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Notational index

oD =20/

o f(§) = [e "0 f(a)da.

e X or Z: an open Euclidean subset or a smooth manifold.
e 7'(X): the tangent bundle of X.

o 7T%(X): the cotangent bundle of X. T*(X) \ 0 means that the zero
section is removed.

e N(Y): the (co)normal bundle of Y, where Y is a submanifold of
X.

e A\: a closed conic Lagrangean submanifold of T*(X) \ 0.
e D'(X): the space of distributions in X

o &'(X): the space of distributions with compact support in X
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1 Oscillatory integrals

1 Oscillatory integrals

Definition (1.1.7, Symbols). Let m, p,d € R with p,d € |0, 1]. Then
we denote by SZ%(X x RYV) the set of all @ € C(X x RY) such that

for every compact set K C X and all multiorders a, 5 the estimate
(1.1.1) 0003a(2,0) < Cy 5 (1 + o]y Plel 015!

is valid for all x € K, 0 € RN , and some constant C,, g . The
elements of SZ%(X x RY ) are called symbols of order m and type

p. 0. |

(). If p+ & = 1 we also use the notation 57" instead of ;”’5.
(ii). If p =1 and 6 = 0 we write only S and talk about symbols of

order m.

Page 3



1 Oscillatory integrals

(iii). The cone support of a is defined as
conesupp a = {(x,t0); (x,0) € suppa,t > 0}.
(iv). If (1.1.1) is only valid for large |6|, we say that a € Sg,% for large
0],
(vi). If a € S;n(s it follows that

(@) _ qaqf m—pla|+0|f|
Proposition (1.1.7). One can similarly define SZ%(F) if T' s an
open conic set, S;’%(V) if V' is a cone bundle over X, and S;’%(V, W)
if W is a complex vector bundle over V.

: +n/4 :
gﬂwample. SZ?(S(N(Y),QUQ) in §2.4 and SZL(S n/ (A, €y ® L) in
3.2.
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1 Oscillatory integrals

From now on let us fix p > 0 and 0 < 1.

Definition (Oscillatory integrals). Let Kk € § and k(0) = 1. Define
the oscillatory integral as the generalized integral

(1.2.1) Iy(au)

= hm// @0 oz, 0)k(ed)u(x) dzdd, u e C(X),

g—0)

in which a € S"™(X X RN ), and ¢ is real valued and positively ho-
mogeneous of degree 1 with respect to 6, ¢ € C' for 0 #£ 0, and that
¢ is a phase function, i.e. it has no critical point when 6 # 0. This

assumes that one can perform integration by parts (Lemma 1.2.1) and
(1.2.1) can be defined for all a € S;%(X x RVY.

Remark (Non-degenerate phase functions). ¢ is called non-degenerate

if at any point in the critical set, (see below) the differentials d(0¢/00;), j =

1,..., N, are linearly independent.
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1 Oscillatory integrals

Proposition (1.2.4 and 1.2.5). Only the behaviour of a on the crit-
ical set C' “matters”, where

(1.2.7) C={(z,0):z¢€X,0cRY\{0},¢)(x,0) = 0}.
If ¢ is non-degenerate, then C'is manifold of dimension dim X.

Theorem (1.4.1, FIOs). Let X and Y be open sets in R"X and
R"™ . Define the FIO

(1.4.1) Au(x)

// (z.5,0) a(z,y,uly) dydd, vwe C7(Y), x € X,
in which a € S™X x Y x RY), and the Schwartz kernel of A

(1.4.6) Ky(x,y) = /ew@’y’@)a(x,y,@) db

1s an oscillatory integral.
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2 VYDOs and related classes of distributions

2 UDO0Os and related classes of distributions

21 The calculus of YDOs

Definition (VDOs). Define a VDO A € LZ%(X) for an open set
X C R" as

(2.1.1) // =Y0) (3, y, O)uly) dydo,

mwhlchaESm(XxXx]R”

It 1s called properly supported it both projections supp K4 — X
are proper. that is, if

{(z,y) esupp K ;0 € Kory € K}

is compact for every compact set K C X.
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2 VYDOs and related classes of distributions
Remark. Given a] € SZ%(X x R"), take in (2.1.1)

aq (:ETW, 9) Weyl quantization:
a(z,y,0) = g a(z,0) left /standard quantization;
ai(y,0) right quantization.

Theorem (2.1.1). If A is a properly supported operator in Lm s(X),
0 < p, then A can be written in one and only one way in the form

1 :
o [ € e it ao

foru e S(R") andx € X. Hereo € SZ%(XX]R”) is asymptotically
given by

214)  oglwn) ~ )" Y (D) Dyal, y,m)/alli=y

0}

(2.1.5) Au(x) =
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2 VYDOs and related classes of distributions

The asymptotic expansion of o 4 in terms of a(x,y, n) is decreasing
in order iff § < p. Recall that ;" increases the order by d|a| while 9y
decreases the order by p|a|. Furthermore, the asymptotic sum uniquely
determines a symbol is Borel’s theorem in Proposition 1.1.9.

Note that o4 € ST iff K4 € C°°. Then we have

Corollary (Isomorphism between symbols and WDOs). Theorem 2.1.1

shows that the map A — o 4 defined there together with the map
o — A given by

215) Aulz) = (27;” // TN 5 (2 n)uly) dydo),

leads to an 1somorphism
DX/ L (X)) = S5(X)/S, 39X,

We shall call a(x,0) € S;%(X x R™) a symbol of A & LZ%(X)
when their equivalence classes correspond in this 1somorphism.
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2 VYDOs and related classes of distributions

Theorem (2.1.2 and 2.1.3, Equivalence of phase functions). Let ¢ be
a phase function in X x X x R"™ such that ¢(x,y,0) is a linear
function of 8 and gb(’g(aj,y,@) = 0 is equivalent to v = y. Every
Qpemtor of 'the form (1.4.1) with a € SZ’%(X x X x R™) is then
anZ?(S(X) if 1—p <o <p.

Moreover, there exists a neighborhood €2 of A(X x X)) (the diag-
onal in X x X ) that one can find a C°° map ¢ : Q) — GL(n,R)
such that

(2.1.10) oz, y, ¥(z,y)f) = (x —y,0), (z,y) €,

and
det lb(x; ZC) det gbgﬁ(xv Y, 9)’9256 = 1.
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2 VYDOs and related classes of distributions
Consider the change of variables

kX — Xy
1

as a diffeomorphism between open sets in R with inverse k1 = k™.
Let A € LZ%(X) and set

Aj(u) = (Auo k) or™ !, ue CX).
This means, if A is of the form (2.1.1), that

Aj(u)(z)
=[] ¢t @) . Oputn(y) dye

_ // @)= oy (2), s1(y), 0)uly) | Dri(y)/ Dy| dydo.

The phase function ¢(x,y,0) = (k1(x) — k1(y), 0) satisfies the con-
ditions in Theorem 2.1.2. (It is linear in 6 and qﬁ’e = 0iff z = y.)
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2 VYDOs and related classes of distributions

Therefore, using the theorem, Ay € LZ%(X 1). Next we compute its
symbol. By Proposition 2.1.3, we obtain

Aq(u)(z)
_ // 001y (), k1 (), 0)uly)| Dy (y)/ Dy| dydd
_ // /T Oy (2), w1 (y), 0)uly) | Dry (y)/ Dy dyd6

- // T oy (), w1 (y), (@, y)B)uly) D, y) dydo,

where
D(x,y) = |det &7(2)]] det ih(z, y)]|.
Thus

D(z,x) = = 1.

det ¢lhg(,y,0) det (x,y)|, _,
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2 VYDOs and related classes of distributions

Taking a(z, y,n) = (2m) " to4(x,n) it follows that

(2.1.11)

O’Al(f, 77) — Z(iDn)&DgUA(Kl(x>7 ¢(£IZ, y)n)D(xa y)/a"xzy
and
(21.14)  o4,(k(x Z 5 (iDy) o 4 (x,! & (x)n)p (2, ),
in which
(2.1.16) dp(x,m) = Del Wz, _,,
and the first few polynomials are

1, 5 =0;

(2117 da(,m) = 0, 8] =1,

DYi(k(z),m), |B]=2or3.
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2 VYDOs and related classes of distributions

The calculus we have given here is exact modulo operators in L
and symbols in S™°°. However, it is complicated by the presence of
infinite sums in (2.1.14). Now the terms with § # 0 in these sums are
of order < m + 1 — 2p. We can therefore obtain a simpler but cruder
calculus if from the isomorphism

1-2 1—2
TS0 LI ) (X0 ST ),

In deriving the symbol of transpose operator ' A (or product BA if
/
B € me(;), one can get the leading term is modulo m + § — p (or

m +m' + 8 — p). Hence, we weaken the above isomorphism to

0— 5—
m0/LITP(X) = ST(X) /ST (X),

since in Theorem 2.1.2 we have assumed that p+ 6 > 1 so
1—2p<0—p.
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2 UDOs and related classes of distributions
Definition (Principal symbols). If A € LZ?’(S(X ) and a € SIZ%(X X
R™) we shall call a a principal symbol of A if the residue classes of A
and a correspond to each other in this isomorphism.

