
Intersecting Lagrangian distributions by
Melrose-Uhlmann

Xiaolong Han

Department of Mathematics
Australian National University



Contents

0 Duistermaat-Hörmander theory 5
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Notational index

•X : an n-dim smooth manifold.

• T (X): the tangent bundle of X .

• T ∗(X): the cotangent bundle of X .

• T ∗(X) \ 0: the cotangent bundle of X with the zero section removed.

• N(Y ): the (co)normal bundle of Y , in which Y is a submanifold of X .

• ∆∗: the diagonal in T ∗(X) \ 0× T ∗(X) \ 0.

• Λ: a closed conic Lagrangian submanifold of T ∗(X) \ 0.

•D = ∂/i.

• f̂ : the Fourier transform of f defined by

f̂ (ξ) =

ˆ
e−ix·ξf (x) dx.

• D′(X): the space of distributions in X .

• E ′(X): the space of distributions with compact support in X .
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•H(s)(X): the Sobolev space of order s in X .

• Lm(X): the space of ΨDOs on X of order m.

• P ∈ Lm(X): a ΨDO with real homogeneous principal symbol p of homoge-
neous degree m.

•Hp: the Hamilton vector field generated by p.

• N = Σ(P ): the characteristic variety of a ΨDO P , i.e.

Σ(P ) = {(x, ξ) ∈ T ∗(X) \ 0 : p(x, ξ) = 0}.

• ∆N : the diagonal in N ×N .

• C: the bicharacteristic relation of P , i.e.

C = {((x, ξ), (y, η)) ∈ N ×N :

(x, ξ) and (y, η) lie on the same bicharacteristic strip}.

• Im(X ; Λ): the space of Lagrangian distributions associated with the La-
grangian Λ ⊂ X and of order m.
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0 Duistermaat-Hörmander theory

In [DH72, §6], the existence and regularity of solutions to a pseudo-differential
equation

Pu = f

in a manifold X are investigated.
Let P ∈ Lm(X) is of real principal type in X . Suppose that X is pseudo-

convex with respect to P , i.e. the following equivalent conditions hold.

(i). [DH72, Definition 6.5.1] P has a real homogeneous principal part p and
no complete bicharacteristic strip of P stays over a compact set in X .

(ii). [DH72, Theorem 6.3.3] For every compact set K ⊂ X there is another
compact set K ′ ⊂ X such that if u ∈ E ′(X) and sing supp tPu ⊂ K,
then sing suppu ⊂ K ′.

(iii). [DH72, Theorem 6.3.3] For every compact set K ⊂ X there is another
compact set K ′ ⊂ X such that K ′ contains any interval on a bicharac-
teristic curve with respect to P having both end points in K.

Then the global parametrices (i.e. inverses) of P are constructed.
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Precisely, under the above conditions, the following theorem holds.

Theorem (6.5.3 in [DH72]). For every orientation C \∆N = C+
ν ∪C−ν , one

can find parametrices E+
ν and E−ν of P that satisfy

(i). WF′(E+
ν ) = ∆∗ ∪ C+

ν and WF′(E−ν ) = ∆∗ ∪ C−ν ,

(ii). any right or left parametrix E with WF′(E) contained in ∆∗ ∪ C+
ν

(resp. ∆∗ ∪ C−ν ) equals E+
ν (resp. E−ν ) modulo C∞,

(iii). E+
ν and E−ν maps Hcomp

(s) (X) continuously to H(s+m−1)(X),

(iv). E+
ν − E−ν ∈ I1/2−m(X × X ;C ′), and E+

ν − E−ν is non-characteristic
at every point of C ′.

Example. The basic example is P = D1 = ∂1/i ∈ L1(Rn). Then

• E+
1 = iH(x1 − y1)δ(x′ − y′) and E−1 = −iH(y1 − x1)δ(x′ − y′).

• E+
1 − E−1 = iδ(x′ − y′).

• C = {(x1, x′, ξ1, ξ′, y1, y′, η1, η′) : x′ = y′, ξ′ = η′ 6= 0, ξ1 = η1 = 0}.
• E+

1 − E−1 ∈ I−1/2(X ×X ;C ′).
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However, these parametrices E+
ν and E−ν are not FIOs introduced in [DH72]

and the construction is not symbolic. Indeed, the wavefront set of the kernel of
such a parametrix is equal to the union of the diagonal (∆∗) and the Lagrangian
manifold obtained by flowing the diagonal out under the Hamilton vector field
of p acting inside the characteristic variety (C+

ν or C−ν ). Thus, there are two
Lagrangian manifolds intersecting.

Following [MU79, §§1-6], in this note we develop a symbol calculus for distri-
butions associated to a pair of Lagrangian manifolds intersecting cleanly with
codimension one, and then use it to give a completely symbolic version of the
construction of the parametrices mentioned in above.

The basic example iH(x1)δ(x′) for D1 = ∂1/i provides the prototype of a
pair of intersecting Lagrangian manifolds. In this example, we denote

• Λ̃0 = T ∗0 (Rn) \ 0,

• Λ̃1 = {(x, ξ) ∈ T ∗(Rn) \ 0 : x′ = 0, x1 ≥ 0, ξ1 = 0},
• Λ̃ = Λ̃0 ∪ Λ̃1 = N(Y ), in which Y = {x ∈ Rn : x′ = 0, x1 ≥ 0} is a

submanifold of Rn with boundary,

• ∂Λ̃1 = Λ̃0 ∩ Λ̃1 = {(0, ξ) : ξ1 = 0}.
7



1 Lagrangian intersection

Definition (1.1). Let Λ0 ⊂ T ∗(X) \ 0 be a conic Lagrangian manifold and
Λ1 ⊂ T ∗(X) \ 0 be a conic Lagrangian manifold with boundary.

A pair (Λ0,Λ1) is said to be an intersecting pair of Lagrangian manifolds
if

(i). Λ0 ∩ Λ1 = ∂Λ1,

(ii). the intersection is clean, i.e.

