alone guarantees recovery only for £ < {/m. In

the Dirac-Fourier dictionary, this threshold comes from an uncertainty principle. On Z/NZ, the
unitary Fourier transform is

flO =Nz 3 fla)e T

2€Z/NZ
Theorem 11.5 (Donoho-Stark). For f : Z/NZ — C with f # 0,

[supp f| - [supp f| = N, and hence |supp f| + |supp f| = 2V'N.

The theorem is due to Donoho—StarkEl Equality holds when N = n? and f is the indicator of
the subgroup nZ/NZ.

D. Donoho and M. Elad, Optimally sparse representation in general (nonorthogonal) dictionaries via £
minimization. Proc. Natl. Acad. Sci. USA 100 (2003), 2197-2202.

iR. Gribonval and M. Nielsen, Sparse representations in unions of bases. IEEE Trans. Inform. Theory 49
(2003), 3320-3325.

D Donoho and P. Stark, Uncertainty principles and signal recovery. STAM J. Appl. Math. 49 (1989),
906-931.
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PRrROOF. By the Cauchy-Schwarz inequality and the Plancherel theorem,

1l < N fLL < ('ppf') £l = (’ppf') 1l < ( [supp /|- [supp f ‘) 1l

N N N

Since f # 0, the first inequality follows. The second follows from the inequality of arithmetic and
geometric means. ]

For the dictionary [I, F*] € CN*2V where F is the matrix of the unitary Fourier transform,
the coherence is N 2. Theorem shows that a representation with fewer than /N terms is
the unique sparsest one; see Donoho—Hu. For N = p prime, Ta proved the much stronger
inequality A

|supp f| + [supp f| > p+1,
which is sharp.

The toy model of Section decodes in the simplest possible way: one matrix multiplication
followed by a thresholding. For W € R™*¥ with columns w;, the largest positive interference is

[ = Mmax <0, max (w;, wj>) .
i#]

Proposition 11.6. Let W € R™¥ have unit columns, coherence i, and largest positive
interference . Let x € [0, 1) have support J with |J| <k, and let 3> 0. Let 1 = (1,...,1),
and let

2’ = ReLU (W'Wz — 1) .
Then
) — x| < (k=Dp+ B foried, and x; < (kpy—p), foriglJ.
PrOOF. For every 1,

(WtWa:>i =z 1,00+ > zj(w;,w;).
JeI\{i}
For ¢ € J, the sum has at most k£ — 1 terms of absolute value at most i, and ReLU is 1-Lipschitz
with ReLU(x;) = ;. For i ¢ J, each term is at most z;p+ < py, and ReLU is nondecreasing. O

So the error is at most the number of active features times the coherence, which is the
quantitative content of “sparsity makes interference tolerable”. A negative bias —f3 with 5 > ku,
removes all false positives. Since the codes are nonnegative, the ReLLU removes negative interference
with no bias needed. This is why antipodal pairs, with (w;, w;) = —1, cost little (Proposition
11.8]).

11.5. Beyond the square-root bottleneck

Coherence-based guarantees stop at k ~ y/m. Random dictionaries do much better, and the
right notion is the following.

Definition (Restricted isometry). A matrix A € C™*¥ has the restricted isometry property
of order s with constant § € [0, 1) if

(1—08)||lz||* < ||Az||* < (1 +6)||z||*> for every s-sparse x € CV.
The smallest such ¢ is denoted 9.

ID. Donoho and X. Huo, Uncertainty principles and ideal atomic decomposition. IEEE Trans. Inform. Theory
47 (2001), 2845-2862.
UT. Tao, An uncertainty principle for cyclic groups of prime order. Math. Res. Lett. 12 (2005), 121-127.
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Candé proved that if dos < v/2 — 1, then every s-sparse z is the unique minimizer of ||z||;
subject to Az = Ax. Normalized Gaussian matrices with m > C'(9)s log % rows satisfy ds < 0
with high probability, by concentration, nets, and a union bound; see Baraniuk-Davenport-DeVore-

Waki. So random dictionaries decode k-sparse codes up to k ~ m, far beyond y/m. This

is compressed sensing, founded by Candés—Romberg—Ta and Donoh see Foucart-Rauhut
[FR] for a textbook account.

The mechanism behind the theorem of Candeés is the null space property in the proof of
Theorem . We prove the theorem with % in place of v/2 — 1.

Proposition 11.7. Let A € C™N satisfy 0a5 < % Then every h € ker A\ {0} satisfies

1
1Al < §||h||1 for every J with |J| < s.
Hence every s-sparse x is the unique minimizer of ||z||1 subject to Az = Ax.

PROOF. Let u,v be s-sparse with disjoint supports and ||u|| = ||v| = 1. Then u £ v are
2s-sparse with |lu + v||* = 2, so

Re(Au, Av) — i (JAG + ) =A@ = 0)I2) < 2 (14 b20) = 2(1 = 22)) = .

| =

Replacing v by —v and scaling, we obtain
| Re(Au, Av)| < Ggs[ul[|v]]

for all s-sparse u,v with disjoint supports. Order the indices so that |hy| > |hy| > ---. Let Jy be
the first s indices, J; the next s, and so on. Every |h;| with j € Jj is at most the average of the
’hZ’ with ¢ € kal) SO

Hh‘]’“—l 1

S

1
1B ]l < Vs =52

for k > 1.

thq 1

Summing over k gives
_1
D Mgl < s72|A])L
k>1
Since Ah = 0, we have

Ahy, = =3 Ahy,.

k>1
So , , )
(1 = 620) | [I” < | AR, |7 = = >~ Re (A, Ahy) < b ||| 572 |1
k>1
Hence
025 1
1Psolly < Vsl < 3Nkl < 5 l1A]L-

Since Jy carries the largest entries, the same holds for every J with |J| < s. The last statement
follows from this null space property as in the proof of Theorem [11.4] O

IE. Candeés, The restricted isometry property and its implications for compressed sensing. C. R. Math. Acad.
Sci. Paris 346 (2008), 589-592.

iR, Baraniuk, M. Davenport, R. DeVore, and M. Wakin, A simple proof of the restricted isometry property
for random matrices. Constr. Approx. 28 (2008), 253—-263.

HE  Candes, J. Romberg, and T. Tao, Robust uncertainty principles: exact signal reconstruction from highly
incomplete frequency information. IEEE Trans. Inform. Theory 52 (2006), 489-509.

D. Donoho, Compressed sensing. IEEE Trans. Inform. Theory 52 (2006), 1289-1306.
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Coherence controls the Gram matrix A*A entry by entry, while the restricted isometry
property controls all its principal s X s blocks at once: their eigenvalues lie in [1 — d, 1 + J;]. For
unit columns, the Gershgorin disc theorem gives §; < (s — 1)u.

The harmonic analysis enters through structured random matrices. Choose m rows of the
N x N unitary Fourier matrix of Z/NZ independently and uniformly at random, and multiply
by (%)% Rudelson—Vershyni proved the restricted isometry property of order s with high
probability for m > slog N (log s)? log(slog N). Bourgai improved this to m > slog s (log N)?,
and HaViV—Rege to m = s(log s)?log N. In the other direction, consider the Walsh-Hadamard
matrix of (Z/2Z)", and suppose that min(s, &) > (log N)“. Blasiok et al/"| proved that, with
high probability, the matrix formed by independent uniformly random rows has an s-sparse
vector in its kernel unless the number of rows is at least of order slog slog %

Question 11.1. What is the smallest number of random rows of the Fourier matriz of Z/N7Z
that guarantees the restricted isometry property of order s with high probability? Which powers of
log s and log N are necessary?

The problem is a relative of the A(p) problem. Rudin| called a set E C Z a A(p) set, p > 2, if

Z ageift

£er

< Cllallz  for all coefficients a.

LP(T)
Bourgai proved that for every uniformly bounded orthonormal system ¢, ..., ¢, and p > 2,

a random subset of {1,...,n} of size about n# satisfies such an inequality with a constant
depending only on p and the bound of the system. Both the A(p) theorem and the restricted
isometry of partial Fourier matrices assert that a random part of a bounded orthonormal system
satisfies a uniform norm inequality.

The restricted isometry theorem holds for every bounded orthonormal system. Let 1, ..., pN
be orthonormal in L?*(v) for a probability measure v, with [|p;[lec < K. Let t1,...,t, be
independent samples of v, and let

A=m"2(g; (L), -
If m > CK?5~2s(log N)*, then 6, < § with high probability; see Foucart-Rauhut [FR].

Remark (Restricted isometry as uniform sampling). For x € CV | let f, = > T4, so that
1 follz2) = |l and

1 & 9
[Az][* = = > | fe (0]

Hence

1 m
A :S“p{|m2|fx )P = 1] lloll = 1, Jlzllo < }
=1

M. Rudelson and R. Vershynin, On sparse reconstruction from Fourier and Gaussian measurements. Comm.
Pure Appl. Math. 61 (2008), 1025-1045.

i3 Bourgain, An improved estimate in the restricted isometry problem. Lecture Notes in Math. 2116 (2014),
65-70.

T Haviv and O. Regev, The restricted isometry property of subsampled Fourier matrices. Lecture Notes in
Math. 2169 (2017), 163-179.

V], Blasiok, P. Lopatto, K. Luh, et al., An improved lower bound for sparse reconstruction from subsampled
Walsh matrices. Discrete Anal. 2023, Paper No. 3.

YW. Rudin, Trigonometric series with gaps. J. Math. Mech. 9 (1960), 203-227.

ViJ. Bourgain, Bounded orthogonal systems and the A(p)-set problem. Acta Math. 162 (1989), 227-245.
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So the restricted isometry property is a uniform law of large numbers: the empirical measure of
the samples t1,...,t,, computes || f||%. () With relative error at most d;, uniformly on the union

of the (];[ ) coordinate subspaces of dimension s. For a fixed unit vector x with ||z|lo < s, the
variables | f,(t;)|* are independent with mean 1, and, by the Cauchy-Schwarz inequality,

£ < K?||z))? < sK2.