Remark.

(1). If a(z, &) is a principal symbol of A, then a(xz, —&) is a principal
symbol of LA.

(2). If b(x, &) is a principal symbol of B, then b(x, &)a(x, £) is a prin-
cipal symbol of BA.

(3). If Ay is obtained from A by a change of variables as discussed
above, then a principal symbol of Ay is given by a(k ™1 (z),! &/ (2)€).
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2 VYDOs and related classes of distributions
2.2 The continuity of YDOs

Corollary (2.2.3). Let A € Lg 5(R™), 0 < p, and assume that the
kernel of A has compact support in R" x R"™, and that

limsupsup |o4(x,n)| < M.
n—o0 T

Then one can find another such operator Ay such that A — A €
L™ and
HA1UHL2(Rn) < MHUHLZ(Rn)a u € 5 (R").

Corollary (2.2.4). Let A € Lg s(R™), 0 < p, and assume that the
kernel of A has compact support in R xXR", and that o 4(x,n) — 0

as 1 — oo, uniformly with respect to x. Then A is compact in
L*(R™).
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2 VYDOs and related classes of distributions
2.3 UVDOs on a manifold

Let X be a smooth paracompact manifold of dimension n.

Definition (YDOs on a manifold). Let 1 — p < § < p. A continuous
linear operator A : C39(X) — C°° belongs to LZ%(X ) iff for each

diffeomorphism
k:XxCX — kr(X;) CR”

we have Ay € LZ%(/@(XK)) if
(Agu) ok = Aluok), u€ Oy (k(Xk)).

Next we investigate the principal symbols of YDOs on a manifold.

Ifu € CF°(k1(Xk, N Xk,)), then
(Agju) o kp = Aluo k) = Agy(uo kg o /‘32_1> © K2,

and therefore

(Agu) o k = Agy(u oK),
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2 VYDOs and related classes of distributions

where
K= K]0 /<;2_1 ko ( Xk N Xiy) = K1( Xk N Xiy)
is a diffeomorphism. For the symbols we have
0y (K(2),€) = 00, (27 K (2)€) € STy (Xigy 1 X i),

It we regard x;X ki X R™ as the cotangent space of ;X K then K
maps (9, £9) to (x1,&1) where x1 = k(x9) and

(K'(z2)t,&1) = (t,&) forallt € R”,

thus & =! &'(29)&1. If we keep Proposition 1.1.7 in mind, it follows
that if using the map x; we pull o4 to a function 0;74 on the cotangent
J

space of X i then
) —
o) — 04 € S5 TITH (X N Xigy)).
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2 VYDOs and related classes of distributions

Using a partition of unity we can therefore piece together an element
s SZ%(T*(X)) such that

o — ol € SIOTITH (X))

for any coordinate system k1. We call ¢ a principal symbol of A.

A more convenient approach can be based on Theorem 2.1.2. We wish
to define operators in LZ?(S(X ) directly as FIOs with phase function ¢
and symbol a defined on a real vector bundle F with fiber dimension n
over a neighborhood €2 of the diagonal in X x X. We wish ¢ to be linear
in the fibers and require that the restriction of ¢ to a fiber is critical at
e € F iff the projection m(e) of e on X x X belongs to the diagonal.
The differential of ¢ at such a point can be regarded as a cotangent
vector of X x X at m(e) = (x,2) which vanishes on the tangents
of the diagonal so it is of the form (&, —&) where & € T(X). The
map E, )2 e—=§ €l (X)) is linear and injective, hence bijective
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2 VYDOs and related classes of distributions

since the dimensions are equal. Thus ¢ defines over the diagonal an
isomorphism of E and the cotangent space T™(X) lifted to X x X by
the projection (x,y) — ¥, and this isomorphism can be extended to a
neighborhood of the diagonal.

On the other hand, if £ is defined in this way then we can choose ¢
so that ¢ vanishes over the diagonal and d¢ = {dx — £dy at (x, x, §),
where £ € T7(X). Indeed, this is possible locally and so globally by
means of a partition of unity. In a neighborhood of the diagonal we
cannot have any critical points along the fibers so ¢ has the required
properties. If ¢1 and ¢9 are two such tfunctions, then ¢; — ¢9 vanishes
to the second order over the diagonal and we conclude as in the proof
of Proposition 2.1.3 that

do(z,y,&) = d1(x, vy, ¥(z,y)§)

over a neighborhood of the diagonal where 1) is a homomorphism £ —
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2 VYDOs and related classes of distributions

FE/ which is the identity over the diagonal. Thus the requirements on
E and ¢ determine E and ¢ essentially uniquely.
Now we can define LZ%(X ) when 1 — p < 0 < p, as the operators

which can be written as a sum of an operator with C'°° kernel and one
of the form

v Ma(z, y,n)uly) dydn, v e C(X),

where dydn is the invariant element of integration in T%(X) and a €
S;n (X x X x R™) vanishes when (x,y) is outside a suitably small
neighborhood of the diagonal. A principal symbol of A is given by
a(x,z,n).

The equivalence with the first definition is an immediate consequence
of Theorem 2.1.2.
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2 VUDOs and related classes of distributions
2.4 Oscillatory integrals with linear phase function

The above discussion on WDOs can be generalized if the phase
function is linear in @, that is, ¢(z,0) = (P(x),0), where /. is of
rank N when ®(z) = 0. Then the critical set C = Y x R where
Y ={x € Z,P(x) = 0} has codimension N.

Define the distribution of the form

(2.4.1) )
(27)~(n+2N) /4// A0 g2, O)u(z)drdd, u € Cy°(Z2),

where a € Ser(n 2N/ (Z x R™).

Note that i m \IJDO case, Z X x X, the phase function is (x —y, 0,
and n = 2N. Then (2.4.1) reduces to our previous definition of WDOs
in (2.1.1).
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2 VYDOs and related classes of distributions

Proposition (2.4.1, Equivalence of phase functions). If ¢ is another
linear phase function with the same critical set, then there exists
a neighborhood U of Y that one can find a C°° map ¢ : U —
GL(n,R) such that ¢1(x,0) = ¢(x,y(x)0), v € U.

Definition (Conormal distributions, local version). We define I;” (Z,Y)
as the set of all distributions in Z which modulo C'°*°(Z) can be rep-

resented in the form (2.4.1) with a € Sm+(n 2N)/ZL(Z x R™).

Example. Note that in the case Where a is a homogeneous function of
6 the corresponding distribution is essentially a homogeneous function
of the distance from Z to Y depending smoothly on the nearest point
n Y.
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2 VYDOs and related classes of distributions

By Propositions 2.4.1 and 1.2.4 the definition of I "(Z,Y) is inde-
pendent of the choice of ¢; moreover, it suffices to have gb defined over a
neighborhood of Y if one takes a vanishing outside a smaller neighbor-
hood. To assign a principal symbol to the distributions in IZL{S(Z Y,
we have the following isomorphism.

242) STy sy g ROy gy

+5—
— I5(Z2,Y) /157 1(2,Y).

To define conormal distributions globally, we have to examine to what
extent (2.4.2) depends on the choice of the phase function ¢ and the
local coordinates in Z.

We now digress and discuss distributions, and distribution densities,
and densities on a manifold.
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2 UDO0Os and related classes of distributions
Distribution on a manifold

This section follows [H83, §6.3].

Definition (Distributions on a manifold). Let X be a smooth man-
ifold. In every coordinate system

K1 : AXKU1 C X — /ﬂ(X,ﬂ) c R"

we are given a distribution u,, € D'(k(Xk,)) such that

ury = (k10 Ky g, in Ko(Xy 0 Xy,

we call the system u, a distribution « in X. The set of all distributions
in X is denoted by D'(X).