Tλ(Λ0) ∩ Tλ(Λ1) = T (∂Λ1) for all λ ∈ ∂Λ1. (1.2)

Two such pairs (Λ0,Λ1) and (Λ′0,Λ
′
1), Λ′i ⊂ T ∗(X ′) \ 0, with given base

points λ ∈ ∂Λ1 and λ′ ∈ ∂Λ′1 is said to be locally equivalent if there is
a conic neighborhood V of λ in T ∗(X) \ 0 and a homogeneous symplectic
transformation χ : V → T ∗(X ′) \ 0 such that

(i). χ(λ) = λ′,

(ii). χ(Λ0 ∩ V ) ⊂ Λ′0,

(iii). χ(Λ1 ∩ V ) ⊂ Λ′1.
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Remark (c.f. §C.3 in [H85]). Let Y and Z be two two manifolds X . If

Tx(Y ∩ Z) = Tx(Y ) ∩ Tx(Z) for all x ∈ Y ∩ Z,
then the intersection is said to be clean. One then has

codim(Y ) + codim(Z) = codim(Y ∩ Z) + e.

Here, the non-negative integer e is called the excess of the intersection.

Example.

1. When e = 0, Y and Z are said to intersect transversally. In this case

• codim(Y ) + codim(Z) = codim(Y ∩ Z),

• dim(Y ) + dim(Z)− dim(Y ∩ Z) = dim(X),

• Nx(Y ) ∩Nx(Z) = {0}.
2. The intersecting pair (Λ0,Λ1) is a special clean intersecting case when the

excess
e = n− 1 and Λ0 ∩ Λ1 = ∂Λ1.
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Theorem (Local coordinates for clean intersections, c.f. Theorem 21.2.10 in
[H85]). Let Y, Z ⊂ X be two conic Lagrangian submanifolds intersecting
cleanly with excess e at γ ∈ X. Then one can choose homogeneous sym-
plectic coordinates (x, ξ) at γ such that

(i). the coordinates of γ = (0, ε1), in which ε1 = (1, 0, ..., 0),

(ii). near (0, ε1),

Y = {(0, ξ)} and Z = {(0, x′′, ξ′, 0)},
in which

x′ = (x1, ..., xe) and x′′ = (xe+1, ..., xn).

That is, Y is locally the conormal bundle of a point and Z the conor-
mal bundle of a manifold of codimension e through it. If they intersect
transversally, i.e. e = 0, then they are both locally conormal bundles of
points.

Note that if two manifolds intersecting cleanly, then their conormal bundles
of manifolds must also intersect cleanly.
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Corollary (c.f. Corollary 21.2.11 in [H85]). Let Y and Z be two Lagrangian
subspaces of a symplectic vector space X. Then we can find a Lagrangian
subspace W that is transversal to both Y and Z.

Proof. By [H85, Theorem 21.2.10], one can choose local coordinates such that
Y = {(0, ξ)} and Z = {(0, x′′, ξ′, 0)}. Set

W = {(x, ξ) : x′′ = ξ′′, ξ′ = 0}.
Then W is transversal to both Y and Z by simply noticing that two Lagrangian
subspaces are transversal iff their intersection is zero.

Proposition (1.3). All intersecting pairs of Lagrangian manifolds in man-
ifolds of a fixed dimension are locally equivalent to the following pair.

• x = (x1, x
′), in which x1 ∈ R and x′ = (x2, ..., xn) ∈ Rn−1.

• Λ̃0 = T ∗0 (Rn) \ 0.

• Λ̃1 = {(x, ξ) ∈ T ∗(Rn) \ 0 : x′ = 0, x1 ≥ 0, ξ1 = 0}.
• Λ̃ = Λ̃0 ∪ Λ̃1 = N(Y ), in which Y = {x ∈ Rn : x′ = 0, x1 ≥ 0}.
• Λ̃0 ∩ Λ̃1 = ∂Λ̃1 = {(0, ξ) : ξ1 = 0}.
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Proof of Proposition 1.3.
Step 1. Let (Λ0,Λ1) be an intersecting pair and λ ∈ ∂Λ1. By definition

of locally equivalence of intersecting Lagrangian manifolds, it suffices to show
that there is a conic neighborhood V of λ in T ∗(X) \ 0 and a homogeneous
symplectic transformation

χ : V → T ∗(Rn) \ 0 (1.4)

such that

(i). χ(λ) = λ̃ = (0, ξ̃), in which ξ̃ = (0, ..., 0, 1),

(ii). χ(Λ0 ∩ V ) ⊂ Λ̃′0,

(iii). χ(Λ1 ∩ V ) ⊂ Λ̃′1.

Choose a homogeneous symplectic transformation χ such that

χ(λ) = λ̃, χ(Λ0 ∩ V ) ⊂ Λ̃0, and χ(∂Λ1 ∩ V ) ⊂ ∂Λ̃1.

Similarly, choose a homogeneous symplectic transformation χ̄ such that

χ̄(λ) = λ̃, χ̄(Λ1 ∩ V ) ⊂ Λ̃1, and χ̄(∂Λ1 ∩ V ) ⊂ ∂Λ̃1.

12



Step 2. Write X1 = χ∗(x1) and Ξ̄1 = χ̄∗(ξ1). We claim

{Ξ̄1, X1} 6= 0.

Proof of the claim. Notice that

χ̄ ◦ χ−1 : T ∗(Rn)→ T ∗(Rn)

is a symplectic transformation so

{Ξ̄1, X1} = {(χ̄−1)∗ξ1, (χ−1)∗x1} = (χ̄−1)∗{ξ1, (χ̄ ◦ χ−1)∗x1} 6= 0.

The claim follows if we show that (χ̄ ◦ χ−1)∗x1 ∈ span{x1}.
From the choice of χ and χ̄, we have that

(χ̄ ◦ χ−1)∗∂Λ̃1 = ∂Λ̃1 = span{ξ2, ..., ξn}.
Denote Λ̃2 = span{x2, ..., xn}. Then

(χ̄ ◦ χ−1)∗Λ̃2 = Λ̃2

follows because symplectic transformation transforms conjugate pairs to conju-
gate pairs. Furthermore,

(χ̄ ◦ χ−1)∗(∂Λ̃1)
⊥ = (∂Λ̃1)

⊥ = span{x1, ..., xn, ξ1}.
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Also
(χ̄ ◦ χ−1)∗Λ̃⊥2 = Λ̃⊥2 = span{x1, ξ1, ..., ξn},

where ⊥ denotes the symplectic orthogonal completion.
From the fact that

x1 ∈ (∂Λ̃1)
⊥ ∩ Λ̃⊥2 = span{x1, ξ1},

we arrive at
(χ̄ ◦ χ−1)∗x1 ∈ span{x1, ξ1}.