This is where the sup norms enter. Bernstein’s inequality for sums of independent bounded
random variables, with the variance bound E|f,(¢;)|* < sK?, gives

(|5 Sl -1

A union bound over a net of e“®* points in the unit sphere of each coordinate subspace, and
over the (J: ) < (%)S subspaces, as for the Gaussian matrices above, gives 0, < ¢ with high

m2
2(5>§26_3s16<2 for 0 < < 1.

probability if m > K26-2s?1log N. This loses a factor s. The known proofs replace the single union
bound by union bounds at all dyadic scales (chaining), with the distance max; |f.(t;) — for (t;)]
between sparse unit vectors x and z’. The covering numbers for this distance are estimated by
approximating x, which satisfies ||z||; < /s, by averages of a few random multiples of coordinate
vectors; see Foucart-Rauhut [FR), Chapter 12]. Each of these steps costs logarithms, and Question
11.1] asks which of them are necessary.

On the torus T™, the eigenfunctions e*** of the Laplacian have K = 1, and we are back to
random partial Fourier matrices. On the sphere S?, the spherical harmonics of degree at most L
form a system of N = (L + 1)? functions, and the zonal harmonics give K? = 2L + 1 ~ 2v/N.
This is the sharpness of the sup norm bound of Sogg on the sphere. So the general theorem
needs m > sv/N(log N)* samples. By sampling from a different measure and preconditioning
with a weight, Rauhut—War reduced the number of samples to m 2 s(log N)* for Legendre
polynomials, instead of m > sN(log N)?, and to m > sN%(log N)? for spherical harmonics.
Burq—Dyatlov—Ward—Zworsk proved weighted L estimates for eigenfunctions on strictly convex
surfaces of revolution by semiclassical analysis, and reached m = sN %(log N)* on S%. So sup
norms of eigenfunctions are exactly the input of this decoding theory.

Remark (Sampling measure and weight). The theorem on bounded orthonormal systems
allows a change of the sampling measure. Let p > 0 be a probability density with respect to
v, and draw ti,...,%,, independently from pr. The functions 1; = p*%goj are orthonormal in
L?*(pv), and the weighted samples of f =Y, x;¢p; are

p(t) 72 f () =Syt (1)

So the theorem applies to the matrix m’%(wj(tl))m, with K replaced by the weighted sup norm
i(t
K, = maxsup M
7oty /p(t)

IC. Sogge, Concerning the LP norm of spectral clusters for second-order elliptic operators on compact manifolds.
J. Funct. Anal. 77 (1988), 123-138.

HH. Rauhut and R. Ward, Sparse Legendre expansions via £1-minimization. J. Approx. Theory 164 (2012),
517-533; Sparse recovery for spherical harmonic expansions. larXiv:1102.4097.

Ny Burq, S. Dyatlov, R. Ward, and M. Zworski, Weighted eigenfunction estimates with applications to
compressed sensing. SIAM J. Math. Anal. 44 (2012), 3481-3501.
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For example, the functions ¢, = /20 + 1P, 0 < ¢ < N, are orthonormal for v = %dx on [—1,1],
and K = +/2N — 1 is attained at x = +1. Take the Chebyshev density
9 _1
== (1-2%) *.
pla) = = (1-2°)
By the inequality of Bernstein (see Szeg@,
2
7l sin 6

|Pg(COS9)|<< )2 for ¢ >1and 0 <6 <.

So for £ > 1 and x = cos ¥,

(=)l _ 2£+1( 2 )Q(Wsin ):(%H> <3,
p(z) mlsin 0 2 14

and p_% < \/g handles £ = 0. So K, < V3 for every N, and m > s(log N)* samples from the

Chebyshev measure suffice. This is the result of Rauhut-Ward for Legendre polynomials. On
S?, the weighted eigenfunction estimates of Burq-Dyatlov-Ward-Zworski are bounds for K ,, and
Question asks how far the choice of p can reduce the number of samples.

Question 11.2. What is the smallest exponent o > 0 such that every s-sparse expansion
in the first N standard spherical harmonics YF(¢,0) = CyxPF(cos ¢)e™*® on S? can be recovered
by (* minimization from m < sN(log N)¢ samples, for some choice of sampling measure and
weight?

The obstruction is the standard basis: the zonal harmonics are large at the poles. A random
orthonormal basis of each H, behaves much better. Burq—Lebea proved that, on the spheres,
almost every orthonormal basis of L? made of spherical harmonics has all its elements uniformly
bounded in LP for every p < oo, with L*> norms of order at most /log¢. The autho proved
that random orthonormal bases of eigenfunctions are almost surely equidistributed at small scales
on compact manifolds whose isometry group acts transitively and whose multiplicities grow at
least logarithmically, e.g., on the spheres and on the tori T, n > 5. Both results rest on the
concentration of measure on the high-dimensional spheres of the eigenspaces, as in Lemma [11.1

For sparse recovery, a version with high probability suffices, and it follows from Lemma [11.1
directly. Let u be uniformly distributed on the unit sphere of H, in L?(w), of dimension d = 2¢+ 1.
Each element of a random orthonormal basis of H, is distributed in this way. For z € S?, we
have u(z) = v/d(u, e;) with the zonal harmonic e, above. So Lemma [11.1} applied to the caps
around +e,, gives

2 d
P(Ju(x)| >t) <2 2 for0<t< \/g

The restriction of u to a great circle is a trigonometric polynomial of degree at most ¢, so
Bernstein’s inequality for trigonometric polynomials bounds the gradient of u by £||u||~. Hence
ulloo < 2max,ex |u(z)| for every set X C S? that meets each geodesic ball of radius 5, and
such a set with O(f?) points exists. A union bound over X and over the N = (L + 1)? basis

elements of degree at most L shows that, with probability at least 1 — %, all of them satisfy
[ulloe < Cy/log N.

IG. Szegd, Orthogonal Polynomials. American Mathematical Society, 1975.

iN. Burq and G. Lebeau, Injections de Sobolev probabilistes et applications. Ann. Sci. Ec. Norm. Supér. (4)
46 (2013), 917-962.
"X. Han, Small scale equidistribution of random eigenbases. Comm. Math. Phys. 349 (2017), 425-440.
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For ¢ < log N, this follows from the trivial bound ||u||s < v/d. Since the samples are independent
of the basis, the theorem on bounded orthonormal systems with K2 < log N shows that m >
s(log N)? independent uniform samples give the restricted isometry property of order s with
high probability. So for sparse recovery, a random basis of spherical harmonics behaves like the
Fourier basis of the torus, up to one logarithm.

Question 11.3. Choose a random orthonormal basis of H, independently for each ¢ < L, and
let N = (L + 1)%. What is the smallest power C' such that m < s(log N)© independent uniform
samples on S? give the restricted isometry property of order s for the resulting system with high
probability? Is there, for each £, an orthonormal basis of Hy, whose elements are bounded in L
by a constant independent of £? Is there an explicit one whose elements are bounded by a power

of log (¢

The second part of Question [L1.3]is a classical question on uniformly bounded orthonormal
bases of eigenfunctions on S%. By the argument above, bases bounded by C+/log N exist. A
uniformly bounded basis would give K < 1 and m < s(log N)%, and an explicit basis would give
an explicit sampling system.

11.6. The toy model

The toy model of Elhage et al. (Section is the smallest network in which superposition
can be studied. The data z € RY has independent coordinates. Each z; equals 0 with probability
S € (0,1), the sparsity, and is otherwise uniform on [0, 1]. Feature ¢ carries an importance I; > 0.
The network compresses x to Wz € R™ and reconstructs

' = ReLU (W'Wz +b) with W € R™" and b € R,
and the loss is

N
LW, b) =BT (2 — 2})*
=1

The column w; of W is the direction in which feature i is stored. Elhage et al. also consider the
linear model ' = W'Wx + b.

Elhage et al. trained these models, e.g., with N = 20, m = 5, and I; = 0.7°. They observed that
as S increases, the ReLU model passes from storing the m most important features orthogonally
to storing more than m features in superposition, and that the superposed features form antipodal
pairs, triangles, pentagons, tetrahedra, and square antiprisms. For N = 2 and m = 1, they
compared candidate configurations in closed form. On the side of theorems, Chen et alf| derived
a closed formula for the loss, found that for m = 2 the regular k-gons are critical points, and
related their local learning coefficients (Chapter @ to phase transitions. Ivanov et al proved
that the optimal configurations are organized by the eigenspaces of the frame operator WW*,
under a hypothesis called capacity saturation, and Cowsik—Dolev—Infange computed the loss at
high sparsity for a permutation-symmetric ansatz. Global minimality of the observed polytopes,
e.g., of the pentagon for (N,m) = (5,2), is open. For one active feature, unit norms, and zero
biases, Proposition [11.9| proves that the regular pentagon is optimal.

The ReLU is necessary for superposition. For the linear model, suppose that the coordinates
of x are independent with a common variance and that Iy > --- > Iy with I,,, > I,,,1. Then

17. Chen, E. Lau, J. Mendel, et al., Dynamical versus Bayesian phase transitions in a toy model of superposition.
arXiv:2310.06301.

Q. Ivanov, N. Oozeer, S. Raval, et al., Spectral superposition: a theory of feature geometry. arXiv:2602.02224.

A Cowsik, K. Dolev, and A. Infanger, The Persian rug: solving toy models of superposition using large-scale
symmetries. arXiv:2410.12101.
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every minimizer stores the m most important features in orthonormal directions and drops the
others, by the theorem of Eckart—Youn. In the network form, this is the theorem of Baldi-Hornik
(Section that linear autoencoders perform principal component analysis. For the data of the
toy model, each coordinate has the variance
1-S5 1—.9)? 1-9)(1+3S
Ex? — (Ex;)? = g ( 1 ) = ( >1(2 ) =:v(9).