One may wonder why we did not define D’(X) as the space of contin-
uous linear forms on Cy°(X ). The reason for this is that if f € C'(X)

and ¢ € C§°(X) we have no invariant way of integrating f¢ in order
to identity f with such a linear form.
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2 UDO0Os and related classes of distributions
Distribution densities on a manifold

However, we would have obtained something rather close to D'(X).
In fact, let u be a continuous linear form on C§°(X). Then u defines
a distribution ux, € D'(k1(Xk,)) by

Uk, (@) = u(@o k), ¢ € Cp-(ri(Xey)).

(We define ¢ o k1 = 0 outside x1(Xy,).) If ¢ € CF°(ka( Xk, N Xk,))
then

o (6) = u(d o k) = u(do kLo k) = up (por L)

where

K= K]O /{2_1 ko ( Xk N Xiy) = £1( Xk, N Xk
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2 VYDOs and related classes of distributions

Therefore, 1f uy, and ug, are smooth functions, then for every ¢ &
Coo (Fa( Xy N Xiy))

/ ey (2) () dt
K9 (X,ilﬂXKQ)

= / oo )uﬁl(y)éb(%_l(y))dy
R1{A Ky K9

(s, © K)(2)o()]| det ¥ ()| d

/IQQ(X,.{lﬂX,{Z)
k¥, ()] det &' () |6(z) da.

LQ <X/€1mX/€2>

Hence,
U, = | det &' |k ug,  In Ko(Xy, N Xp,)
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2 VYDOs and related classes of distributions

because the definition of pullback of distributions should coincide with
pullback of continuous functions.

Conversely, assume given distributions u, in k(Xy) satisfying the
above equation for all x in the atlas. Choose a partition of unity 1 =

Z K j with Kj € Cgo(/iﬂX,{j)) Then
U(¢) =Y (ugj, (rj0) o k7, ¢ € CFO(X)

is a continuous linear form on C5°(X).
The continuous linear form u on C5°(X) can thus be identified with
the system wuy; € D' (k(X k) satistying

ug; = | det(r; o /ij_l)/‘(lii o /ij_l)*u,% in Kj( Xy N X))

They are called distribution densities. Compare with the definition of
distributions on X and its transition under change of variables.
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2 VYDOs and related classes of distributions

Densities on a manifold

A density in a manifold X is a measure which in a local coordinate
patch with local coordinates x1, ..., z, (n = dim(X)) can be written
in the form

a(x)dxy - - dxy,.

If we have an overlapping coordinate patch with local coordinates
X1, ..., Tn the measure can also be expressed in the form

a(x)dxy - - - dIy,
so we have the transformation law
a(z) = a(z)|Dx /DI

in the overlap. More generally, a density of order e on X is defined
if for each choice of local coordinates we have a function a(x) of the
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2 VDOs and related classes of distributions
local coordinates which obeys the transformation law

a(z) = a(x)|Dx/Dx|”.

In particular, smooth densities of order 0 are smooth functions. Den-
sities of order ar can of course be regarded as sections of a line bundle
(0o on Y, defined by the transition functions |Dx/Dz|%, and we have

If u,v are densities of order o and 1 — « and the tensor product uv
has compact support, then uv is a measure with compact support so
[y uv is well defined.

Definition (Distribution densities). We define the space of distribu-
tions with values in €2, as the dual space of C3°(X, 21—

Hence, one can also define the distribution space D'(X) as the dual
space of C°(X,€)1), i.e. the space of continuous linear forms on C§°
densities.
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2 VYDOs and related classes of distributions

We shall return to conormal distributions and examine to what ex-
tent (2.4.2) depends on the choice of the phase function ¢ and the local
coordinates in Z. To begin with we keep the local coordinates in Z
but replace the phase function ¢ by another ¢. According to Proposi-
tion 2.4.1 we may assume that ¢q(x,0) = ¢(x,¥(x)0), v € U, where
U is a neighborhood of Y and v a smooth map U — GL(N,R). A

substitution of variables now gives

//ew(xﬁ)a(x,@)u(x) d:lzd@:/ P10 o () 0)u(x) dud,
where

(2.4.3) ai(z,0) = a(z,y(z)0)| det (z)|
To put this transformation law in a more natural form we first note
that the map

Y x RY 3 (2,0) = (z,¢.(z,0) = (z, D(z)6)

Page 31



2 VYDOs and related classes of distributions
is a bijection to the normal bundle N(Y) of Y in T*(Z)
linear along the fibers.

We can therefore regard a as a function on N(Y'), and similarly for
a;. lf z €Y and

(2, (2, 0)) = (2,€) = (v, ¢, (x, 01))
we must have ¢ (x)f; = 6 so that

ay(z,01) = a(z,¥(x)0)| det ()| = alz, 0)] det p(z)|.

Regarded as functions on N(Y') the functions a and aq therefore differ
only by the factor |det(x)|. To take care of this factor we shall
consider the measures defined in Y and in N(Y') by the choice of ¢.

Writing ¢(x,0) = (P(x), 0) we know that the map x — P(x) is of
rank N when ®(z) = 0. The composition §(P) where ¢§ is the Dirac
measure in RY is then a well defined measure with support in Y. If
Y1, ..., Yo N are local coordinates on Y and we extend them to C°
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2 UDOs and related classes of distributions
functions in a neighborhood of Y, then the measure is equal to

D(y, ®)/Dx| ' dy; - - - dy,_ -

Thus the measure is a density on Y. Using the Lebesgue measure in
RN we have on Y x RY a density given by

dy = O(P)dby - - - dby,
or in terms of local coordinates y1, ..., y,_ny on Y
(2.4.4) D(y, ®)/Dz| " dy; -+ - dy,,_ndby - dby.

This we shall map to a density on the normal bundle N(Y") using the
inverse of the map

kg Y X RY 5 (y,0) — (v, @gﬁ).
We wish to compare dy with the density dy,, constructed from the

phase function ¢1, that is, from ®1 = . In local coordinates A, 18
Page 33/[104]



2 VYDOs and related classes of distributions
given by
(2.4.5) ID(y, ®1)/Dx| " dyy - - - dyp,_ndby - - - dfy

= | det )| ' D(y, ®)/Dx| " dyy -+ dy,— ndby - - Ay,

and dy, , should be mapped to a density on N (Y') using the inverse of
the map

fg Y X RY S (y,0) — (3, ®),0) = (y." 0).
—1

Now k = Ky © K is the map

(y,0) = (y,07'0),

SO
—2
li*d¢1 = | det 9| d¢
[f we recall (2.4.3), which with our present notations can be written
k a1 = | det|a,
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2 VYDOs and related classes of distributions

we conclude that
K* a4 fdgy, = ay/dy.

Thus aj/dy, and a,/dy define the same element in Sm+n/4(N(Y) (1 9).

That the order here becomes independent of NV is another partial jus-
tification for the normalizations that have been made.

Next we consider the effect of a change of variables. Thus let Z — Z
be a diffeomorphism between open sets in R". Writing x = x(2) we
transform (2.4.1) to

(24.1)  (A,u) = (o) (nF2N)/4 // 0 gz 0)u(x)dzdo
(27r)~(n+2N)/4 // Va(z)dEdo = (A, @),

(%) = u(z)| Dz /D2,

Here
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2 VYDOs and related classes of distributions

~

¢(i7 9) — gb(x(f), 9)7

and
a(#,0) = alz(3),0)|Dz/Dz|Y2.
that is, we regard u as a density of order 1/2 which means that A is

also transformed to A as a density of order 1/2.
Let y1, ...,y be local coordinates on

Y = {x € Z; ¢p(z,0) = 0},

considered as functions in Z, and let yy, ...,y be the corresponding
functions in Z which are thus local coordinates on

Y = {7 € Z; ¢y(%,0) = 0}.
Clearly (z,6) and (&, 8) define points in N(Y') and N(Y') which cor-
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2 WUDOs and related classes of distributions
respond under the isomorphism between T*(Z) and T*(Z). Now

~

D(y,®) D(y,®)Dz

Dz Dz Dz
Then 1
1 o —i
D(y,®)|72 _ _ |D(g,®)| °
v, — v,

Thus our construction is also invariant under changes of variables in Z.
Putting together with the invariance under changes of phase functions,
we finally arrived at the intrinsic definition of conormal distributions
on a manifold, i.e. global version of (2.4.1).