The proof of the claim is complete if we show

(χ̄ ◦ χ−1)∗x1 /∈ span{ξ1},
or equivalently (χ−1)∗x1 and (χ̄−1)∗ξ1 are linearly independent in X . This is
apparent since the nonzero vectors

(χ−1)∗x1 ∈ Tλ(Λ1) \ Tλ(∂Λ) and (χ̄−1)∗ξ1 ∈ Tλ(Λ0) \ Tλ(∂Λ),

and the intersecting Λ0 ∩ Λ1 = ∂Λ1 is clean.
Therefore, we can assume

{Ξ̄1, X1} > 0.
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Step 3. Since {Ξ̄1, X1} > 0, we can define Ξ1 such that

HX1Ξ1 = −{Ξ1, X1} = −1 and Ξ1 = 0 on {Ξ̄1 = 0}.
Darboux’s theorem asserts that one can find C∞ functions Xj,Ξj, j = 2, ..., n
such that

σ : ε→ (X(ε),Ξ(ε))

is a homogeneous symplectic transformation to T ∗(Rn) with σ(λ) = λ̃. Let

M = {ε ∈ V : X1(ε) = Ξ1(ε) = 0},
where V is a suitably small open conic neighborhood of λ, and σ maps M to
T ∗(Rn−1). Then ∂Λ1 ⊂ M is Lagrangian. So there exist functions x2, ..., xn
and ξ2, ..., ξn on M for which

σ̄ : ε→ (x2(ε), ..., xn(ε), ξ2(ε), ..., ξn(ε))

is a homogeneous symplectic map such that σ̄(λ) = λ̃.
Extending x1, ..., x2, ξ1, ..., ξn to a neighborhood of Λ using

Hxixj = Hξixj = Hxiξj = Hξiξj = 0 for i 6= j

gives the local coordinates.
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2 Basic examples

In this section, we study the basic example P = D1 = ∂1/i in Rn.

Definition (2.1). Denote Imcomp(Rn; Λ̃0, Λ̃1) the subspace of E ′(Rn) that con-
sists of the distributions u which can be written in the form u = u1 + u2,
in which u2 ∈ C∞0 (Rn) and

u1(x) =

ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]a(s, x, ξ) dξds, (2.2)

where a ∈ Sm+1/2−n/4
cl (Rn+1 ×Rn) is a classical symbol with compact cone-

support.

Remark.

(i). (2.2) is well defined as an oscillatory integral, even prior to the s-integration,
and as such it depends continuously on a in the topology of Sm

′
for any

m′ > m + 1/2− n/4.

16



(ii). One can homogenize (2.2) by introducing

s =
σ√
|ξ|2 + σ2

.

Then

u1(x) =

ˆ ∞
0

ˆ
Rn

exp

[
i

σ√
|ξ|2 + σ2

· ξ1 + ix · ξ

]
ã(σ, x, ξ) dξdσ,

in which

ã(σ, x, ξ) = a

(
σ√
|ξ|2 + σ2

, x, ξ

)
· |ξ|2

(|ξ|2 + σ2)
3
2

is an element in S
m−1/2−n/4
cl (Rn+1 × Rn).

(iii). If a = 1, then
u1(x) = (2π)nH(x1)δ(x

′),

in which H is the Heaviside function.
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Proposition (2.3). If u ∈ Imcomp(Rn; Λ̃0, Λ̃1), then

WF(u) ⊂ Λ̃. (2.4)

If B ∈ L0(Rn), then

(i). If WF(B) ∩ Λ̃0 = ∅, then Bu ∈ Im(Rn; Λ̃1).

(ii). If WF(B) ∩ Λ̃1 = ∅, then Bu ∈ Im−1/2(Rn; Λ̃0).

Example. Let
a = 1 ∈ S0

cl(Rn+1 × Rn).

Then

m =
n

4
− 1

2
and u(x) = (2π)nH(x1)δ(x′).

Furthermore, for some zeroth order ΨDO χ,

(i). χu ∈ In/4−1/2(Rn; Λ̃1) for χ microlocally supported outside of Λ̃0,

(ii). χu ∈ In/4−1(Rn; Λ̃0) for χ microlocally supported outside of Λ̃1.
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Proof of Proposition 2.3.
Step 1. Write

ũ(s, x) =

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]a(s, x, ξ) dξ.

Then
WF(ũ) ⊂ {(s, x, σ, ξ) : x1 = s ≥ 0, x′ = 0, σ = −ξ1}.

Consider the projection to the second component:

π : R× Rn → Rn, π(s, x) = x.

Then for each v ∈ C∞0 (Rn),

〈π∗(H(s)ũ(s, x)), v〉L2(Rn)
= 〈H(s)ũ(s, x), π∗(v)〉L2(R×Rn)

=

ˆ
R

ˆ
Rn
H(s)ũ(s, x) · π∗v(s, x) dxds

=

ˆ
Rn

ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]a(s, x, ξ)dξds · v(x) dx

= 〈u1, v〉L2(Rn) .
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It then follows that
u1(x) = π∗(H(s)ũ(s, x)).

By the push-forward of wavefront of distributions (c.f. [D96, Proposition 1.3.4]),

WF(π∗u) ⊂ {(y, η) ∈ T ∗(Y ) \ 0 :

y = π(x) : y = π(x), (x,tDπxη) ∈WF(u) for some x ∈ X}
for a smooth mapping π : X → Y . Therefore, observe that

WF(H(s)ũ(s, x)) ⊂ [WF(H(s)) + WF(ũ(s, x))] ∪WF(H(s)) ∪WF(ũ(s, x)),

tDπx =

[
0

Idn×n

]
(n+1)×n

and
WF(u1) ⊂ π∗WF(H(s)ũ(s, x)).

We now have that
WF(u) = WF(u1) ⊂ Λ̃.
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Here, we also used the facts that

π∗(WF(H(s)) + WF(ũ(s, x))) = Λ̃0 ∪ Λ̃1,

π∗(WF(H(s))) = ∅,
and

π∗(WF(ũ(s, x))) = Λ̃1.