The number v(.S) is the cost of a dropped feature in the ReLU model. Indeed, if w; = 0, then
x, = ReLU(b;) is a constant, and

E (z; —¢)> > v(S) for every constant c,

with equality for ¢ = Ex; = %

Proposition 11.8. Let [ =--- =I5 = 1.
(1) Orthogonal storage: The infimum of L over the (W,b) whose nonzero columns are pairwise
orthogonal equals (N —m)v(S).
(2) Antipodal storage: If N > 2m, the configuration wy_1 = €], wo = —e; for I < m, w; =0 for
t > 2m, with b; =0 for i < 2m and b; = % for v > 2m, has loss
2
m(l?)S) + (N —2m)v(S).
In particular, the loss in (2) is smaller than the infimum in (1) if and only if S > % For N =2
and m =1, the antipodal pair W = (1,—1), b =0 has loss @ The configuration W = (1,0),
which stores feature 1 and drops feature 2, has loss v(S) with the optimal bias b = (0, %) So
the pair is better if and only if S > %

I —

PROOF. (1) At most m columns are nonzero, and each zero column costs at least v(5), so
L > (N —m)v(S). The configuration W = [I,,, 0] with b; = 0 for i <m and b; = 155 for i > m
reconstructs z; exactly for i« < m and has loss (N —m)v(S).

(2) For i = 21 — 1 with partner j = 2l, we have (W'Wz); = z; — ;, so 2}, = ReLU(x; — ;).
If x; = 0, the error is 0. If z; = 0, the output is ReLU(—z;) = 0, and the error is 0. If both
are positive, the error is z; — ReLU(x; — x;) = min(x;, ;). Both are positive with probability
(1 —S)%, and for independent uniform U, U,

1
1
Emin(U, U’')? = / t2.2(1 —t)dt = -,

6
0
since min(U, U’) has density 2(1 — ¢) on [0, 1]. So each of the 2m paired coordinates costs a-sp

and each dropped one costs v(S). Finally, antipodal storage is better if and only if ’
m(1 — S)?

3
ie,4(1-5) <1438, ie, 8>3 O

< muv(9),

So for N > 2m and S > %, the infimum of L is strictly below the infimum over orthogonal
configurations, and superposition is forced. Note that the antipodal pair has coherence 1. The
ReLU filters the negative interference (Proposition [11.6]).

IC. Eckart and G. Young, The approzimation of one matriz by another of lower rank. Psychometrika 1 (1936),
211-218.
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The geometry of the toy model is a problem of minimizing an energy of points on a sphere,

x1,...,£ﬁrjl\rigSm—1 z?é: f (<x“ $J>) .
i#]

Cohn—Kuma proved that certain configurations, among them the regular polygons on S!,
minimize the energy simultaneously for all f that are completely monotone functions of the
squared distance 2 — 2t. These configurations are called universally optimal. For f(t) = t?, the
minimizers are the tight frames, by Benedetto-Fickus. For the toy model with one active feature,
unit norms, and zero biases, the energy is f(f) = ReLU(t)? (Section . As a function of
r = 2—2t, it equals (1 — %)%, which vanishes for 7 > 2 without vanishing identically. Since
completely monotone functions are real-analytic, it is not completely monotone, and the theorem
of Cohn-Kumar does not apply.

11.7. Problems

In this section, S is the sparsity and p = 1 — S is the probability that a feature is active.
The importances are equal. We first consider (N, m) = (5,2), where Elhage et al. observed the
regular pentagon (Figure [1.1)). Let Li(W,b) be the loss E|lz — ReLU(W'Wz + b)||* of the toy
model, with x conditioned to have exactly one nonzero coordinate, chosen uniformly among the
five, with value uniform on [0, 1]. Explicitly,

1 5 2 2 2
Li(W.b) =2 3" | E. (= ReLU (ullw;]|* + b:))” + > By ReLU (u(w;, w;) + b;)* | ,
i=1 i
where u is uniform on [0, 1].

Problem 11.1 (MAIS-O42). Prove that Ly attains its infimum over W € R**® and b € R5,
and that every global minimizer is a reqular pentagon, that is, its columns have a common norm
r >0, and for some permutation T of {1,...,5},

ol — i
(Wr (i), Wr(s)) = 7% cos M for all i, .

For b =0,
Li(W,0) = 115 (Z (1 — |\w,»y|2)2 + Y ReLU (<wi,wj>)2) :

i=1 i#j

The linear analogue = [|[I— W*W||%, where || - || is the Frobenius norm, is minimized by every W
with W*'W an orthogonal projection of rank 2, i.e., by all the tight frames with Y=, w;w} = I. The
ReLU must select the pentagon among them. For unit columns w; = (cosf;,sinf;) and b = 0,
the problem becomes the minimization of the energy

E0) = Zh (6; —6;) with h(0) = (cos 9)3r
i#]
on the circle. The regular pentagon has
2
E = 10 cos? g ~ 0.954915,

since each point has two neighbors at the angle %’r and the other angles have negative cosine.

'H. Cohn and A. Kumar, Universally optimal distribution of points on spheres. J. Amer. Math. Soc. 20 (2007),
99-148.
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The linear programming method of Section [11.3] gives lower bounds for E. Let

K
g(0) :ag—l—ZakcoskH with a, > 0for k>1 and ¢ <honR.
k=1
Then for every 64, ...,05,
2

K
—59(0) > 20a0—5 Y _ a.
k=1

5

) k05

J=1

K
E@) > g0 —0;,)=> g(0; —0;)—59(0) = 25a0+)_ ax
i#j ij k=1
So every admissible g gives the lower bound 20ag — 53> ax, and the best one is the value of a
linear program in (ag, ..., ak).
The linear program has a dual, which tells where g must touch h. A configuration 6 defines
the positive measure pg = >-,;; 591,% on R/277Z, and

5 ) 2
Z elk@j _
J=1

The minimization of f h dp over the positive measures p with these constraints for 1 < k < K is
a linear program in p, dual to the program in (ay, ..., ax). For admissible g and p,

/ dpy = 20, / cos ko dpe(¢) =

5> -5 and E(0) :/hdpg.

K K
/hdp > /gdp =20ag + Y ay [ coskodp(p) > 20ag — 5 a.

k=1 k=1
For the regular pentagon 6*, we have -, e = 0 if and only if 5 f k. So both inequalities are
equalities for p = py if and only if g = h on the support {+2, £} of py-, and a;, = 0 whenever
5| k. This is complementary slackness. Since g < h, these contacts force ¢’ = h' at %’T, where h is
smooth, and ¢’ = 0 at %’T, where h vanishes nearby. A numerical solution with K = 7 uses only
the frequencies 1,2, 3, 6,7, and it also touches h at 0 and 7. These six contact conditions form a
linear system for (aq, a, as, as, ag, a7), and its solution is an exact certificate; see Figure .

1

—h(0)
-~ g(0)

0.5

|
108 144 180
0 (degrees)

FIGURE 11.1. The ReLU energy h(f) = (cos6)3 and the certificate g of Proposition
11.9} g < h, with contact at 0°, 72°, 144°, and 180°

Proposition 11.9. For all 6,,...,05 € R,

E6) > 10 cos? 257T = 15_45\/5,

1 e are the vertices of a reqular pentagon.

with equality if and only if e
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PRrOOF. Let
a0:7—\/5 a1:6+2\/5 a2:19+3\/5
20 25 7 100
a3:17—4\/3 %:\/5—2 a7:9—4\/5
100 7 50 100
They are positive. Let g(0) = ag + >, ax cos k), where k runs over {1,2,3,6,7}. Then ¢(0) =1,
and e e

20ag — 5 ap = 25a9 — 5g(0) = I
k
We show that g < h. Write t = cos . Then cos k6 = Ty (t), where T}, is the Chebyshev polynomial
of degree k, so g is a polynomial in t of degree 7 with leading coefficient 25a;. Let
or  V5—1 4 4 V541
= _— = n e _— = — .
€1 =cos — 1 a €2 =cos — 1

A direct computation gives

2 — g =6dar;(1 —1t) (t — c1)* Q1 (1),
—g="64a7(1+1)(t— 02)2 Q2(1),

where
2741 2
Ql(t):t4+5+3\/gt3+ 7+ 3\/5t2+5+\/3t+55+ 5\/5’
2 8 8 16
1+v6 ., 37+13V5, 45+19v5 5+5/5
Qa(t) = —t* — +2\/_t3+ +8 fﬁ— +8 \/_t+ +16‘/_.

The coefficients of @, are positive, so Q1 > 0 on [0,1]. For ¢ € [—1,0], we have t* < % so

o 37 +813\/5t2 N
and the other terms of @Q2(t) are nonnegative, with a positive constant term. So Qs > 0 on
[—1,0]. Hence g < t* = h for t € [0,1], and g < 0 = h for t € [-1,0], with equality only for
t € {1,¢1,c9,—1}, e, for € D, where

0,

2 4
D= {0, i%, :|:57r,7r} modulo 27.

By the lower bound for E above,
15— 55
4 )
and equality holds if and only if 37, e = (0 for k € {1,2,3,6,7} and §;, — 0; € D for all i # j.
The regular pentagon satisfies these conditions. Conversely, suppose that they hold. If some
difference, say 6 — 60, equals m modulo 27, then every 6; — 6, lies in DN (D + ) = {0, 7}
modulo 27. So ;¢ is an odd multiple of e, which contradicts >>; e = 0. Hence all the 6;
lie in 6; + %”Z. For | € Z/5Z, let n; be the number of j with 6; = 6, + % modulo 27. Then

2mikl
Z me 5 =0

1€Z/5Z

E(0) >20ag — 5 a; =
k

for £k = 1,2, and, by complex conjugation, for £ = 3,4. So the discrete Fourier transform of
(no, ...,ny) vanishes at all nonzero frequencies, all n; are equal, and n; = 1. O]
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So the regular pentagon minimizes L; among the configurations with unit columns and zero
biases, uniquely up to rotations and relabeling. The case of free norms and biases in Problem [I1.]]
remains open. The pentagon is special: for 7 points, numerical minimization finds configurations
with coincident points whose energy is below that of the regular heptagon (5.4320 < 5.4424). So
the energy E is not minimized by regular polygons in general.