Those distribution densities are elements in {24 /2(Z ), that is, acting

on C°(Z, (Y /2(Z )). Their symbols live on N(Y') and are elements in
4 jo(N(Y)).
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2 WDOs and related classes of distributions
Theorem (2.4.2, Conormal distributions on a manifold). Let Z be a
manifold and Y a closed submanafold. Let ]m S(Z,Y) where 1—p <
0 < p be the set of all distribution densztzes of order 1/2 on Z
which are in C°(Z\'Y) and in a neighborhood of any point in'Y
can be expressed in the form (2.4.1) where a € Sm+<n 2N ond

® 1s a linear phase function which s critical along the fibers over
Y and only there. Then the restriction of a to these points gives
rise to an isomorphism

SN (Y ), 9 (N (V) /S0P (Y), 9 jp(N(Y)
(2,5 (2012, Y 0 o(2)) (2.4.8)

We shall say that a is a principal symbol of the distribution A €
D'(Z, Ql/Q) if their residue classes correspond under this isomor-
phism.
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2 VYDOs and related classes of distributions

Remark (VDOs viewed as conormal distribution densities). For a
\IJDOmLm s(X), Z=XxX={(r,y);r,y € X}and Y = A(X x
X). If the phase function ¢ is a linear and is critical along the fibers
over Y and only there, then ¢ is uniquely determined as (z — ¥, ).
Moreover, the 1 densities in (i.e., the volume form), thus the half

densities, on N(A) are canonically defined by lifting from the canonical
volume form on T™(X), that is,

(d& N dx)" /n!

Therefore we do not have to impose €2y 5(N(A)) in the nvariance

and isomorphism, and one can regard the symbols as living on T*(X)
(instead of living on N(A)) by the diffeomorphism between T™(X)
and N(A). As the simplest example of local canonical graph, this will
be further justified in §4.1.
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3 Distributions defined by oscillatory integrals
3 Distributions defined by oscillatory integrals

3.1 Equivalence of non-degenerate phase functions

Recall that an oscillatory integral is defined by

Iy(au) = //ei(b(x’e)a(x,@)u(az) dzdf, u e C5°(X),
where ¢ is a non-degenerate phase function satistying

(1). it is real valued and positively homogeneous of degree 1 with re-
spect to 6,

(2). it is C'° for 0 # 0, and has no critical point when 6 # 0,

(3). the differentials d(0¢/d0;),7 =1, ..., N, are linearly independent
on the critical set

C = {@77 9)7 ¢/9<ZC, 6)) — O}
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3 Distributions defined by oscillatory integrals

(3). The non-degenerate condition in (3) guarantees that C' is a smooth
manifold of dimension dim(X). Consider the map

(3.1.1) C>(z,0) = (z,¢,) eI CT*X)\0,

where 0 stands for the zero section, is a local diffeomorphism to a
smooth submanifold A.

(2). A does not contain the zero section is from condition (2) above that
¢ has no critical point when 6 # 0.

(1). A is conic since ¢ is positively homogeneous of degree 1 with respect
to @ in condition (1).

Furthermore, A is Lagrangean:
(3.1.3) ijda:j =0 on A.

This is because ¢ dr = d¢ — gb’e df = 0 from Euler’'s homogeneity
relation that ¢ = 6 - gb’e =0 on C.
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3 Distributions defined by oscillatory integrals

Definition (Lagrangean submanifolds). A C T*(X) is called La-
orangean if the canonical two form

(3.1.4) Y déjAdzj=0 onA.

One can easily show that if A is a conic Lagrangean submanifold,
then the stronger condition (3.1.3) holds.

Example. Let H(£) be a homogeneous smooth function of & of degree
1 in a cone I' C R", and define

Then the condition gb’g = 0 means that x = H'(£), so ¢ is non-
degenerate and

A={(H'(¢,¢),£ €T}
This example of conic Lagrangean manitfold actually covers the gen-

eral case.
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3 Distributions defined by oscillatory integrals

Theorem (3.1.3). Let A C T*(X) be a conic Lagrangean manifold.
For every Ao € A with the local coordinates x1,...,xy at TAg € X
suitably chosen one can find a function H which is homogeneous of
degree 1 in an open cone I' in R™ such that ¢(x,&) = ;7’:1 ;5 —
H (&) the Lagrangean manifold defined by ¢ is a neighborhood of
A A.

Next is an important relation between a Lagrangean manifold and
any non-degenerate phase function defining it.

Theorem (3.1.4). Let ¢ be a non-degenerate phase function in a

conic neighborhood (zo,0p) € X x RN with gb’g(xo,ﬁo) = 0, and

set & = ¢L(xo,0p) so that (zg,&y) belongs to the corresponding

Lagrangean manifold \. Then we have

(3.1.5) N — rank ¢pg(z0, 6) = n — rank dmy (zg, &),

where 7 is the projection T*(X) — X and wp is restriction to A.
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3 Distributions defined by oscillatory integrals

Theorem (3.1.6, Equivalence of phase functions). Let ¢ and ¢ be
non-degenerate phase functions in conic neighbourhoods of (x, ) €

X x (RV\ 0) and (20,00) € X x (RN\ 0) respectively. Then the
Junctions ¢ and ¢ are equivalent in some conic neighbourhoods of
these points, under a diffeomorphism mapping (xo, 0y) to (xo, 0p),

iff
(i). The elements of Lagrangean manifolds defined by ¢ and b
at (xo,0p) and (xg,6y) are the same.

~

(ii). N = N.
11). oo (0, 09) and /! x(, éo have the same signature.
06 00

Note that gbge(azo, §p) can have any signature compatible with Theo-
rem 3.1.4 when we only know the corresponding Lagrangean manifold
A. Only in one case do we get a perfect analogue of Proposition 2.4.1.
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3 Distributions defined by oscillatory integrals

Corollary (3.1.8). Let ¢; be a non-degenerate phase function at
(z0,0;) where

?19(20,01) =0 and  ¢hy(xg, 0) =0,

and

Cb/f@@(l’oa 1) =0 and leglee(foa 0o) = 0.
Then it follows that ¢1 and ¢o are equivalent at (xq, 01) and (xq, 09)
ioff the corresponding germs of Lagrange manifolds are the same.

We only need to verity the three conditions in Theorem 3.1.6.
(iii). Trivially true.
(ii). From Theorem 3.1.4, N1 = n — rank dmp(xo, &y) = Na.

(i). Yeah, we only need this: (xg, 1) and (xq, 09) define the same ele-

ment on A iff the corresponding germs of Lagrangean manifolds are
the same.
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3 Distributions defined by oscillatory integrals

Given a Lagrangean manifold, locally there are a lot of phase func-
tions defining it, the above discussion concludes the equivalence be-
tween these phase functions if they define the same Lagrangean man-
ifold.

On the other side, one can change the number of # variables without
chaining the corresponding Lagrangean manifold.

Remark (Increase the number of 6 variables). Let ¢(x, 8) be a non-

degenerate phase function in a conic neighborhood of (zq, 8y), let o €
R* and introduce

gbl(xv 0, 0) — Qb(xv 9) + A(Ov 0)/‘9’

where A is a non-singular quadratic form in R*. This function is

homogeneous of degree 1 in a conic neighborhood of (xg,fpy,0) in
X X RN + k. The equations

8¢1/00 = Oy /O = 0
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3 Distributions defined by oscillatory integrals

mean that o = 0 and that 0¢/00 = 0, so it is clear that ¢ is a non-
degenerate phase function defining the same Lagrangean manifold as
¢. Thus we can always increase the number of 6 variables as much as
we like.

However, it seems more meaningful to see how (and how far) we can
decrease the number of 0 variables.

Remark (Decrease the number of 8 variables). Let ¢(x, 8) be a non-
degenerate phase function in a conic neighborhood of (zq,0y) € C,
(defined by (3.1.2)), we can decrease the fiber dimension by k units if

rank ¢gy (o, 0) = k.

One notices that & < N, which means that one can not eliminate
all the 6 variables. This is because from the assumption on the phase
function ¢, gb’e is homogeneous of degree 0, and

Dpa(20,00)0) = dy(z0,00) = 0
Page 47/[104]



3 Distributions defined by oscillatory integrals
for 6y # 0, hence

rank ¢’9/9(x0, 0y) < N.