Step 2. Let B be a properly supported zeroth order classical ΨDO. Then

B[eix·ξa(x, ξ)] = eix·ξ(Ba)

defines a continuous linear map

B : Smcl → Smcl ,

preserving compactness of cone-supports.
In particular, B can be applied under the integral sign in (2.2) showing that

Bu1 is of the same form with a replaced by Ba.
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Step 3. If
WF(B) ∩ Λ̃0 = ∅,

we can then assume, by discarding a smoothing operator, that, for some ε > 0,
Ba = 0 in |x| ≤ ε.

Choose µ ∈ C∞(R) with

µ(s) =

{
1 if s ≥ 1

2ε,

0 if s < 1
4ε.

Then the Lagrangian distribution defined by

v1(x) =

ˆ
R

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]µ(s)Ba(s, x, ξ) dξds

is an element in Im(Rn; Λ̃1).
To show that Bu is also in this space we shall verify that

Bu(x)−v1(x) =

ˆ
R

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′][1−µ(s)]Ba(s, x, ξ) dξds ∈ C∞. (2.5)
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In fact, the operator

L =
i[(x1 − s)∂ξ1 + x′∂ξ′]

(x1 − s)2 + |x′|2
satisfies that

Ltei[(x1−s)·ξ1+x
′·ξ′] = ei[(x1−s)·ξ1+x

′·ξ′],

and has smooth coefficients on

supp (1− µ)Ba ⊂ {(s, x, ξ) : s <
1

4
ε, |x| > ε}.

By integration by parts it follows that Bu− v1 ∈ C∞.
Step 4. If

WF(B) ∩ Λ̃0 = ∅,
we can then assume Ba = 0 if

|x′|2 +
ξ21
|ξ|2
≤ ε2 and x1 > −ε.

It follows that the operator

M = −
i(ξ1∂s/|ξ|2 − x′∂ξ′)
|x′|2 + ξ21/|ξ|2
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satisfies that
M tei[(x1−s)·ξ1+x

′·ξ′] = ei[(x1−s)·ξ1+x
′·ξ′]

and has smooth coefficients on suppBa provided x1 > −ε.
Integration by parts yields

Bu =

ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]M [Ba(s, x, ξ)] dξds (2.6)

+

ˆ
Rn
eix·ξ · ξ1Ba(0, x, ξ)

|ξ1|2 + |x′|2|ξ|2
dξ.

Here, the second term is a distribution in Im−1/2(Rn; Λ̃0) since the symbol

ξ1Ba(0, x, ξ)

|ξ1|2 + |x′|2|ξ|2
∈ Sm−1/2−n/4,

and first term is smooth by taking iterations.
Notice that the boundary terms from integration with respect to s is of lower

order, therefore not affecting the principal symbol in Im−1/2(Rn; Λ̃0).
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Remark (2.7). Ignoring non-vanishing densities and Maslov contributions we
find the principal symbol of u ∈ Imcomp(Rn; Λ̃0, Λ̃1) as a Lagrangian distribution

near Λ̃0 \ ∂Λ̃1 and Λ̃1 \ ∂Λ̃1 as

σ(1)(u) = a(x1, (x1, 0), (0, ξ′)) on Λ̃1 \ ∂Λ̃1, (2.8)

and
σ(0)(u) = −ia(0, 0, ξ)/ξ1 on Λ̃0 \ ∂Λ̃1. (2.9)

Observe that σ(1)(u) is smooth up to ∂Λ̃1 and that

ξ1σ
(0)(u) = −iσ(1)(u) on ∂Λ̃1, (2.10)

which gives additional restriction on the symbol pair

σ(u) = (σ(1)(u), σ(0)(u)),

and this shall be fully investigated together with defining half densities and
Maslov bundle on (Λ̃0, Λ̃1) in §4.
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3 The space Im(X ; Λ0,Λ1)

Suppose that (Λ0,Λ1) is an intersecting pair of Lagrangian manifolds in
X . Given λ ∈ Λ0 ∩ Λ1, we can, according to Proposition 1.3, find a local
parametrization χ of the intersecting pair as (Λ̃0, Λ̃1), which allows us to define
Im(X ; Λ0,Λ1).

Definition (3.1). Im(X ; Λ0,Λ1) consists of those distributional half densi-
ties, u, on X which are modelled microlocally by

u− u0 − u1 −
∑
j

Fjvj ∈ C∞, in which

(i). u0 ∈ Im−1/2(X ; Λ0) and u1 ∈ Im(X ; Λ1 \ ∂Λ1).

(ii). {Vj} is a countable covering of ∂Λ1 by parametrization

χj : Vj → T ∗(Rn) and ∂Λ1 ⊂ ∪jVj.
(iii). {Fj} is a family of FIOs that Fj is associated to χ−1j .

(iv). The distributions vj ∈ Imcomp(Rn; Λ̃0, Λ̃1) such that Fjvj have locally
finite supports.
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Remark. Immediately following the definition, let u ∈ Im(Rn; Λ̃0, Λ̃1) and F
be a properly supported zeroth order FIO associated with a canonical transfor-
mation that leaving both Λ̃0 and Λ̃1 invariant. Then Fu ∈ Im(Rn; Λ̃0, Λ̃1).

In fact, the following stronger result holds.

Proposition (3.2). Let

F : E ′(Rn)→ E ′(Rn)

be an FIO of order m′ associated with a local canonical graph Γ such that

Γ ◦ Λ̃0 ⊂ Λ̃0 and Γ ◦ Λ̃1 ⊂ Λ̃1.

Then
F : Imcomp(Rn; Λ̃0, Λ̃1)→ Im+m′

comp (Rn; Λ̃0, Λ̃1). (3.3)

Proof of Proposition 3.2.
Step 1. Suppose that u ∈ Imcomp(Rn; Λ̃0, Λ̃1) and can be written as

u(y) =

ˆ ∞
0

ˆ
Rn
ei[(y1−s)·η1+y

′·η′]a(s, y, η) dηds,
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where a ∈ Sm+1/2−n′/4
cl . Suppose that

Fv(x) =

ˆ
R2n

ˆ
Rn
eiφ(x,y,ξ,η)b(x, y, ξ, η)v(y) dydξdη.

Using [H71], we may assume

φ(x, y, ξ, η) = x · ξ − y · η −H(ξ, η)

is a non-degenerate phase function defining

Γ = {(H ′ξ, ξ,H ′η, η)} = {(y, η) = χ(x, ξ)}
for some canonical transformation χ.