Problem 11.2 (MAIS-040). Let (N,m) = (5,2), and let L(W, b) = E||lz—ReLU(W*Wz+10b)||?
with the data of the toy model. Prove that there is a nonempty open interval J C (0,1) such that

for every p € J, L attains its infimum, and every global minimizer is a reqular pentagon in the
sense of Problem[11.1].

Let G = O(m) x Xy act by (W,b) — (QW P~ Pb), for Q orthogonal and P a permutation
matrix. Consider the penalty
R(W) = Z(UI“ w]'>2.

i)
The loss L and the penalty R are G-invariant. Call L + AR identifiable at (N, m, S, \) if its set
of global minimizers is nonempty and is a single G-orbit.

Problem 11.3 (MAIS-047). (1) For (N,m) = (5,2) and XA = 0, prove that there is Sy < 1
such that L is identifiable for every S € (Sp, 1), the orbit being the reqular pentagon with its
optimal norms and biases, or prove that no such Sy exists.

(2) Find (N,m,S,\) with A > 0 such that L + AR is identifiable while L is not, or prove that
the penalty never creates identifiability.

The three problems are linked as p — 0. Splitting according to the number of active features,

5
L(W.b) = (1= p)* 3 ReLU (b)” + 5p(1 — p)* Ls (W, ) + O (),
i=1
where the error term is uniform on bounded sets of (W,b). Since every term of the loss is
nonnegative,

5
L(W,b) > (1= p)° >_ReLU (b)),

i=1
while L(W,0) = O(p) for any fixed W. So minimizers satisfy ReLU(b;)? = O(p). Heuristically,
the limit problem as p — 0 is Problem [I1.1] with the constraint b < 0. Numerical minimization of
L, finds a regular pentagon with norms |Jw;|| ~ 1.1705 and biases b; ~ —0.2823, so the constraint
b < 0 is inactive. Heuristically, if Problem holds with a Hessian that is nondegenerate in the
directions transverse to the G-orbit, then an implicit function argument should give part (1) of
Problem [11.3] and Problem with J = (0, po). This has not been carried out.

The next problem asks for the exact price of legibility. Let N > m > 2. For W with at least

two nonzero columns, let p(WW) be the coherence of its nonzero columns, normalized, and let
w(W) = 0 otherwise. For ¢ € [0, 1], let

Py m.s(c) =inf {L(W,b) : w(W) < c}.

Problem 11.4 (MAIS-O4). (1) Determine P55 s(c) and P52 s(c) for all S € (0,1) and ¢ €
[0, 1].

(2) Prove or disprove that for fixzed (N, m,S) there are finitely many points 0 =co < ¢; < --+ <
¢, = 1 such that on each (cj_1,¢;j), Pnm,s agrees with a function which is real-analytic on a
neighborhood of [cj_1, c;].

(3) Determine ¢*(N,m,S) = inf{c: Py ms(c) = Pvms(1)}.
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Two anchors are proved. By Proposition [11.8
Pn n.s(0) = (N —m)v(S).

Suppose that ¢ < m~2 and that W has n > m nonzero columns with pu(W) < c. Then Theorem

[[L3) gives
_ 1—¢2
2s MTM e p< N == C)

m(n —1)

Since each zero column costs at least v(S),
Py m.s(c) > (N — Ni(c))v(S) forc< m2.

For m = 2, the bound is sharper: n lines in the plane contain two lines at an angle at most 7, so
(W) > cos T

1—me?

Remark (Semialgebraic structure). A subset of R? is semialgebraic if it is a finite union of sets
defined by finitely many polynomial equations and inequalities, and a function is semialgebraic
if its graph is. For fixed S, the loss L(W,b) is a sum, over the supports of z, of integrals of
piecewise polynomials over polytopes in [0, 1] whose faces depend polynomially on (W, b). So it
is a rational function on each piece of a semialgebraic partition of the parameter space. Hence
L is semialgebraic, and so is the set of (W, ¢) with p(W) < c. The graph of Py, s is defined
by the formula “y < L(W,b) for all (W,b) with u(W) < ¢, and for every n > 0 there is such a
(W, b) with L(W,b) < y + n”. By the elimination of quantifiers over R, Py, s is semialgebraic;
see Bochnak-Coste—Royﬂ. A semialgebraic function of one variable is real-analytic outside finitely
many points. Let ¢; be one of these points, or 0 or 1. On each side of ¢; in [0, 1], the function
Py .5 has a convergent Puiseux expansion

k
Pyms(c) => agle—cj|la  for some g € N.
k>0
So the weak form of part (2) of Problem [11.4] with functions which are real-analytic on the open
intervals, always holds. The question is whether only integer powers of ¢ — ¢; occur. Fractional

powers do appear in simple constrained problems: the minimum of (x — 1)? subject to 2% < ¢
equals (1 —/c)? for 0 < ¢ < 1.

The smallest case is a student problem. For N = 2, m = 1, importances (1, I'), and the penalty
R = 2w?w3, the problem MAIS-O51 asks for the exact phase diagram of the global minimizers of
L+ AR in the parameters (1,5, ) € (0,00) x (0,1) x (0, 00). The candidates are the three phases
found by Elhage et al. for A = 0: drop the second feature, dedicate the dimension to it, or store
the pair antipodally. Everything reduces to one-dimensional integrals of piecewise polynomials.

1J. Bochnak, M. Coste, and M.-F. Roy, Real Algebraic Geometry. Springer, 1998.



CHAPTER 12

Fourier analysis of learned algorithms

Networks trained on algebraic tasks learn algorithms that can be read from their weights,
which makes these tasks the test cases of interpretability. The best understood example is
addition modulo p, and the algorithm that networks learn for it is Fourier analysis on the cyclic
group Z/pZ. In this chapter, we review Fourier analysis on Z/pZ, construct exact fits of the
quadratic network of Chapter [2| by single-frequency neurons, and describe what is observed in
trained networks. We then state the problems MAIS-O62 on the minimal width, MAIS-O63 on
the learning coefficients, MAIS-O6 on whether a small learning coefficient forces the Fourier
mechanism, and MAIS-O59 on two neurons learning addition modulo 5. We end with a remark
on finite groups.

Throughout this chapter, p > 3 is an odd integer, d,.p—c is 1 if a + b = ¢ in Z/pZ and 0
otherwise, and e. € R?, ¢ € Z/pZ, are the coordinate vectors.

12.1. Fourier analysis on Z/pZ
The characters of Z/pZ are the homomorphisms xy, : Z/pZ — {z € C : |z| = 1},
for k € Z/pZ.

27wika

Xi(a) =e v

They are orthogonal, i.e.,

Z Xk(a = POj—i.

The discrete Fourier transform of f : Z /pZ — C and its inverse are

_ 2mika 27r1k:a

Zf "7 and f(a Zf

a€Z/pZ p keZ/pZ

The Plancherel identity reads
N2
Yo lf@P= -3 |f(k)
a k

(f*g)c)= > fla)g(c—a)

a€Z/pZ

SRR

and the convolution

satisfies m = f J; see Terra. For real functions, it is convenient to group k£ with —k. For

0<k<EL Jet
27k - 2rk -
Fi. = span {COS <W> , sin <7T>} C RV
p p

Then Fy is the space of constants, dim Fj, = 2 for k > 1, and R%/P is the orthogonal direct sum
of Fo,.. fpfl We call k a frequency. A translation f +— f(- —t) acts on Fj by the rotation

through the angle 2”’“

IA. Terras, Fourier Analysis on Finite Groups and Applications. Cambridge University Press, 1999.
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Modular addition is diagonalized by the Fourier transform. By orthogonality of the characters,
2mik(a+b—c)

p—1
1 2 - 2k b—
a+bc: Y oe v %—2:(30s<7r Chs C)> (12.1)
p -

P rezypz P

In other words, the tensor T'(a, b, ¢) = d44p—c is the sum of the p rank-one tensors %Xk R Xk @ Xk-
It is the kernel of the convolution, i.e.,

(f*9)(c)= >, T(a,b,c)f(a)g(b).
a,beZ/pZ
Each frequency can be handled separately, and on each frequency, adding residues amounts to
adding angles. With a = 2”’“ and = 2’”“”
cos(a+ ) = cosozcosﬁ — Smasmﬁ and sin(a + §) = sin acos  + cos asin .

We shall see in Section that trained networks find this algorithm.

12.2. Exact fits by single-frequency neurons

Consider the quadratic network of Chapter [2]
Zv (@) + u(v))” €RP for (a,b) € (Z/pZ)?,

with the lookup tables uj,u;’ € RZ/PZ and the output vectors V; € RP, so that w € R? with
d = 3pH. Write Vj(c) for the c-th coordinate of V;, and

2
n;(a,b) = (uj(a) +uj (b))
for the output of the j-th neuron. The network is trained with the square loss averaged over all
2 .

p~ Inputs,

1

L(’LU) = ﬁ Z ‘fw(aab)_ea+b‘2>

D" wvez/vz
and its set of exact fits is Wy(p, H) = L7(0). The loss L is a polynomial of degree 6 in 3pH
variables. Let F,(a,b,c) = fu(a,b)(c). Since

T (kv, ka2, ks) = P25k1=k2:—k3,
the Plancherel identity on (Z/pZ)3 gives

L(w) = 215 ( Z ‘Fw(k7k7_k) _p2‘2+ Z ‘Fw (klvk2>k3)‘2) :
P \kez/pz (k1 ko k3) (k. k,—k)
So an exact fit must produce the diagonal Fourier coefficients and cancel all others.
A neuron 7 is called active it Vin; is not identically zero, and single-frequency if there is a
frequency k such that u};, uj € Fo+F},. Constants must be allowed since (u}, uj) — (u}+s,uf—s)
does not change n;.