We hereby give another explanation of why we can not eliminate all
the 6 variables. Recall that

(3.1.5) n — rank dma(xg, {y) = N — rank gbge(xo, o),

and A C T*(X) is a conic Lagrangean manifold, with dimension of
the germ in £ at least one.

But dim A = dim X = n so the projection dmwp (xq, &) will definitely
lose rank (by the dimension of the germ at (xg, &p)). Hence,

N — rank ¢/9/9(350, 0y) > 0.

It is in fact the nature of A being conic that we can not locally define
it by a non-degenerate phase function with no 6 variables.
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3 Distributions defined by oscillatory integrals

Remark (Non-conic Lagrangean manifolds). In semiclassical Lagrangean
theory, however, one allows non-conic Lagrangean manifold, then there
are non-degenerate phase function with no 6 variables. E.g.

a(z)el®)/h
is associated with the non-conic Lagrangean manifold
A ={(x,0):x €suppa, ¢, = 0} C T*(R"™)

and the projection
drp : A — R"”

has tull rank n in this case. Also, this Lagrangean manifold can not be
written in the form of
{(H'(€),6)}

in any local coordinates.
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3 Distributions defined by oscillatory integrals

Example. Let A = {(0,42:11,0):y2,m € R} C T*(R?) be a (conic)
Lagrangean manifold. Consider the transformation:

(Y1, y2: M1, 12) = (21, 225 €1, &2)

such that

v =y +y5/2, m=¢&;

T2 = Y2, 2 = Y261 + &2
Under the new coordinates x1, 29,

= 3 —52'51 &) ¢ ={He H: : &1.6)
e gt e Heyi €1

&
2y

if we take

H(&1,6) =
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3 Distributions defined by oscillatory integrals

3.2 Invariance under change of phase functions and global
definition

The FIO now is defined for u € C’O

B21) (A= WN /4// 0) o, O () decdd.

Theorem (3.2.1, Invarlant definition of the principal symbol). Let
¢(x,0) and ¢(x 9) be non-degenerate phase functions in niez'gh—

bourhoods of (zp,0p) € X x (RV\ 0) and (xg,0y) € X x (RV\ 0)
which define the same elements of Lagrange manifold A there:

¢€E<x07 0y) = élx(wo, éo) = &9. Then
(i). The difference

(3.2.10) o = sgn qb’g’@(flf, 0) — sgn @gg(flf, ).
op=5="0, ¢p =y =& € TH(X)
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3 Distributions defined by oscillatory integrals

is constant in a neighborhood of (xg,&p) in A.

(11). Every distribution which can be defined by (3.2.1) with a €

Sﬁ+<n_2N)/4, p > 1/2, and conesupp ¢ in a sufficiently small
conic neighborhood of (x¢, 0y) can also be written in the same
form with ¢ replaced by ¢ and a replaced by a function a €

SNHn 2N) /4 with conesupp ¢ in a small conic neighborhood
of (0, 00), so that (3.2.11):

(expmio/Va(z, 0)v/do—a(z, 0), [de € SHT TN 0y ),

the two terms being of course in Sg+n/4(A, Ql/Q)-

Page 52



3 Distributions defined by oscillatory integrals

Definition (3.2.2, FIOs). We define 1"(X, A) as the set of all A €
D'(X, () jp) that A =} A; with the supports of A; locally finite and

for u € C°°(X), where dx is the Lebesgue measure with respect to the

. —2N;)/4 .
local coordinates in X]’-, § € RVi, and a; € ng+(n ) (R”XRNJ).

Theorem (3.2.5). With the help of Keller-Maslov bundle L, there
1$ a natural isomorphism:

Szvﬁrn/ll(/\, 91/2 2 L)/Slgwrn/4+1—QP(A7 Ql/Q @ L)

(3.2.16) — I™(X, N/ ).
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3 Distributions defined by oscillatory integrals

Theorem (3.2.6). Let A € I'(X,\) and a € S[T)n+n/4(/\, (Y p® L)
be a principal symbol. Then

WF(A) C A

and
a € S??”L—l-n/ll—l—l—Qp(A7 Ql/Q R L)
in AN\ WEF(A).
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4 A calculus for some classes of FIOs

4 A calculus for some classes of FIOs

121 Operators associated with a canonical relation

Theorem (4.1.1). Every element of 15'(X xY,\) (for p>1/2) is
a continuous map from C'(]f(Y) to D/k(X) if

(4.1.1) m —kp < —=3(nx +ny)/4.

If A does not intersect T*(X) x 0y (resp. Ox X T*(Y')) where

Oy (resp. Ox ) is the zero section in T*(Y) (resp. T*(X)) then
every element of I;'(X X Y, \) is a continuous map from Cé“(Y)

to CJ(X) if
(4.1.2) m+j—kp < —=3(nx +ny)/4.

The kernels of all operators in 1;"(X X Y,A\) are in C° outside
the projection of A in X x Y.
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4 A calculus for some classes of FIOs

Note that locally A is defined by a symbol of order m+(n—2N)/4 =

m — N/4, (1.4.3) and (1.4.5) in Theorem 1.4.1 imply the above con-
ditions.

Definition (4.1.2, homogeneous canonical relations). A closed conic
submanifold C' of T*(X x Y) is called a homogeneous canonical rela-
tion from T*(Y') to T*(X) if C'is contained in (T*(X)\0) x (T*(Y)\0)
and is Lagrangean with respect to o y —oy, that is, C’ (the image of C
under the map which is identity on T™(X') and multiplication by —1 in
the fibers of T*(Y')) is Lagrangean with respect to o x «y = ox + 0y

Definition (4.1.5, Local canonical graphs). A homogeneous canon-
ical relation is called a local canonical graph it the projection C' —
T*(Y) and consequently the projection C' — T™(X) is a local diffeo-
morphism so that C' is locally the graph of a canonical transtormation.
This implies that nxy = ny = n.
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4 A calculus for some classes of FIOs

Under this condition, the densities (thus the half densities) on C' are
intrinsically defined by lifting the standard density o'y /n!in T™(X) or
oy-/n! in T*(Y') by the projections, and the isomorphism in (3.2.16)
states

SIN(C, L)/S™H 2 (C, L)

(4.1.7) = (X x Y,C)/ITTPX x Y, ).

Example (VDOs). The simplest examples of the above two types
are the WDOs in X. They are related to A = N(A) where A is the

diagonal in X x X, and C' = A’ is the the graph of the identity map
(thus a canonical transformation) (T7(X) \ 0) — (T7(X) \ 0).

Example (4.1.6, Cauchy problem for the wave equation). The phase
function

¢($7 Y, 6)) — <$l o ?/7 6)> + (ZUn o yn)“9|a
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4 A calculus for some classes of FIOs

where © = (2/,2y) and y = (v, yn) are in R” and 0 # 6 € R" 1,
then the critical set

Cqb — {(CC, Y, 9) : ¢/9(5Ua Y, 9) — $/ R y/ + (.Tn o yTL)@/lH‘ — 0}7

and the Lagrangean submanifold on T*(R"™ x R") is a homogeneous
canonical relation from T*(Y) to T*(X) as

C={(z.&y.n) &= dhn=—¢, dylz,y.0) = 0}.

But it is not a local canonical graph simply because ¢’9 = 0 does
not provide a bijection from T*(R™) to T*(R") (thus no canonical
transformations between them). However, if we regard x,, and y,, as
(time) parameters, then {(2, ¢/ ,, ¢/, @)} = {(2/,0,y,0)} is the
oraph of the canonical transformation 3y’ = 2’ + (2, — yn)0/]0], (One
of course needs to check dn’ A dy’ = d&' A da’.) therefore defines a
local canonical graph.
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4 A calculus for some classes of FIOs

12 Adjoints and products

Theorem (4.2.1, Adjoints). Let p > 1/2. A € IJ'(X xY,C"), where
C' is a homogeneous canonical relation from T*(Y) to T*(X), is

defined as
(A, u) = (2m)~(nxtry 2N/ /[/ e 0T a(x,y, O)u(x,y) drdydd,

viewed as a continuous map C3o(Y, €Y jp) — D'(X, (Y y9), the ad-
joint A*™ satisfies

(AU,U) = <’U,,A*U), u &< O(())O(Y,Ql/Q), UV & O(())O(X, Q1/2>

Then A* € I)W(Y x X,CY) where Cs is the inverse image of C
under the map

s THY) x THX) — T*(X) x THY)
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4 A calculus for some classes of FIOs

interchanging the two factors. Furthermore, if
ae I, TTI e @ L)
is a principal symbol of A, then
sae 1 e 0, e L)

is a principal symbol of A*.
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4 A calculus for some classes of FIOs

Theorem (4.2.2 and 4.2.3, Products). Let p > 1/2. Let C| and
C9 be homogeneous canonical relations from T*(Y) to T*(X) and
from T*(Z) to T*(Y) respectively, assume that Cy x Cy intersects
the diagonal in T*(X) x T*(Y) x T*(Y) x T*(Z) transversally
and that the projection from the intersection to T*(X) x T*(Z) is
proper, thus gives a homogeneous canonical relation C7 o Co from
T*(Z) to T*(X).