From Proposition 4.1.3, Γ is locally canonical graph iff

D(φ) =

[
φ′′ξξ φ

′′
ξη φ

′′
ξx

φ′′yξ φ
′′
yη φ

′′
yx

]
=

[
−H ′′ξξ −H ′′ξη Id

0 Id 0

]
6= 0 i.e. H ′′ξη 6= 0.

Thus, we can reduce the number of ξ, η variables by n and write

Fv(x) =

ˆ
Rn

ˆ
Rn
eiφ(x,y,θ)b(x, y, θ)v(y) dydθ.
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Step 2. Now

Fu(x)

=

ˆ
Rn

ˆ
Rn
eiφ(x,y,θ)b(x, y, ξ, η)

[ˆ ∞
0

ˆ
Rn
ei[(y1−s)·η1+y

′·η′]a(s, y, η)dηds

]
dydθ

=

ˆ ∞
0

ˆ
Rn

[ˆ
Rn

ˆ
Rn
eiψ(x,y,s,θ,η)ba dydη

]
dθds

with ψ(x, y, s, θ, η) = φ(x, y, θ) + (y1 − s) · η1 + y′ · η′. Notice that

dηψ = 0⇔ y1 = s, y2 = · · · = yn = 0,

dyψ = 0⇔ η = −φ′θ,

d2(y,η)ψ =

[
0 Id
Id 0

]
, i.e. ψ is non-degenerate.

Applying stationary phase to the inner integral, the main contribution is from

Fu(x) =

ˆ ∞
0

ˆ
Rn
eiφ(x,(s,0),θ)c(s, x, θ) dθds, (3.4)

in which φ̄(x, s, θ) = φ(x, (s, 0), θ) is non-degenerate.
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Step 3. We can always decompose F by using a microlocal partition of unity.
So assume that in the region of interest

Γ ◦ Λ̃0 = Λ̃0 and Γ ◦ Λ̃1 = Λ̃1,

which means that
χΛ̃0 = Λ̃0 and χΛ̃1 = Λ̃1.

Notice also that χΛ̃0 = Λ̃0 = {x = 0} implies

φ̄′θ = 0, s = 0 (i.e., y = 0)⇔ x = 0.

It then follows that

∂φ̄

∂θ
=
∑
i

cji [xi − sαi(x, s, θ)] ,

where the matrix c is invertible since φ is non-degenerate.
Replacing θi by

∑
j cjiθj reduces φ̄ to the form

φ̄(x, s, θ) = θ · x− sα(x, s, θ). (3.7)

Write
α = α(0, 0, θ) + x · β(x, s, θ) + sγ(x, s, θ)
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and
θi − sβi(x, s, θ)

as new θ variables. It then allows us to assume that (3.7) is

φ̄(x, s, θ) = θ · x− sα(θ) + s2γ(x, s, θ). (3.8)

Furthermore, Γ ◦ Λ̃1 = Λ̃1 = {x1 ≥ 0, x′ = 0, ξ1 = 0} implies

φ̄′θ = 0, φ̄′s = 0 (i.e., φ′y = 0)⇔ x′ = 0, φ̄′x1 = 0.

It then follows that

xi − s
∂α

∂θi
+ s2

∂γ

∂θi
= 0, −α(θ) +

∂(s2γ)

∂s
= 0. (3.9)

So it forces x′ = 0 and x1 ≥ 0 when s = 0. Hence,

∂α

∂θ1
> 0.

Thus on the surface C defined by (3.9), s and θ′ = (θ2, ..., θn) can be taken as
coordinates.

Moreover, xi = 0 on C for i ≥ 2 so differentiating with respect to s and
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setting s = 0 in (3.9), we have

∂α

∂θ′
= 0 when α = 0.

Since ∂α/∂θ1 6= 0,
α(θ) = θ1 − ρ(θ′)β(θ)

with ρ homogeneous of degree one. But ∂ρ/∂θ′ = 0 so

ρ = 0 and α(θ) = θ1β(θ).

Replacing s by sβ(θ) and relabelling gives

φ̄(x, s, θ) = θ · x− sθ1 + s2γ(x, s, θ).

Step 4. In fact, repeating this process implies for any k ∈ N,

φ̄(x, s, θ) = θ · x− sθ1 + skγ(x, s, θ).

That is, φ̄ differs from the linear phase function

−sξ1 + x · ξ, s > 0

by a term vanishes to higher order in s. Then we apply the technique in [H71,
§3.1] to prove that they are equivalent.
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4 Symbol maps

Proposition (4.1). If u ∈ Im(X ; Λ0,Λ1), then

WF(u) ⊂ Λ = Λ0 ∪ Λ1.

If B ∈ L0(Rn) is a properly supported classical ΨDO, then

(i).
WF(B) ∩ Λ0 = ∅ ⇒ Bu ∈ Im(X ; Λ1 \ ∂Λ1). (4.2)

(ii).
WF(B) ∩ Λ1 = ∅ ⇒ Bu ∈ Im−1/2(X ; Λ0 \ ∂Λ1). (4.3)

Remark.

(i). The proof follows from the invariance in Propositions 3.2 and correspond-
ing results in Rn in Proposition 2.3.

33



(ii). The principal symbols of u near Λ1 and Λ0 are

σ(1)(u)(λ′) =
σm(Bu)(λ′)

σ0(B)(λ′)
on Λ1 \ ∂Λ1, (4.4)

in which σ0(B)(λ′) 6= 0 for λ ∈ Λ1 \ ∂Λ1 and λ′ is near λ. This is
independent of B observing the standard trivialisation of Ω1/2 and L over
the diagonal, and

σ(0)(u)(λ′) =
σm−1/2(Bu)(λ′)

σ0(B)(λ′)
on Λ0 \ ∂Λ1, (4.5)

in which σ0(B)(λ) 6= 0 for λ ∈ Λ0 \ ∂Λ1 and λ′ is near λ.