Proposition 12.1. If H > 2p — 1, then Wy(p, H) # 0. Explicitly, for H = 2p — 1, index
the neurons by 0 and by (k,i) with 1 < k < % and 1 < i< 4. With a = %, 8= QWTf“b, and

v = ZWTf“C, let

p—1
1 1 2

ug(a) = ug(b) = 2 Vole) = = — = Z(COS’V + sin7y),
P Pra
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(u;gg(a),ugg(b)) = (cos a, cos ), (u;g(a),ugg(b)) = (sin a, — sin 3),
(Uévg(a),ugﬁ)(b)) = (sina, cos ), (“;,4(3)#%,4(5)) = (cosa,sin ),
Vhale) = Viale) = CO;% Via(e) = Viulc) = 8127.

Then this parameter w satisfies

fur(a,b) =eqry, for all (a,b) € (Z/pZ)?,
and every neuron of w' is single-frequency. For H > 2p — 1, add neurons with u; =uj =0 and

V;=0.
Proor. Expanding the squares, no = 1 and
N1+ nga = (cosa + cos B)? + (sina — sin 3)? = 2 + 2 cos(a + f3),
Ngs + N = (sina + cos B)? + (cos a + sin B)? = 2 + 2sin(a + 3).
Hence, by the choice of Vj,

fwr(a,b)(c) = ! + 2 g (cosycos(a + ) + sinysin(a+ f)) = ! + 2 fcos(a + B —7),
p k=1 P Pi=

which is 941 p—c by (12.1]). O

The squares cos® a, sin? o, cos? 3, sin? 3 produced by single neurons carry the frequency 2k,
which is not part of the answer. The neurons come in pairs with a common output vector so that
these terms cancel by cos? +sin? = 1. This is why four neurons per frequency are used.

The fit w! is not isolated. Each neuron has the scaling and the translation

(), Vi) = (b 0] 472V5) fort >0 and  (uf,uf) > (u) +s,u) = s)
which do not change Vjn;. In particular, Wy(p, H) is unbounded. Moreover, replacing («, 3) by
(v — ¢, + ¢) in the neurons (k, 1) and (k,2), or in the neurons (k, 3) and (k, 4), does not change
the sums ny 1 + ng 2 and ny 3 + ng 4, since they depend only on o + 3. These rotations extend the
symmetry (a,b) — (a —t,b+t) of the addition table to real ¢ on the frequency k.

Trained networks find this mechanism. Nanda et al. [NCL] reverse-engineered a one-layer
transformer trained on addition modulo p = 113. The network embeds a and b by cos(2%) and

)
sin(%) for a few key frequencies k, computes COS(W) and sin(@) by the addition

formulas, and outputs logits approximately of the form

¢r 3 repcos (27rk(a +b—c)
kEF p
where F' = {14,35,41,42 52} is the set of the five key frequencies, out of the 56 available.
The logits are maximal exactly at ¢ = a + b; see Figure [12.1] Ablations confirm this reading:
removing the key frequencies destroys the performance of the network, while removing all other
frequencies does not hurt it. A different random initialization gives a different set F'. Morwani
et al. proved that, for a quadratic network of the above kind and of sufficient width, in every
network that maximizes the margin of classification (Section , normalized by a norm adapted
to the architecture, every active neuron is single-frequency and every frequency 1 < k < 1%1 is

) with x, > 0,

iD. Morwani, B. Edelman, C.-A. Oncescu, et al., Feature emergence via margin mazimization: case studies in
algebraic tasks. International Conference on Learning Representations, 2024.
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used. So the mechanism is forced by one selection principle, but the sparse set of frequencies
observed in practice is not.

FIGURE 12.1. The logits ¢ — Yy p cos(255¢) on Z/113Z for a+b =0 and ki = 1,

with F' = {14, 35,41,42,52}: five frequencies give the maximum 5 at ¢ = 0 only,
while the next largest value is about 2.59

12.3. The minimal width
Proposition [12.1] gives exact fits of width 2p — 1. How many neurons are necessary?

Problem 12.1 (MAIS-062). Let Hyin(p) be the smallest H such that Wo(p, H) # 0. Determine
Hyin(p)-
This is a constrained tensor rank problem. A complex multiplication can be done with three
real multiplications instead of four: for z = x + iy and 2’ = 2’/ + iy/,
Re(z2') = x2’ —yy' and Im(z2) = (z+y) (@' +v¢) — x2’ — yy/,
a trick that goes back to Gauss. By the Fourier transform, the convolution of real functions with

mean zero amounts to % products of complex numbers. So it can be computed with @ real

products. Winogra proved that this is optimal: if P is a real polynomial of degree n with ¢
distinct irreducible factors, then every bilinear algorithm for the multiplication in R[z]|/(P), i.e.,
every identity

gh = i:éj(g)mj(h)zj for all g, h € R[z]/(P)

with linear forms ¢;, m; and elements z;, has
r>2n —t.

In the language of tensors, such an identity decomposes the tensor of the multiplication into
the r rank-one tensors £; ® m; ® z;, so the smallest r is the tensor rank. The case of Winograd’s
theorem used below has a short proof by substitution, which shows how the field R enters.

Lemma 12.2. Let t > 1, and consider C' with the componentwise product as an algebra of
dimension 2t over R. Suppose that there are real linear forms (y,..., ¢, and my,...,m, on C'
and z1, ...,z € Ct such that

gh => {;(9)m;(h)z; for all g,h € C".
=1

Then r > 3t.

IS, Winograd, Some bilinear forms whose multiplicative complexity depends on the field of constants. Math.
Systems Theory 10 (1977), 169-180.



12.3. THE MINIMAL WIDTH 108

PRrROOF. Let m; : C' — C be the ¢-th coordinate, and let E; be the plane of the real linear
forms Re(am;) with o € C. Then the dual space of C' is Ey @ --- @ E;. The forms ¢; span it,
since otherwise some g # 0 satisfies ¢;(g) = 0 for all j, and then g =g - (1,...,1) = 0.

We first choose t linearly independent forms among the ¢; whose span A contains no FE;.
Suppose that A is spanned by s < ¢t of them and contains no F;, and let I be the set of ¢ with
As N E; # {0}. Non-zero vectors in different E; are linearly independent, so |I| < s. Each E; with
1 € I meets A, so it adds at most one dimension to A,. Hence the space

Y =A+ > E
icl
has dimension at most s + |/| < 2s < 2¢t. Choose ¢; ¢ Y, and suppose that A; + R/; contains
some E;. If i ¢ I, this is impossible, since A, has codimension one in A, + R{;, so it meets the
plane E;. If ¢ € I, then A; 4+ E; has dimension s + 1, so it equals Ay +R{;, and ¢; € Y, which is
excluded. So Ag11 = A; + R, contains no E;, and we continue until s = ¢.

Let U be the common kernel of the ¢ chosen forms. Then dimU = ¢, and the forms that
vanish on U are exactly those in A. If U C kerm;, then F; C A, which is excluded. So each
U Nker 7; is a proper subspace of U. A real vector space is not a finite union of proper subspaces,
so there is gy € U with m;(go) # 0 for all 4, i.e., go is invertible. Then h +— goh is invertible, of
rank 2¢. It equals h — 3=, ¢;(go)m;(h)z;, in which the ¢ chosen terms vanish. So it is a sum of
r — t maps of rank at most one, and r — t > 2t. 0

The map g — (§(k)),<p<r=1 is areal linear isomorphism from the real functions with mean zero
SRS

onto C"z, since §(0) = 0 and §(—Fk) = §(k), and it turns the convolution into the componentwise
product. The rank of the single map h — goh gives only r > 2t. The substitution ¢;(g) = 0
for ¢t of the forms removes ¢ more products, and it uses that the E; are planes. Over C, the
convolution of complex functions with mean zero is the componentwise product on CP~!, the
planes E; become the lines Cr;, and a line may lie in A; 4+ C¢; without meeting A;. So the first
step breaks down, and only the bound r» > p — 1 remains, which the Fourier transform attains.

In the network, each neuron provides one product u/;(a)uj(b), but also the squares u;(a)* and
u; (b)?, which have to cancel. The following bounds, and the numerical fits for p = 5 mentioned

below, are due to Shi and the AT model Claude Opusf]

Proposition 12.3. For every odd p > 3,
3p—1

S Hmin(p) S 2p -1
Moreover, Hyin(3) = 4.

PROOF. The upper bound is Proposition [I12.1] For the lower bound, let w € Wy(p, H), so
that

a+bc Zv njab

For a function M (a,b), let IIM be M minus 1ts means in a and in b plus its total mean. Then II
annihilates the functions of a alone and of b alone. Writing @ for v minus its mean, we have

1
Hnj = 2@; ® ﬂ;’ and H5a+b:c = 5a+b:C -
p

I. Shi and Claude Opus, A width bound for quadratic network modular addition. Progress report on MAIS-062,
2026.
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Hence .
1 ~/ ~/
Oatb=c — P 2 Vi(e)u(a)ay(b). (12.2)
—1

Let A be the space of real functions on Z/pZ with mean zero. For g, h € A, multiply (12.2)) by
g(a)h(b), sum over (a,b), and subtract the mean in ¢. We obtain

g*thZ i}, g) (s, hV;,

a bilinear algorithm with H products for the convolution on A. The map g — Y, g(a)x® identifies
(RZ/PZ «) with R[z] /(2P — 1), and, followed by the reduction modulo P, identifies A with R[z]/(P),

where
p—1

-1 2 2 2k
Plz)=14z+--+a""' =] [2® —2cos — 2z +1
k=1 p
has 25~ L distinct irreducible factors. By Winograd’s theorem, which in this case is Lemma m
with t =1L 21, the number of neurons j with @} # 0 and a7 # 0 is at least
p—1_3(-1)
2 2 '
Suppose that H = @. Then @} # 0 and @] # 0 for all j, and the matrices @; ® @) are
linearly independent. Otherwise, one of them could be removed from ((12.2)), which would give an
algorithm with fewer products. Since Y. d,1p— = 1, we have