If Ay € [Z)nl(X xY,C"), As € ];)nQ(Y x Z,C%) are properly sup-
ported, it follows that

AAy € IVTM(X % Z,(C 0 Cy)').

Furthermore, if a1 and as are principal symbols of A1 and Ao,
then a1 X as s a principal symbol of A{As.
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4 A calculus for some classes of FIOs

+3 L? estimates

Theorem (4.3.1, L? continuity and compactness under local canon-
ical graphs). If A € IS(X x Y,C") and properly supported, C is
a graph of a canonical transformation T*(Y) — T*(X), then A
is bounded from LA(Y, (Y ) to L2(X, (Y ), from L%OC(Y, (Y o) to

LIQOC(X, 91/2)- A is compact iff a principal symbol tends to 0 at oo
on C' over compact subsets of X X Y.

Outline of the proof for Theorem 4.3.1.

(1). By the adjoint and product theorems of FIOs, under local canoni-
cal graph condition, A*A is a YDO with principal symbol |a|? on
T*(Y) if a is a principal symbol of A. Furthermore, a and |a|? are
both of degree 0 because the order of FIO equals the the degree
of the principal symbol under local canonical graphs from (4.1.7).
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4 A calculus for some classes of FIOs

(2). The L? continuity of A and A* follows that of A*A, therefore the
classical results on L? estimates for WDOs with order/degree 0 (cf.
§2.2) imply that of A.

(3). The theorem is still valid if A € I)* when m < 0.

L]

Theorem (4.3.2, L? continuity under homogeneous canonical rela-
tions). If A € ]g”(X x Y,C") and properly supported, C is a ho-
mogeneous canonical relation, and C — X, C' — Y have sur-
jective differentials, then A is L? bounded from L2(Y, < /2) to

L%OC(X ,$21 o) provided that
m < 2k —nx —ny)/4.

Here, the differentials of the projections C — T*(X) and C —
T*(Y) have rank at least k +nx and k + ny.
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4 A calculus for some classes of FIOs

Outline of the proof for Theorem 4.3.2.

(1).

Locally we split the z and y coordinates into (z/, 2’") and (v/, y")
respectively: 2’ and vy’ have k coordinates, " has (ny — k) coor-
dinates, and y” has (ny — k) coordinates.

Moreover, if we denote X7 and Y7 are the 2’-space and vy'-space,
then C' defines a canonical graph C7 : T*(Y]) = T*(X7).

. For a fixed pair (2", y”) write A< n 4y 8s an FIO of the form

A( 2 //

ZU/ 'f//?y,ay/, )_WN/ZL)
27.‘. 2k—i—2N )/4

7, TN

a(z’, 2",y y", 0)uly’, v") dy,

with a symbol a € Sm+(nX+”Y 2N)ARrxty RV,
To find the order of A< " recall that in the definition of FIO
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4 A calculus for some classes of FIOs

(3).

n (3.2.14), the degree of the principal symbol is (n — 2N)/4
larger than the order of the FIO, therefore A( 1y 18 an FIO

'Y
in ]Z)m(Xl x Y7, C) where
nyxy +ny —2N dim Xy +dim Y] — 2N
4 4
2k — ny —ny
0 .
Ifmy <0, that is, m < (2k —ng —ny)/4, then Ay is an L?

continuous FIO from L2(Y], €y /2) to Lloc(Xl’ €y /2) in the view

of the above theorem for FIOs under local canonical graphs.

m| = m—+

= 1 —

(4). Write

Aulz) = [ gty
in which the L? norms of A< gy are uniformly bounded as
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4 A calculus for some classes of FIOs

(2", 4") varies, and the main theorem follows by integrating in
these two variables.

(5). The procedure described in (i)—(iv) works if
(4.1.8) C—-X C—=Y

have surjective differentials, and the rank of the differentials of the
projections C' — T™(X) and C' — T*(Y) are > k + nx and
> k + ny. This is essentially Theorem 4.1.9.

(6). Condition (4.1.8) can be relaxed substantially, see Theorem 4.4.4
in [D96] for details.

[ ]

Remark. The above L2 continuity results can be generalized to H (s) —
H 4y for FIOs in I, see e.g. [H85, §25.3].
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5 Additional results on the calculus

5 Additional results on the calculus

Following §IV, we continue investigating the calculus of FIOs and
accomplish these goals:

1. Generalize asymptotic expansion theorem to FIOs in 1;'( X, A).

2. Generalize definitions of characteristic and ellipticity to FIOs in
17'(X, A), then prove the inverse theorem for elliptic FIOs in 7;"(X x

Y, C’) under local canonical graphs.
3. Define and investigate the subprincipal symbols of WDOs.

4. Under a special case, compute the principal symbol of PA for P €
LyY(X) and A € [J'(X XY, C") using the subprincipal symbol of
P.

5. Give Sobolev characterization of Lagrangean distributions in I;*( X, A).
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51 Preliminaries

Proposition (5.1.1). Let A;. € ];nk(X, AN), k= 0,1,2,... where
mp — —oo as k — oo. Set m;f = max;>rm;. Then one can find
A€ I)')(X, \) such that

/
(5.1.1) A=Y Aj eI, M(X,N), k=1.2,..
j<k
A is uniquely determined modulo C°°(X) and has the same prop-
erty relative to any rearrangement of the series ZA]-; we write

A~y Ay
Proof of Proposition 5.1.1.

(1). Recall 1;*(X, A) in Definition 3.2.2, this proposition is essentially
local.
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5 Additional results on the calculus

(2). Each Aj. can be split into a sum of > Az; modulo C'° since the
supports of these distributions are locally finite.

(3). For a fixed 4, the problem is reduced to the case for symbol classes
in R x RVi. (See Proposition 1.1.9.)

L]
Definition (Characteristic set). For A € I'(X, A) is non-characteristic
at A € A iff any principal symbol a € Sm+”/4(/\, Q1/2 ® L) has a
reciprocal B € S~ /4, Q_12® L~1) in a conic neighborhood
of X. The set of characteristic points is denoted by y(A). A is called
elliptic if v(A) = 0.
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5 Additional results on the calculus

Proposition (5.1.2). Let C' be a bijective homogeneous canonical
transformation from T™(Y)\O onto T*(X)\0, thus dim X = dim Y,
and assume that

Ae (X xY,C')

1 elliptic and properly supported. Then there exists a properly
supported elliptic FIO

- ~1
Bel,mY xX,(C™))
which 1s a left and right parametriz, that 1s,

BA—-Id and AB —1d

have C° kernels. Any other parametriz for A differs from B by
an operator with C'°° kernel.
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Proof of Proposition 5.1.2.

(1). We can regard a principal symbol a of A as an element of Sg%(C’, L)
since C' is a local canonical graph.

(2). Ellipticity of A guarantees that there exists b € Sp_m(C7 Lal)
such that ba = 1 outside a large enough sphere. Then if

Bye I,™Y x X,(C™)

has a principal symbol b, then ABy = Id— R{ and BjA = 1d— Ry
where K1 and Ry are WDOs with degree —1 from the product
theorem. (See Theorems 4.2.2 and 4.2.3.)

(3). The problem is reduced to finding the right parametrix of Id — R
and the left parametrix of Id — Ro. In fact, they have two sided
parametrices ~ » 5° R/f and ~ ¢ ng . (See Proposition 2.5.1.)