(iii). We have the symbol map

σ : Im(X ; Λ0,Λ1)→ (4.6)

C∞m+n/4(Λ1 \ ∂Λ1; Ω1/2 ⊗ L1)⊗ C∞m+n/4−1/2(Λ0 \ ∂Λ1; Ω1/2 ⊗ L0),

where C∞k is the space of C∞ sections which are homogeneous of degree
k, is apparently not surjective. We shall investigate the image under this
map.
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(iv). Recall (2.10) that
lim
x1→0

σ(1)(u) = lim
ξ1→0

σ(0)(u),

and
ξ1σ

(0)(u) = −iσ(1)(u) on ∂Λ̃1, (2.10)

which shows that the mapping in (4.6) is not surjective.

Consider only the half densities on Λ̃0, Λ̃1, and Λ̃0 ∩ Λ̃1 = ∂Λ̃1:

σ(1)(u) = a(x1, (x1, 0), (0, ξ′))|dx1 ∧ dξ2 ∧ · · · ∧ dξn|
1
2 ,

and
σ(0)(u) = −iξ−11 a(0, 0, (ξ1, ξ

′))|dξ1 ∧ dξ2 ∧ · · · ∧ dξn|
1
2 .

Then the above correspondence between σ(1)(u) and σ(0)(u) is intrinsically
defined, that is, independent of the choice of local coordinates.

We further denote such correspondence as

σ(1)(u) = R′σ(0)(u).

We remark that the homogeneous degree of σ(0)(u) is 1/2 lower than that
of σ(1)(u). (−1 from ξ−11 , +1/2 from |dξn|1/2.)
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Lemma (4.9’). Suppose λ0 ∈ ∂Λ1. One can then choose n − 1 functions
h2, ..., hn which have independent differentials on ∂Λ1 near λ0. In addition,
pick f such that

(i). f vanishes on Λ0 with homogeneous degree 0,

(ii). f is positive on Λ1 \ ∂Λ1,

(iii). f has differential non-zero on Λ1 near λ0,

and g such that

(i). g vanishes on Λ1 with homogeneous degree 1,

(ii). g has differential non-zero on Λ0 near λ0,

(iii). {f, g}(λ0) < 0.

We can then find the map R′ such that for each

a ∈ C∞m−1/2(Λ0 \ ∂Λ1; Ω1/2(Λ0)),

with ga ∈ C∞(Λ0; Ω1/2(Λ0)), we have that

b = R′a ∈ C∞m (∂Λ1; Ω1/2(Λ1)).

Furthermore, the definition of R′ is independent of h2, ..., hn, f , and g.
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Proof of Lemma 4.9’.
Step 1. Choosing h2, ..., hn, f , and g can be done similarly by the construc-

tion in Proposition 1.3 because the intersection is clean. Therefore, one can
regard g, h2, ..., hn as local coordinates on Λ0 near λ0, and f, h2, ..., hn as local
coordinates on Λ1 near λ0. The basic example is

{h2, ..., hn} = {ξ2, ..., ξn}, f = x1, and g1 = ξ1.

Step 2. Choose a ∈ C∞m−1/2(Λ0 \ ∂Λ1; Ω1/2(Λ0)) that

ga = r|dg ∧ dh2 ∧ · · · ∧ dhn|1/2 ∈ C∞(Λ0; Ω1/2(Λ0)).

This means that r is smooth in Λ0 and

a = g−1r|dg ∧ dh2 ∧ · · · ∧ dhn|1/2.
Define

b = r|df ∧ dh2 ∧ · · · ∧ dhn|1/2({g, f})−1/2 = R′a. (4.7)

Then
b ∈ C∞m (∂Λ1; Ω1/2(Λ1))

restricted to ∂Λ1.
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Step 3. The map R′ is clearly independent of the choice of h2, ..., hn. We
have to show that it is also independent of the choice of f and g.

Choose n − 1 functions k2, ..., kn which vanishes on Λ = Λ0 ∪ Λ1 and have
independent differentials on near λ0 (with homogeneous degree 0). Then another
choice of f1 would be represented as

f1 = αf +
∑

βjkj

with α > 0 on ∂Λ1 because both f and f1 are positive on Λ1 \ ∂Λ1.
Note that Hg is tangent to Λ1. Then at ∂Λ1 on Λ1, we deduce that

{f1, g} = α{f, g} < 0,

and
df1 ∧ dh2 ∧ · · · ∧ dhn = αdf ∧ dh2 ∧ · · · ∧ dhn.

Moreover, (4.7) is kept invariant under this change.
One can similarly change g and verify that (4.7) is well-defined depending

only on the intersecting pair.
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Lemma (4.9). For each λ ∈ ∂Λ1, the fibres (L0)λ and (L1)λ are naturally
isomorphic. Thus there is a well-defined Maslov bundle L over Λ = Λ0∪Λ1.

Remark. Lemma 4.9’ and Lemma 4.9 together induce a map

R : C∞m−1/2(Λ0 \ ∂Λ1; Ω1/2(Λ0)⊗ L0)→ C∞m (∂Λ1; Ω1/2(Λ1)⊗ L1)

as a tensor product of R′ with the Maslov bundle for

a ∈ C∞m−1/2(Λ0 \ ∂Λ1; Ω1/2(Λ0)⊗ L0)

such that
ga ∈ C∞(Λ0; Ω1/2(Λ0)).
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Definition (4.11). We define

Sm(Λ; Ω1/2 ⊗ L1) ⊂
C∞m+n/4(Λ1; Ω1/2 ⊗ L1)⊗ C∞m+n/4−1/2(Λ0 \ ∂Λ1; Ω1/2 ⊗ L0)

as the subspace consisting of those sections (b, a) such that the following
conditions are satisfied.

(i). Let g be with homogeneous degree 1. Then

ga is C∞ on Λ0 whenever g vanishes on ∂Λ1. (4.10)

(ii). The projection
supp(a) ∪ supp(b)→ X

is proper.

(iii).
b|∂Λ1 = eiπ/4(2π)1/4Ra. (4.12)
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Theorem (4.13). The sequence

0 ↪→ Im−1(X ; Λ0,Λ1) ↪→ Im(X ; Λ0,Λ1)
σ−→ Sm+n/4(Λ; Ω1/2 ⊗ L)→ 0.

is exact.

Definition (Exact sequences). A sequence

G0
f1−→ G1

f2−→ · · · fn−→ Gn

of groups and group homomorphisms is called exact if the image of each
homomorphism is equal to the kernel of the next, i.e.

Im(fk) = ker(fk+1).