H
Y smy=1 withs; = > Vj(e)

Jj=1 c€Z/pZ

2(p—1) -

Applying II gives 3; s;u; ® @] = 0, so all s; = 0, and then 1 = 0, a contradiction. Hence

3(p—1) 3p—1
H> —X+1=——.
- 2 + 2
For p = 3, the lower bound is 4. Let d,,(a) = d4—,,. Consider the three neurons
—1
u;n:u’/nzém—lz and V,(c) = %0_2; for m € Z/3Z,
and a fourth neuron with ' = «” = § and V/(c¢) = 3 for all ¢. Then
2 25
N = 201, ()0 (D) — = (On(a) + 9 (b)) + == and Z Vin(c) =
3 36 MEL/3L

Writing h = 2¢, so that ¢ = 2h in Z/3Z, we find
fuw(a,b)(c) =1+ 30a=p=h — da=n — Ob=h — Ga=b-

If a = b = h, this is 1; if exactly one of a = b, a = h, b = h holds, it is 0; and if a, b, h are
distinct, it is 1. In the last case, a +b+h=0+1+2=0,s0 a+ b= —h = 2h = c. In all cases,
fw(a7 b) (C) = 5a+b:c' O

For p = 3, every function on Z/37Z lies in Fy + F1, so the neurons above are single-frequency
as well, although they look like lookup tables of single inputs. For p > 5, the problem is open.
No exact fit of width less than 2p — 1 is known. Approximate fits of width 8 for p = 5 have
been found numerically, with residuals at the level of rounding errors, but this does not prove
Hin(5) < 8. A concrete project is to decide whether Wy(5,7) and Wy (5, 8) are empty, e.g., by
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Grobner bases or by the certificates of the real Nullstellensatz in the remark below. The difficulty
is the one seen in Proposition [12.1} each neuron also produces the squares u(a)* and uf(b)?,
which carry the frequency 2k for a single-frequency neuron, and these must cancel inside the
architecture.

Remark (Approximate fits and border rank). Small residuals do not imply exact fits,
since the set of the outputs of networks of width H need not be closed. For instance, let
u',u”, g, g" be functions on Z/pZ, let V,W € RP, and let s > 0. Write x(a,b) = u/(a) + u”(b)
and y(a,b) = ¢'(a) + ¢"(b). The two neurons (v’ + sg’,u” + sg”, sV + W) and (v/,u”, —s~'V)
together compute

(s’lv + W) (x+sy)? —s ' Va? =2Vay + Wa? + s (Vy2 + 2Way + SWyQ) ,

which converges as s — 0, while the weights blow up. Suppose that V, W are linearly independent,
and so are @, ¢ and @”,§”, in the notation of the proof of Proposition [12.3] Then the limit
is not the output of two neurons. Indeed, for n € RP and a network of width H, the matrix
S en(e)Lfy (-, -)(c) lies in the span of the H matrices @) ® @} of rank at most one. For the limit,
it is

2, V) (@' ®@§" +§ @d")+2(n,W)d' @ ",
i.e., in the bases @', ¢’ and @”, §”, these matrices form the plane

(5 ) ases)

If the limit were the output of two neurons, this plane would lie in the span of two matrices of
rank at most one, so it would be spanned by two matrices of rank one. But only the matrices
with # = 0 in the plane have rank one. This is the phenomenon of border rank in algebraic
complexity. So approximate fits with residuals tending to zero prove Hp,(p) < H if their weights
stay bounded. Indeed, a limit point then lies in Wy(p, H), since L is continuous.

The field matters for computer algebra as well. A Grobner basis decides whether the equations
fuw(a,b) = eqqp have a complex solution w € C**#. By Hilbert’s Nullstellensatz, there is none if
and only if 1 lies in the ideal generated by the p* polynomials f,(a,b)(c) — dqip=c. Over C, only
p — 1 products are needed, so the argument of Proposition gives only H > p. So complex
solutions may exist although Wy(p, H) = ). By the real Nullstellensatz, Wy(p, H) = 0 if and only
if there are real polynomials ¢; and 7,5 in w such that

L4 a(w) = D rave(w) (fula, b)(€) = darp=c) -
i a,b,c

Such certificates of bounded degree can be searched for by semidefinite programming.

12.4. Learning coefficients and the Fourier mechanism

By Chapter [0, Bayesian learning concentrates, as n — oo, on the exact fits of smallest local
learning coefficient A(w), defined by the volume of {L < €} near w. If A can be computed for
a task whose learned mechanism is known, it predicts which algorithm the posterior prefers.
Modular addition is the natural test case. Since Wy(p, H) is unbounded, we work in a ball. Let
R, = 1+ |wF|, where |-| is the Euclidean norm on R*Z~Y_ Let wf € Wy(p, H) be w! completed
by zero neurons. For R > R, let

Amin (P, H; R) = min {A(w) - w € Wo(p, H), |w| < R} .

Problem 12.2 (MAIS-O63). Let p > 3 be odd and H > 2p — 1.
(1) Determine A(wly) and the multiplicity m(wk).
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(2) For R > R, determine Amin(p, H; R), the multiplicities of the minimizers, and whether the
answer depends on R.

The following bounds show what the symmetries give. Consider the map
F R 5 R wes (fula, b))y, -

Then
1

:27292

Proposition 12.4. Let H = 2p—1 and d = 3p(2p—1), and let r be the rank of the differential
of F at wt € Wy(p,2p —1). Then
r

L(w) F(w) —T)*.

d— (5p — 3) 9 3
5 =3p° —4p+ 5
PRrROOF. For the upper bound, apply first the p—1 rotations, then the 2p — 1 translations, and
then the 2p — 1 scalings of Section to w’. This gives a smooth map ¥ from a neighborhood
of 0 in R%3 to Wy(p,2p — 1), with ¥(0) = w’". Its differential at 0 is injective. Indeed, the
scaling of the neuron j has the tangent vector (u}, u}, —2Vj) in the block of the neuron j, and
every V; is non-zero, e.g., V5(0) = 2}'%”. The translation of the neuron j has the tangent vector
(1,—1,0) in this block. The rotation of the neurons (k, 1) and (k,2) has the tangent vector with
the components (sin a, —sin $) and (— cosa, — cos 3) in their u-blocks and no V-component,
and similarly for (k,3) and (k,4). The V-components separate the scalings, and in each block,
the translation is constant while the rotation has the frequency k, so the vectors are linearly
independent. Hence a neighborhood of w! in the image of ¥ is a submanifold ¥ C W, of
dimension 5p — 3. Since L > 0 is smooth and vanishes on ¥, Taylor’s formula gives

L(w) < Cdist(w,X)* near w’.

5 S Aw) <

. . . : —(5p=3)
So {L < £} contains a tube of radius (3)% around a piece of X, whose volume is at least e =5

c
and the volume law gives the upper bound.
For the lower bound, let () be the orthogonal projection of R”’ onto the range of DF (w’),
and let z(w) = Q(F(w) —T') € R" in an orthonormal basis of the range. Then z is a submersion

at w’, so it can be completed to local coordinates (z,y) near w’. Since L > 2]'%|z|2, the set
{L < &} lies in {|z] < pv/2e} near w’', whose volume is at most Ce2. Hence A(w') > L. O

Y

A numerical computation of r gives r = 27,105, 229,399 for p = 3,5,7,9, i.e.,
. 23p* — 28p — 15
4
For p = 3, r = 27 = p?, so F is a submersion at w!", W;(3, 5) is a smooth submanifold of dimension
18 near w”, and A(w”) = 2f with m = 1. For p = 5, the bounds read 52.5 < A(w’) < 56.5. For
these p, the kernel of DF(w’) has dimension

PR (p+ 1)ip—|—15)7

which exceeds 5p — 3. So there are infinitesimal deformations of w!" that do not come from the
known symmetries, and Problem M(l) asks, in particular, which of them integrate to curves in
Wo.

The gap between the two bounds is decided on the kernel of DF (w!’), by a Lyapunov-Schmidt
reduction: we solve the equations F = T' in the directions of the range, and we keep the remaining
equations as a function on the kernel.

for p=3,5,7,9.
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Lemma 12.5. Let w, € Wy(p, H), let r = rank DF (w,) and K = ker DF(w,), and let Q) be
the orthogonal projection onto the range of DF(w,). Fory € K near 0, let w(y) = w, +y + &(y)
be the unique point near w, with £(y) L K and Q(F(w(y)) —T) =0, and let

Ky) = (1= Q) (F (w(y)) — T).
Then 1
a(y) = 5 (L= QDF (w.) [y,y] + O (|yf*) .

If K £ 0, then Aw,) = % + Ao and m(w,) = my, where (Ao, mg) are the local invariants of |k|?
at 0, as a function on K. If k =0, i.e., if Wy(p, H) contains a submanifold of dimension d —r

through w,, then Aw,) = § and m(w,) = 1.

PROOF. Since DF(w,) maps K+ isomorphically onto its range, the point w(y) exists by the
implicit function theorem, and ¢ is real-analytic with £(0) = 0 and D&(0) = 0. So £(y) = O(Jy[?).
Since DF(w,)y = 0 and (I — Q)DF(w,) = 0, Taylor’s formula gives the expansion of .

Near w,, we use the local coordinates (z,y), where z = Q(F(w) — T') and y is the orthogonal
projection of w — w, onto K. They are local coordinates, since DF (w,) is injective on K*. Then

2p°L(w) = [2> + |R(z,y)|*  with &(z,y) = (1- Q) (F(w) = T).
Here %(0,y) = k(y), and D~(0,0) = 0, since (I — Q)DF(w,) = 0. So
R(z,y) = w(y)] < Clz[ (2] + [y]) -
Hence 2p°L < 3|z|? + 2|k(y)|? near w,, while |z| < pv/2e and |x(y)| < C/2 on {L < &}. For

a small 6 > 0, let V,.(s) be the volume of {y € K : |y| < 4, |x(y)|* < s}. Then the volume of
{L < €} near w, lies between

ce2V,(ce) and Ce3Vi(Ce).