L]
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5 Additional results on the calculus

Remark (Local notions and results). An FIO originally defined in
[7'(X, A) can be restricted to 1,'(X, K) by pulling back of a C*
mapping. Here K C A is a closed conic subset of A. An analogous
isomorphism follows as

S;n+n/4(K7 Q1/2 X L)/S;n+n/4+1_2p(K7 Q1/2 X L>

— I"™M(X, K)/ 1) (X K)

m+n /4

where S K, ) /o ® L) denotes the set of
p 1/2

ae Sy A ® L)

such that a € ST° on A\ K. Note that this definition and isomor-
phism depend on A though it does not appear in the equation.

Now let C' be the graph of a homogeneous canonical transformation
from a conic neighborhood of (yg,n9) € T*(Y) \ 0 to a conic neigh-
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5 Additional results on the calculus

borhood of (zg, &) € T™(Y) \ 0 with ¢y = ((z0, o), (o, m0)) € C.
Let A € I)'(X X Y, K ") be a closed conic subset of C' which is

non-characteristic at cg. Then by Proposition 5.1.2, one can find

— —1
Bel, (Y x X,(K™)")

which is the left and right parametrix of A, i.e.,
BA — Idy and AB — IdX
have C° kernels, and therefore,

(0, &0) ¢ WF(AB —Idx),

and

(yo,m0) ¢ WEF(BA — Idy).
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5 Additional results on the calculus

5.2 The subprincipal symbol of a YDO

Now back to (2.1.14) and (2.1.17) and continue to work on the ex-
pansion to |a| = 1, assume the expansions are a = a” + a' and

ax = a)+ak. Then the principal symbols al (k(x), €) = a'(z,! ' (2)€),
and if we define the subprincipal symbols

82 O
at¥(z,€) = al(z, &) __Z anggf

a computation (See pp. 83 in §18.1 of [H8H].) gives

0l5(2.€) = alS(z.£) — & da’(x,€) Djlr'(x)
(6 = (e 6) - 5350 T

0

which is invariant at the points in T™(X) where a” vanishes of sec-
ond order. It is also invariant under measure preserving changes of
variables, and we shall see later a complete invariant.
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5 Additional results on the calculus

To explain the above reasoning more clearly and cleanly, we utilize
the half densities to take care the case when |a| = 1, 2. The following
proposition is essentially local.

Proposition (5.2.1). Let P be a VDO in X, considered as an
operator between densities of order 1/2. If P € LZ” and for some
choice of local coordinates p(x,&) denotes the full symbol, then

1 0%p
2. — =
(5 7> 21 Z @Zlﬁzaf]

is modulo S™T2(1-2p) independent of the choice of local coordi-
nates.

Remark. Consider a WDO P € L™(X) with a homogeneous prin-
cipal symbol p. Then there exists a C'°® homogeneous function p of
degree m on T*(X) \ 0 such that for any system of local coordinates

m
c s
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5 Additional results on the calculus

the full symbol of P is of the from p + r where r € S™~1. Clearly p
is then uniquely determined by P, and the above proposition asserts

(52.8) R
- Y 0x;08

is uniquely determined modulo S™~2. We can therefore choose ¢ €
S™M=HT*(X)) which agrees with (5.2.8) modulo S™ 2, called a sub-

principal symbol of P, and of course we can choose ¢ homogeneous of
degree m — 1.

Proof of Proposition 5.2.1.

(1). For a local coordinates x1, ..., Tn in an open set X7, consider an-
other system of coordinates 1, ..., ¢, and set

= pj(x)f

Note that ¢ = k in previous computations.

c Sm—l
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5 Additional results on the calculus

Choose a half density w € C§°(X1) and consider e~ P(we'¥)
as a function on T%(X7).

(2). Observe (2.1.14) above,
(5.2.1)

e W P(we'?) ~ 3 pl(x, o) D2 (w(2)e? D) jal| .,

where

p(ZC,Z,Q) — 90(279) - gp(:lf,@) — <Z — 5177@;(33,9».

(3). Expand the summation above to |a| = 2, recall the values of
DeetPl@z0)| _ in (2.1.17):

(a). o = 0: DY (w(2)eP @20 _, = w.
(b). la] = 1: 3 DY (w(z)e®9)|._, = 3" Djw.
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5 Additional results on the calculus

(¢)- o] = 2;
Zng@(weip(az,z,@))‘Z:x
= 3" w(@)DPMip(x,0) + 3" DY w(a)
w(x) Op() 0
= d S
Z i OJzj0xy e
Therefore,
(5.2.2) e P(we') = p(z, ¢} )w(z) + > pV (@, ¢})Djw(w)
32
k P m+2(1—
Zpy 7, ¢l )w )(%]axk mod §m+2(1-2p)
n Wthh

. (7) ! 2
(k) 0%y B opV (@, @) 0“p(x, v
pY M (@ 90:1:) :

8:1: 8:1:k



5 Additional results on the calculus
(4). Rewrite (5.2.2) as

. - 1 0p
2. wp ) — 'y - —
(5.2.6) e (we'?) p(x, o) 5 633@'5’53 w(x)
- (. o ]
_ D o) 00) |, 10P7(2, ) m+2(1—2p)
i E Y (z, @) o, +5 oz, w(x) mod S ,

and we only need to show the second summation is module S m+2(1-2p)

independent of the choice of local coordinates 1, ..., x;, to finish
the proof.

(5). In fact,

- ow(z)  10p)(x,¢))
> P e =t 5y ule) = Lo

where v is the vector field (pt(z, o), ..., p™(z, o)) in X de-
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5 Additional results on the calculus

fined by the function p(x, &) on T*(X) and Lyw is the Lie deriva-
tive of w with respect of v, and it is independent of the choice of
local coordinates.

L]

Remark (Lie derivatives of densities, cf. pp. 22 in §25.2 of [H85]).
Let v be a real C'°° vector field on a manifold X. Then v generates a
local one parameter group of C'* maps ¢’ in X, defined by

d t
D _ opla), Pa) =, w e X
If a € Q%(X), then we define the Lie derivative L,a along v by
d
(5.2.4) Lya = E(gpt)*ahzo.

Let z1, ..., xy be local coordinates in X and write a = u|dz|®. Then
T\ *
(¢")"a = ug|dx|®,
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5 Additional results on the calculus

in which

Hence,

Lo(uldz]™)
d

E(Sﬁt)*a!tzo

d
_ a | 7 t
= |dz|* | Zu(¢ (@) |7

_au ,
= (E vja—Jrcv-dwv-u
L j

where we compute that the derivative of the Jacobian is T'r(Qv;/dzy,) =

divv when t = 0.

t=0

0" ()
ox

+ |dx|®

) da]®

87

u('(x))

0" (x)

dt

ox
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5 Additional results on the calculus

We take this as the definition of the Lie derivative if v is a complex
vector field. it is clear that the definition is independent of the choice
of local coordinates since this is true when v is real.
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5 Additional results on the calculus

5.3 Products with vanishing principal symbol

Throughout this section, we denote

e P € Lj(X) is a properly supported YDO with a homogeneous
principal symbol p and a subprincipal symbol c.

e H) is the Hamilton field of p, that is,

Z dp 0 Op O
36 q ox g Ox g (95 j 7
and L H, 1 the corresponding Lie derivative.

o C':T*Y)\0— T*(X)\O0is a homogeneous canonical relation.

/
e Ac IM(X xY,C"), anda € S T @ L) s a
principal symbol of A.

N =nyx +ny.
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5 Additional results on the calculus
Theorem (5.3.1). If p = 0 on the projection of C' on T*(X) \ 0,

/
then PA € I;mrm (X xY,C" has
(5.3.1) i~ L+ ca

as a principal symbol. Here Hy, is lifted to a function on (T™(X)\
0) x (T*(Y)\0) via the projection onto the first factor. The vector
field ﬁHp is tangent to C so (5.3.1) is well defined.

Remark. Note that since the Keller-Maslov bundle L is not involved
in differentiations because the transition functions are constants, then
we define L H,0 by using local trivializations of L which only differ by
a constant factor and therefore do not affect the definition.
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5 Additional results on the calculus

Proof of Theorem 5.5.1.