A short exact sequence of abelian groups

0→ A
f−→ B

g−→ C → 0

forces f to be one-to-one and g to be onto, moreover,

C ' B/f (A).
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Proof of Theorem 4.13.
Step 1. In the view of the invariance proved in Proposition 3.2, we only need

to verify in Rn.
Step 2. We show that σ is surjective. Choose any pair

(b, a) ∈ C∞m+n/4(Λ̃1; Ω1/2 ⊗ L1)⊗ C∞m+n/4−1/2(Λ̃0 \ ∂Λ̃1; Ω1/2 ⊗ L0)

such that the conditions in Definition 4.11 are satisfied. Then one can find

c(s, x, ξ) ∈ Sm+1/2−n/4
cl (Rn+1 × Rn)

such that

b = c(x1, (x1, 0), (0, ξ′))|dx1 ∧ dξ2 ∧ · · · ∧ dξn|
1
2 , x1 ≥ 0,

and
a = −iξ−11 c(0, 0, (ξ1, 0))|dξ1 ∧ dξ2 ∧ · · · ∧ dξn|

1
2 .

Therefore, the distribution u ∈ Im(Rn; Λ̃0, Λ̃1) defined by

u(x) =

ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]c(s, x, ξ)dξds mod C∞

has the property that
σ(u) = (b, a).
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Step 3. We show that

Im−1(X ; Λ0,Λ1) ⊂ ker(σ).

That is, if
u ∈ Im−1(X ; Λ0,Λ1) ⊂ Im(X ; Λ0,Λ1),

then the symbol pair σ(u) = (b, a) = 0, in which

(b, a) ∈ C∞m+n/4(Λ1; Ω1/2 ⊗ L1)⊗ C∞m+n/4−1/2(Λ0 \ ∂Λ1; Ω1/2 ⊗ L0).

From Proposition 4.1, for some B ∈ L0(X) as a properly supported ΨDO, if
WF(B)∩Λ0 = ∅, then pick σ0(B) 6= 0 near λ, using the standard trivialisation
of Ω1/2 and L over the diagonal, the principal symbol of u near Λ1 is

σm(Bu)(λ)

σ0(B)(λ)
∈ C∞m+n/4−1(Λ1; Ω1/2 ⊗ L1) on Λ1.

Therefore,
σm(Bu)(λ) = 0 and b = 0.
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If WF(B) ∩ Λ1 = ∅, then pick σ0(B) 6= 0 near λ, and the principal symbol
of u near Λ0 \ ∂Λ1 is

σ(0)(u)(λ) =
σm−1/2(Bu)(λ)

σ0(B)(λ)
∈ C∞m+n/4−3/2(Λ0 \∂Λ1; Ω1/2⊗L0) on Λ0 \∂Λ1.

Therefore,
σm−1(Bu)(λ) = 0 and a = 0.

Step 4. We show that

ker(σ) ⊂ Im−1(Rn; Λ̃0, Λ̃1),

which implies that

σ : Im(Rn; Λ̃0, Λ̃1)/I
m−1(Rn; Λ̃0, Λ̃1)→ Sm+n/4(Λ̃; Ω1/2 ⊗ L)

is injective.
Let u ∈ Im(Rn; Λ̃0, Λ̃1) defined by

u(x) =

ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]c(s, x, ξ) dξds mod C∞. (2.2)
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Here,

c(s, x, ξ) ∈ Sm+1/2−n/4
cl (Rn+1 × Rn),

and σ(u) = (b, a) = 0. We need to prove that

u ∈ Im−1(Rn; Λ̃0, Λ̃1).

Since c vanishes on Λ̃1 and Λ̃0 \ ∂Λ̃1, i.e.

c(x1, (x1, 0), (0, ξ′)) = 0, x1 ≥ 0,

and
c(0, 0, (0, ξ′)) = 0,

we have that

c(s, x, ξ) =

n∑
j=2

xjdj(s, x, ξ) + (x1 − s)e(s, x, ξ) + ξ1f (s, x, ξ).

Here, dj’s and e are of homogeneous degree m+ 1/2− n/4, and f is of homo-
geneous degree m− 1/2− n/4 and satisfies

f = 0 if s = x1 ≥ 0 and x′ = 0.
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Therefore, (2.2) breaks into three integrals, and the first two areˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]xjdj(s, x, ξ) dξds =

ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]Djdj(s, x, ξ) dξds,

and ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′](x1 − s)e(s, x, ξ) dξds

=

ˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]Dje(s, x, ξ) dξds,

which are both in Im−1(Rn; Λ̃0, Λ̃1). We concentrate onˆ ∞
0

ˆ
Rn
ei[(x1−s)·ξ1+x

′·ξ′]ξ1f (s, x, ξ) dξds.

We can write

f (s, x, ξ) = (x1 − s)g(s, x, ξ) +

n∑
j=2

xjhj(s, x, ξ).

Similar integration by parts reduces the order of ξ1f (s, x, ξ) by one and yields
that the integral is also in Im−1(Rn; Λ̃0, Λ̃1). The proof is complete.
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5 Symbol calculus

Recall that
Im−1/2(X ; Λ0) ⊂ Im(X ; Λ0,Λ1), (5.1)

and that u ∈ Im(X ; Λ0,Λ1) can be written

u = u0 + u1 +
∑

Fjvj

such that u0 ∈ Im−1/2(X ; Λ0), u1 ∈ Im(X ; Λ1 \∂Λ1), and vj ∈ Im(Rn; Λ̃0, Λ̃1).
Then we have the sequence

0 ↪→ Im−1/2(X ; Λ0) + Im−1(X ; Λ0,Λ1) ↪→ (5.2)

Im(X ; Λ0,Λ1)→ Sm+n/4(Λ1; Ω1/2 ⊗ L)→ 0.

Here, Sm+n/4(Λ1; Ω1/2 ⊗ L) = C∞m+n/2(Λ1; Ω1/2 ⊗ L).
One can also carry out the symbol calculus for such distributions as we did

for Lagrangian distribution and FIOs, e.g.

F : Im(X ; Λ0,Λ1)→ Im+k(X ;C ◦ Λ0, C ◦ Λ1)

for some F ∈ Ik(X×Y,C) associated with a canonical relation C ⊂ T ∗(X)×
T ∗(Y ) which meets Λ0 and Λ1 transversally.
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Borrowing from Theorem 5.3.1 in [DH72], we have

Proposition (5.4). Let P ∈ Lm(X) be a properly supported classical ΨDO
such that p = σ(P ) vanishes on the part Λ1 of an intersecting pair (Λ0,Λ1)
of Lagrangians. Then u ∈ Ik(X ; Λ0,Λ1) implies that

Pu = f + g.