If k # 0, then Vj satisfies the volume law with the exponents \y and myq. If K = 0, then Vj is
constant. In both cases, the exponents of L follow, as in the proof of Lemma [6.6{1).

If K =0, then y — w(y) parametrizes a submanifold of Wy(p, H) of dimension d — r through
w,. Conversely, F is constant on such a submanifold, so its tangent space at w, lies in K, and
hence equals K. Near w,, the submanifold is then a graph {w, +y+n(y)} over K with n(y) L K.
Since Q(F —T) =0onit,n=¢, and kK = 0. O

Differentiating F = T twice along a curve in Wy(p, H) through w, with the tangent vector y
gives y € K and
(I-Q)D°F (w.) [y, y] = 0.
So the quadratic part of k is the first obstruction for an infinitesimal deformation y € K to
integrate to a curve of exact fits. For w!" and p = 5,7, a numerical computation shows that this
quadratic form vanishes on K up to rounding errors, that is,

(1= Q)D?F (w") [y,y)| < 107 #|yP* fory e K,

while |D?*F(w™)[y,y]| is of the order of |y|*>. Moreover, for random y € K with |y| < 0.1,
Newton’s method in its least-squares form (Gauss-Newton), in the unknown ¢ L K, solves
F(w!f 4+ y+ &) =T in at most three steps, with a residual below 107 and |¢| < 0.1]y|?, and DF
has rank r at the solution. So x(y) = 0 up to rounding errors. Exact fits are found in the same
way for random y € K orthogonal to the tangent vectors of the known symmetries. This suggests
that Wy(p,2p — 1) is a submanifold of dimension d — r near w!". If so, then Lemma gives
Mw") =% and m(w”) =1, e.g., A(w") = 52.5 for p = 5, and the lower bound of Proposition
12.4]is sharp. By Lemma [12.5] a proof amounts to the construction of a family of exact fits of
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dimension d — r through w!’, with W parameters beyond the 5p — 3 known symmetries,
e.g.,8forp=>5and 12 for p = 7.

By the remark on oscillatory integrals in Section 6.3, A(w’) and m(w’") are also the exponents
in the decay

W o (w) dw ~ CT_’\(wF)(log T)m(wF)_l as T — 00,

for ¢ > 0 supported in a small neighborhood of w! with ¢ (wF ) > 0. One may look for
coordinates adapted to the frequencies, guided by the Plancherel form of L, in which L becomes
non-degenerate with respect to its Newton polyhedron, so that Varchenko’s theorem applies.
This is a suggestion, not a known method. The geometric question is whether singular learning
theory selects the Fourier mechanism.

Question 12.1 (MAIS-O6). Let p > 3 be odd and H > 2p — 1. Is every active neuron of
every w € Wo(p, H) with |w| < R, and AN(w) = Amin(p, H; R,)) single-frequency?

A positive answer would show that geometric simplicity, i.e., a small learning coefficient,
forces a mechanism that can be read from the weights. A negative answer would show that the
two notions of simplicity part ways. For p = 3, the question is vacuous, since Fy 4+ F; = R3. The
first non-vacuous case is p =5 and H = 9, where d = 135. The only mechanism we know that
favors the Fourier fits is heuristic: the rotations of Section [12.2] are continuous symmetries that
exist because of the frequency structure, and more symmetries mean a larger set of nearby exact
fits and so a smaller \. The theorem of Morwani et al. above shows that single-frequency neurons
are forced by margin maximization. Margin and learning coefficient are different optima, so it
does not answer Question [12.1

The question also has a harmonic-analysis side. A single-frequency lookup table is sparse
in frequency: its Fourier transform is supported in at most three points. By the uncertainty
principles on Z/pZ in Chapter , it cannot be sparse in space: a non-zero u € Fq + JF}, satisfies
|suppu| > £ by Theorem and |suppu| > p — 2 by Tao’s inequality if p is prime. Directly,
for p prime, a non-constant u € Fy + Fy has the form u(a) = co + ¢; COS(% + ¢), and the points

% are distinct modulo 27, so u takes each value at most twice. So a Fourier neuron responds to

essentially every input, whereas a memorizing neuron responds to few inputs. Question [12.1] asks
on which side of the uncertainty principle the singular geometry places the network. Problem [12.]]
and Question are connected: below H,i,(p) there is nothing to select from, and the example
for p = 3 shows that at the minimal width, exact fits need not look like Proposition [12.1]

12.5. Which frequencies are learned

The previous problems concern the Bayesian posterior. For gradient training, the question is
which frequencies the neurons choose, and with what probability. The smallest case is addition
modulo 5 with two neurons. There are two frequencies, £k = 1 and k£ = 2, and the network

1=

2
fula,b) =S Vi (Wi(a) +uf(0))” € R®  with w = (u}, u, V}), 12 ER®
=1

is trained by the gradient flow w, = —V.L(w;) of the cross-entropy loss
1 oJuwlab)(ath)

Ly e
25 a,b€Z/5Z Zc efu(a:b)(c)

L(w) =
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without weight decay, from wy with independent standard Gaussian coordinates. Let @, /), Vi be
w}, ul, V; minus their means, where V; is regarded as a function on Z/5Z. Let Py be the orthogonal
projection onto Fj. For ¢ > 0, the neuron ¢ is called d-pure of frequency k if

-2 9
P+ P+ [P 2 (- 0) (jif + a0+ 7).

Problem 12.3 (MAIS-O59). (1) Write the gradient field in a real Fourier basis. Classify
the stationary directions, i.e., the unit vectors w € S* at which VL(w) is parallel to w,
in which each neuron is supported on one frequency after subtracting its mean. Determine
their stability transversally to the radial direction, and decide which of the four assignments
(k1, ko) € {1,2}? of frequencies to the two neurons can attract an open set.

(2) Prove or refute: almost surely, \1%\ converges as t — oo, and there are frequencies kq, ko such
that, in the limit, the neuron i is d-pure of frequency k; for every 6 > 0.

(3) Compute the probability that ki = ks.

Directions are the right objects, since |w;| may tend to infinity. Weight decay, i.e., adding
Llw|? with > 0 to the loss, would keep |w,| bounded, since the penalized loss decreases along
its gradient flow. Without it, the remark on the cross-entropy in the scores in Section applies,
with the logits f,(a,b)(c) and the degree of homogeneity 3. In particular, |w;| — oo whenever
L(w;) — 0. Moreover, by that remark with n = 25, if £L(w) < 102%2’ then the margin y(w) is
positive, i.e., all 25 inputs are classified correctly. Suppose that L(wy,) < 1°2g52 for some tq. Then,
by a theorem of Lyu—L on homogeneous models, |w;| — oo, the normalized margin ~(w;)|w;| 3
converges, and every limit point of %l is the direction of a point which satisfies the first-order

conditions, with non-negative Lagrange multipliers, for minimizing |w|? subject to the constraints
m;i(w) > 1 of that remark. So, in this case, Problem (2) asks whether 2 has only one limit
point, and whether the neurons of this limit are pure. The theorem of Morwani et al. in Section
12.2] concerns the global maximizers of the margin, normalized as there, for wide networks.

Part (1) is a finite computation, suitable for a student. The probability in part (3) determines
the law of the pair (ki, k2) on the event in part (2). Indeed, the map a — 2a is an automorphism
of Z/5Z which exchanges F; and F, since 2 -2 = 4 = —1. Composing all lookup tables and
output vectors with it is a permutation of the coordinates of w, which preserves the Gaussian law
and L, since 2a + 2b = 2(a + b). Hence it commutes with the flow. Together with the exchange of
the two neurons, this shows that on the event in part (2), the pairs (1,1) and (2,2) have the
same probability, and so do (1,2) and (2,1).

Remark (Finite groups). For a finite group G, the Fourier analysis of Section is replaced
by the irreducible representations of G; see Serr. Chughtai-Chan-Nanda [CCN] found that
networks trained on the multiplication (a,b) — ab in G learn an algorithm based on a sparse set
of irreducible representations, and that which representations appear varies with the random
initialization. Interpretability findings transfer across training runs only to the extent that this
choice is predictable; Problem is the smallest case of this question.

K. Lyu and J. Li, Gradient descent mazimizes the margin of homogeneous neural networks. International
Conference on Learning Representations, 2020.
"J.-P. Serre, Linear Representations of Finite Groups. Springer, 1977.



CHAPTER 13

Where to start

The problems of Part III are of three kinds. Some are questions of semiclassical analysis and
spectral theory, some are questions of harmonic analysis, and some are explicit computations
in a few variables, which are the natural first projects for students. In this chapter, we suggest
entry points, roughly in the order of their distance from semiclassical analysis, spectral theory,
and harmonic analysis. For each of them, we indicate what to read, a first step, and the open
problem behind it.

13.1. Metastability of singular wells

The closest problem is MAIS-O74 in Chapter [0] It asks for the Eyring-Kramers law when
the starting well is a positive-dimensional singular set and the gate is a Morse saddle. The
background is Chapter [§ the formula of Bovier-Eckhoff-Gayrard-Klein for mean hitting times
(Section , and the semiclassical point of view (Section . Theorem proves the law for the
starting point distributed according to the equilibrium measure. So the main remaining difficulty
is Problem 9.2} an oscillation estimate for the solution of —L.wp = 1 along a positive-dimensional
well. A first step is to compute the constant ¢, of Proposition for further monomial wells
and to compare the resulting prefactor with simulations of the Langevin dynamics. The general
problem MAIS-O73, with degenerate gates, is a research program.

The barrier-free companion is MAIS-O75 in Chapter Everything is explicit: the potential is
L(z,y) = sin? zsin*y on T?. Part (a) asks for the time scale of the entropic drift along a stratum,
which is predicted by an effective one-dimensional diffusion. Part (b) asks for the spectral gap
of the Witten Laplacian P. of Lemma [8.4] whose potential vanishes on the whole zero set W,
so the harmonic approximation of Section [8.6] does not apply. A first step, suitable for a strong
student, is to compute the low-lying spectrum of P. numerically in a Fourier basis on T?, to
guess the exponent in part (b), and then to prove the upper bound by test functions.

13.2. Laplace integrals in singular learning theory

The learning coefficient is an exponent in the asymptotics of a Laplace integral, and of the
oscillatory integral with the same phase (Section . Several problems are computations of such
asymptotics for explicit phases.

Problem asks when a Gaussian localization of the posterior estimates the local learning
coefficient. With L in place of L, the estimator is NEy[L] for a Gibbs measure. So, by Proposition
[6.7 and the decomposition after it, it is approximately the average of the learning coefficients of
two wells, a line of minima and a degenerate point, weighted by their posterior masses. Hence the
problem is a competition between the two wells in a Laplace integral with two large parameters.
The heuristic in Chapter [6] predicts the transitional scaling, and a proof needs only Laplace’s
method with uniform error bounds.

Problem asks for the local learning coefficients of reduced rank regression at every point
of its optimal set. It needs only linear algebra and elementary volume computations, for which
Lemma gives the rules, and the case M = N = H = 2 is a first project for a student. It is also

115
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the first step of Problem and, through part (b) of that problem, of the opposing-staircases
conjecture MAIS-O7 in Chapter [/} By Lemma [6.5 and the argument after that conjecture, Ay < 1
for k < r. So, for M = N = H, the conjecture concerns the r numbers \g,...,\,_; in (0, 1],
while for M = N =1 it fails as stated (Chapter [7)).

Problems and concern Laplace integrals over small windows around the saddle sets of
the deep linear network. The rim example of Section shows the phenomenon to be understood:
near a saddle, the integral is dominated by the boundary of the window in the unstable direction.
Parts (a) and (b) of Problem [7.2] are finite-dimensional questions about explicit Laplace integrals.

Question [6.1] on the stratification of the optimal set by the learning coefficient is a question of
real-analytic geometry, closer to singularity theory than to analysis. The remark after it indicates
that parts (a) and (b) follow from the resolution of singularities. So a first project is to write out
this sketch in full, and then to treat the pair (A, m), which needs more care.

13.3. Harmonic analysis of superposition

The problems of Chapter [11] are problems on the geometry of nearly orthogonal vectors, and
several of them are energy minimization problems on spheres. Problem asks whether the
regular pentagon minimizes the reconstruction loss of the ReLLU toy model with five features
in the plane and one active feature. For unit columns and zero biases, it is the minimization
of a pair energy on the circle, and the linear programming method of Delsarte-Goethals-Seidel
(Section reduces it to the construction of a trigonometric polynomial below the potential.
Proposition [11.9] gives such a polynomial of degree seven and proves this case. So the first project
is the case of free norms and biases in Problem m The next steps are uniqueness (Problem
and the full toy model with p in an interval (Problem [11.2). The case (N, m) = (3,2) of Problem
and the phase diagram of the model with N = 2 and m = 1 are explicit computations for
students.

Questions and connect superposition with eigenfunctions. Sparse vectors can be
recovered from few random samples of a bounded orthonormal system, and the number of samples
is governed by the sup norms of the basis functions. So the recovery of sparse expansions in
spherical harmonics, or in random orthonormal bases of the eigenspaces of the Laplacian, depends
on the L> and LP norms of eigenfunctions and on the behavior of random eigenbases. Question
m, on the number of random rows of the Fourier matrix of Z/NZ that give the restricted
isometry property, is a problem of harmonic analysis on cyclic groups.

13.4. Fourier analysis on Z/pZ

The networks of Chapter (12 learn modular addition through the Fourier transform on Z/pZ.
Problem on the minimal width of an exact fit is a problem in the complexity of bilinear
maps, and the first open case p = 5 is a computation. Lemma shows the method behind
the lower bound, and the remark on approximate fits and border rank in Section [12.3| says what
a computer search has to certify. Part (1) of Problem is a finite computation for students.
Problem and Question combine the Fourier transform with the learning coefficient. For
w! and p = 5,7, the numerical evidence after Lemma suggests that \(w!) = 5, and a first
step is to construct, for p = 5, a family of exact fits through w!" with 8 parameters beyond the
known symmetries. The rest of these problems are long-range.



13.5. A READING COURSE 117

13.5. A reading course

For a one-semester reading course, we suggest Chapters for the language, Chapters [4] and
for the motivation, Chapters [0] and [§] for the core mathematics, and then one of Chapters [7] [9)
[T}, and [12] according to the interest of the student.



APPENDIX A

Glossary

We collect the terms from Al and Al safety used in these notes, with the chapters in which
they are introduced.

Ablation: removing a component of a trained network to measure its effect on the
performance. Chapter

e Activations: the values that flow through a neural network on a given input. Chapter [2|
e Agent: a system which acts in an environment by a policy. Chapter [2|
o AJ safety: the study of how to build and deploy Al systems whose behavior is beneficial,

and how to prevent the harms of powerful AI. Chapter [4]
Bayesian: the point of view in which probability measures belief, updated by Bayes’ rule.
Chapter

e Cross-entropy loss: the empirical negative log-likelihood loss. Chapter [T}
e Deep linear network: a composition of linear layers; with two layers, the map x +— BAz.

Chapter

Developmental interpretability: the program of reading the formation of internal structure
during training from changes in the local learning coefficient. Chapter [5

Empirical loss: the average loss over the training data. Chapter [I}

Entropy: the average surprise — [ glogg of a probability distribution. Chapter
Feature: a variable or property which a network represents in its activations. Chapter [
Fisher information: the covariance of the score V,, log p; the Hessian of the Kullback-
Leibler divergence at the truth. Chapter [I

Free energy: minus the logarithm of the Bayesian evidence [ ¢ [1; p(X; | w) dw. Chapter
0l

Generalization: good predictions on new data; in distribution if the new data come from
the training distribution, out of distribution otherwise. Chapter [1}

Goal misgeneralization: a system keeps its capabilities under a distribution shift but
pursues a different goal from the intended one. Chapter [4

e GPT: generative pre-trained transformer, a family of language models. Chapter [2]
o Gradient descent, gradient flow: the iteration wy1 = wr — nV L(wy) and its continuous-

time limit. Chapter [3]

Grokking: generalization that arrives long after the training loss is small, and abruptly.
Chapter

Interpretability: reverse-engineering a trained network into human-understandable struc-
ture. Chapter [

Kullback-Leibler divergence: the excess [ qlog% of the cross-entropy over the entropy.
Chapter

e Langevin dynamics: the diffusion dw; = —V L(w;) dt + /2¢ dB;. Chapters |3| and .
e Language model: a neural network trained to predict the next token of a text. Chapter [2|
e Layer, neuron: a map x — o(Ax + b), and one of its coordinates. Chapter .

118



A. GLOSSARY 119

Learning coefficient: the exponent A in the volume law of nearly optimal parameters;
locally, the local learning coefficient. Chapter [6]

e Learning rate: the step size n of gradient descent. Chapter [3|
e Legibility: the extent to which humans can understand how an Al system represents

concepts internally. Chapter [4]
Likelihood: the probability that a model with a given parameter assigns to the observed
data. Chapter [I]

e Logits: the scores which the softmax turns into probabilities. Chapter [I}
e Loss: the function that training minimizes. Chapter
e Margin: the smallest difference, over the training data, between the logit of the correct

output and the other logits. Chapter [}
Maximum likelthood: the choice of the parameter which maximizes the likelihood. Chapter

il

e Minibatch: the random subset of data used in one step of SGD. Chapter [3]
e Misalignment: an Al system pursues a goal different from the intended one. Chapter [
e Neural network: a composition of layers whose matrices and vectors are the weights.

Chapter

Noise: the random part of the outputs, which is not determined by the inputs, e.g., £ in
Y = fuo(x) + &; also the random part of the steps of training, e.g., the minibatch noise
of SGD. Chapters [I] and [3|

Overfitting: fitting the noise in the training data, so that the empirical loss is much
smaller than the population loss. Chapter [1}

Phase transition: a moment of training at which the estimated local learning coefficient
jumps; in Bayesian learning, a sample size at which the posterior moves to a different
region. Chapter

e Plateau: a long period of nearly constant loss during training. Chapter
e Policy: an agent’s decision rule from observations to actions. Chapter [2]
e Population loss: the average loss over all possible data, weighted by the data distribution.

Chapter [T}

Prior, posterior: the densities on parameter space before and after seeing the data.
Chapters [I] and [6]

Reinforcement learning: training an agent by rewarding its actions. Chapter [2]

ReLU: the activation function z — max{0,z}. Chapter [2|

Robustness: good performance on inputs unlike the training and test data. Chapter
Sigmoid: the activation function z +— ﬁ Chapter

Singular model: a model which is not identifiable or whose Fisher information is degen-
erate. Chapter [T}

Softmaz: the map from scores to probabilities f +— (Zefsz> . Chapter .
k Y

Sparse autoencoder: a network that reconstructs activations as sparse combinations of
learned directions. Chapters [4] and

Stochastic gradient descent (SGD): gradient descent with minibatch estimates of the
gradient. Chapter [3|

Superposition: the representation of more features than dimensions, as nearly orthogonal
directions. Chapters [4] and [T}

e Token: the atomic unit of text, a word or a piece of a word. Chapter [2]
e Training: choosing the parameters of a model from data. Chapters [1| and
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e Transformer: the dominant architecture of language models, which mixes information
across the positions of a text. Chapter [2|

o Weight decay: a penalty proportional to |w|? added to the loss. Chapters [7] and .

e Weights: the trainable parameters of a neural network. Chapter [2]
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