Here,

(i). f ∈ Im+k−1/2(X ; Λ0),

(ii). g ∈ Im+k−1(X ; Λ0,Λ1),

(iii). σ(g)|Λ1 = (−iLHp + c)σ(u)|Λ1, in which LHp is the Lie action of Hp

and c is the subprincipal symbol of P .
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Proposition (5.5). Let

uj ∈ Im−j(X ; Λ0,Λ1) for j = 0, 1, ...

with ∪jWF(uj) a proper conic subset of T ∗(X) \ 0.
Then there exists u ∈ Im(X ; Λ0,Λ1) such that for every N there is an N ′

for which

u−
N ′∑
j=0

∈ CN(X).

We write
u ∼

∑
j

uj,

in which u is uniquely determined modulo C∞(X).
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6 Operators of real principal type

Let P ∈ Lm(Y ) be of real principal type and Y is pseudo-convex with respect
to P . We want to find the parametrix of P , that is,

P (y,Dy)Ee(y, y
′) = δ(y, y′) mod C∞(Y × Y ),

where P is the lift to Y × Y under the first projection X = Y × Y → Y of a
ΨDO on Y . Write

Λ0 = {(y, η, y,−η) ∈ T ∗(Y ) \ 0× T ∗(Y ) \ 0}.
Then

f = δ(y, y′) ∈ I0(X ; Λ0)

and the question is reduced to finding the solution to

Pu = f mod C∞(X).

For each choice of orientation Λe
1 on C \ ∆N , we construct a solution in the

following proposition that

Ee ∈ I−m+1/2(X ; Λ0,Λ
e
1),
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and we recover the right parametrices in Theorem 6.5.3 of [DH72].
Let Λ0 ⊂ X be an embedded conic Lagrangian submanifold, we want to build

an intersecting pair (Λ0,Λ1) for the equation

Pu = f ∈ Ik(X,Λ0).

Assume
Hp is nowhere tangent to Λ0 on Λ0 ∩N , (6.1)

which implies N is a conic hypersurface near ∂Λ1 = Λ0∩N andH = span{Hp}
is a line bundle on ∂Λ1. We also require

H has an orientation ej on each component (∂Λ1)j of ∂Λ1, (6.2)

where ej = ±1 as the orientation is that of ±Hp. We also need the non-return
condition (6.3), which is trivially satisfied in the product case X = Y × Y :

“Given a relatively open cone γ ∈ (∂Λ1)j, lying over a compact set, there
exists γ′ ⊂ N with γ ⊂ γ′ such that any integral curve of ekHp starting on
(∂Λ1)k which means γ′ starts in γ, and k = j.”

(6.1)-(6.3) yield that the union over j of the forward flow-outs of the (∂Λ1)j
under ejHp is an embedded Lagrangian submanifold Λe

1 ⊂ T ∗(X) \ 0 with
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boundary (c.f. Guillemin and Melrose, The Poisson summation formula for
manifolds with boundary. Adv. in Math. 32 (1979), no. 3, 204–232.)

Proposition (6.6). If P and Λ0 satisfy (6.1)-(6.3), then given f ∈ Ik(X ; Λ0)
there is u ∈ Ik−m+1/2(X ; Λ0,Λ

e
1) such that Pu− f ∈ C∞(X).

Proof of Proposition 6.6.
Step 1. First we assume u0 ∈ Ik−m+1/2(X ; Λ0,Λ

e
1). Proposition 5.4 yields

that
Pu0 = f0 + g0,

Here,

(i). f0 ∈ Ik(X ; Λ0),

(ii). g0 ∈ Ik−1/2(X ; Λ0,Λ
e
1),

(iii). σ(f0) = σm(P )σ(u0)|Λ0.

It then follows that
σ(u0) = p−1σ(f ) on Λ0

by letting f0 = f . Moreover, Theorem 4.13 says

σ(u0)|∂Λ1 = eiπ/4(2π)1/4R(p−1σ(f )). (6.7)
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Proposition 5.4 also yields that

σ(g0)|Λe
1 = (−iLHp + c)σ(u0)|Λe

1.

Hence, σ(g0) = 0 on Λ1 reduces the above equation to a transport equation for
σ(u0) with initial condition given by (6.7),

(LHp + ic)σ(u0) = 0 on Λe
1. (6.8)

The existence and uniqueness of solutions to (6.8) are guaranteed by the con-
ditions (6.1)-(6.3). That is, we find u0 such that

Pu0 − f = g0 ∈ Ik−1/2(X ; Λ0,Λ
e
1),

in which σ(g0) = 0 on Λe
1. Furthermore, write

Pu0 − f = f1 + g1 ∈ Ik−1(X ; Λ0) + Ik−3/2(X ; Λ0,Λ
e
1).

Then similarly we find u1 such that

−Pu1 − f1 − g1 = f2 + g2 ∈ Ik−2(X ; Λ0) + Ik−5/2(X ; Λ0,Λ
e
1).

That is,
P (u0 + u1)− f ∈ Ik−2(X ; Λ0) + Ik−5/2(X ; Λ0,Λ

e
1).
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Step 2. Repeat the procedure in Step 1, one can find

uj ∈ Ik−m+1/2−j(X ; Λ0,Λ
e
1),

and
fj ∈ Ik−j(X ; Λ0) and gj ∈ Ik−1/2−j(X ; Λ0,Λ

e
1)

such that
σ(uj) = p−1σ(fj) on Λ0, (6.9)

(LHp + ic)σ(uj) = iσ(gj) on Λe
1 (6.10)

with the initial condition given by

σ(uj)|∂Λ1 = eiπ/4(2π)1/4R(p−1σ(fj)).

Therefore,

P

 N∑
j=0

uj

− f ∈ Ik−N−1(X ; Λ0) + Ik−N−1−1/2(X ; Λ0,Λ
e
1),

and u ∼
∑

j uj solves the equation Pu = f modulo C∞.

54



References

[D96] J. Duistermaat, Fourier integral operators. Birkhäuser, Boston, MA,
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