(1). As in the proof of Theorem 5.2.1, we argue locally. Recall Example
3.1.2 and Theorem 3.1.3, we can choose local coordinates in X and
Y so that the phase function for A is

p(r,y,8m) =(x,&) +(y,n) — H(&,n),

that is, the Lagrangean submanifold C' is locally paramatrized by
(€,m). Here, H is defined in a conic neighborhood of

(€0,m0) € (R™X\0) x (R"™\ 0),
Therefore, the map

(&) — (Hg, Hy, &),
is a local parametrization of the critical set
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5 Additional results on the calculus

and the density on C', defined by the pull back of the Dirac mea-
sure in R™X ™ with the map

(xvyafan) — (Z’ o Hé“vy_ H7/7>

coincides with the Lebesgue measure in (£,7). (One can take a
simple example p*(d) where p(x, &) = x — f(£).)

. Under this local coordinates

(5.3.2)
Au(z) =

/// &)y m)=HEn) g ¢ pVu(y)dydedn

1
(27T)3<nX—|—nY>/4
for u € C{°, in which

= Sm/—(nX‘|‘nY>/4<RnX‘|‘nY % RnX-I—ny>

has a support in a conic neighborhood of (&g, ng) where H is C'*°.
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5 Additional results on the calculus

This means locally the principal symbol a can be represented as

11
ap|dg|2|dn|2.

Rewrite Au as

s ] T a6 mi s

(27T) (nX—I-nY)/4/ e [/ —HEm) ap(§,n)u(—n)dn| d&.

We see that the Fourier transform of Aw is

2 \X |
) [ e mat-ny

(27T>3(nX+ny

SO
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1
(27.‘-)3(TLX-|-ny)/4

PAu(x) =

(5.3.3)
/// LTy =HEM] (2, €) + r(, €)] ap(€, n)uly)dydedn,

in which p + r is the full symbol of P and p is a principal symbol.

Since p(x, &) = 0 on C we can write by Taylor’s formula

(534)
Y 757
E p] x,&,n) <$] 8{7) E p] z,&,n) (Iagj 77))

where p; € C*° and is homogeneous of degree m with respect to

(&,m).
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5 Additional results on the calculus

(3). Integrate by parts on &; in (5.3.3) yields

dp
- and
Joe' ot

86290
= - apd§;
(95] Pj J
- / v P40 )0
R i@fj J
Therefore, ,
PA —
u(:lj) (27T)3(nX+ny)/4
(5.3.5)

/// TY:6:11) [Tao _ %Z Op;(z, fégjao(f, 7)) w(y)dydédn,
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5 Additional results on the calculus

and since the principal symbol of A is

1 1
ao(§, n)|dg|2|dn|?,
the principal symbol of PA is

1 1
536)  |rag= 3] Defpeo)| o ||l

op O
H, — .
b Z (8{7 0z 851:]- 8§j>

is tangential to C'. Functions on C are restrictions of functions of
the form F(&,7n), to in terms of the parameters (£,7n) on C' this
vector field has the form

dp
2 o

%, %,
Nomomoe 9E = 2= P g

. Now
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5 Additional results on the calculus

Recall the formula of Lie derivative of half densities in §5.2:

11 dag  10p; IR
o faulde lanlh) = |3 =+ 520 - 35000  ldePhan
J J

Plugging back to (5.3.6),
I 1 1
a0 = 3 Dey(pjan)] o €N

: Lol
— "0 . a0D¢;pj = ijijao} z=0H /¢ R

1 O?

D 1 L 1 1
— - = 2 2 2 2
(T Za @§]> ap|d€|2|dn|? + i Lg (aold€|2[dn|2),

noting that p; = Op/dx; when v = H é The theorem is com-

pleted if we recall the definition of the SubprmClpal c of P, and
the order of PA follows naturally.
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5 Additional results on the calculus

Theorem (5.3.2). Let p > 2/3. Assume that for every p € R,
(5.3.10) H,SH(C) > sm=L().

For every B & Ig”m/_l(X x Y,C") one can then find A €

I;n/(X X Y) such that
PA—-B

has a C°° kernel. If b is the principal symbol of B and a is any
solution of

(5.3.9) b=1i"'Lpa+ca

belonging to Sm/+n/4(0, L &%y j9) one can choose A with principal
symbol in the class of a modulo Sm/+”/4+2_3p(0, L® 91/2).
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Proof of Theorem 5.5.2.

(1). We want to find the solution to (5.3.9). Write a = aqw and b =
bow where ag and by are scalar symbols. Then

1 0
Ly (apw) = (Hpao - z ) w,

28:1:]-85]-
from proof of Theorem 5.3.1. Then (5.3.9) is reduced to
i_l,CHpa() + C,a() = by

for some ¢ € S™~L The hypothesis guarantees the existence of
~ € SY such that

Hypyy = ¢
One also has et ¢ .SO by Proposition 1.1.8. If we denote ag =
e "Tayp and by = e~ "7by, then the equation is further reduced to

i_lﬁgp(ie_wal) + Hyy-ie” "ay =e ""Hpa; = e "by.
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5 Additional results on the calculus

That is,
Hpay = by,

where a € S* and by € SFT™~1 and this has a solution accord-
ing to the hypothesis.

.Let Ay € ]gll(X x Y,C") with a principal symbol satisfying

(5.3.9), and set
B, = B— PA,,

then B and PA( are both in ]Z)”er/_l(X x Y, C") with the same
principal symbols, therefore

B € I(X x Y, (),
where

n=m+m —p—2p—-1)=m+m' —1—(3p—2).
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[terating the argument in (1), we obtain sequences

.
Aje ) x oy )

and / |
B;e [l x oy )
such that
By=1DB
and
(5.3.11) Bj+1 = Bj — PA]-, 7=0,1,2, ...
Let

A=) A

then adding (5.3.11) yields
P(AO—|——|-A]> = Bo—Bj+1,
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5 Additional results on the calculus

which says PA — By € I;°(X x Y,C") = C®(X x Y) and
theretore proves the theorem.

[ ]

Remark (1). A similar results is valid for AP = B for this is equiv-
alent to P*A* = B*.
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54 The smoothness of elements in I'(X,A)

Theorem (5.4.1). I(X, ) C Hy tff m+n/4+s < 0. Moreover,
if u € [;n(X, A) and u has some non-characteristic point, then it
follows that w ¢ H g when m+n/4+s > 0.

Remark. If we regard A C T*(X) x T*({0}) as a canonical rela-
tion from T*({0}) to T*(X) and u as a multiplicative operator from
C§°({0}) to D'(X), the projection A — X is generally not surjective.
(For if it is, then u € C'°° and there is nothing to prove.) Therefore,
we can not apply Theorem 4.3.2 here to prove the L? boundedness
of u. One instead has to create a more suitable Y (namely, R") to
transtform the question to a simpler setting.

Definition (Hilbert—-Schmidt operators, cf. Definition 19.1.11 in [H85]).
If H| and Hy are Hilbert spaces then the space Lo(Hy, Ho) of Hilbert-
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Schmidt operators from Hy to Hg consists of all T' € L9(Hy, Hy) such

that
2 2
175 =" | Teil]

is finite, if {e;} is a complete orthonormal system in Hj.
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Proposition (Hilbert—Schmidt integral operators). A Hilbert—Schmidt
kernel is a function k: (X, du) ® (Y, dv) — C with

k|2, = /X /Y (e, ) Pdu(x)dv(y) < oo,

and the associated Hilbert—Schmidt integral operator is the opera-
tor K: L*(Y) — L*(X) given by

Ku(w) = [ K y)uly)dviy)
Then K 1s a Hilbert—Schmudt operator with Hilbert—Schmidt norm
1K |2 = [ 2.

Corollary (5.4.2). An FIO from D'(Y) to D'(X) is a Hilbert-

Schmidt integral operator if it is of order < —(nx + ny)/4 and
the kernel has compact support.
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Proof of Theorem 5.4.1.
(1). It is sufficient to prove the results for s = 0. For if

IZZ(X, /\) C H(())

if m+n/4 <0, then for any u € ];n,(X, A) with m’+n/4+s < 0,
one can find an elliptic WDO B € L?(X) such that
v = Bu € ]Z)nurs
satisfying (m’ + s) +n/4 < 0. Applying the hypothesis,
veH (0):

which implies
u = B_LU c H<S>

noting that B~ € L7%(X) since B is elliptic. The other result is
valid by a similar argument.
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(2). It is sufficient to prove the results if u € I(X, A) and W F(u) is
in a small neighborhood of (zq, &y) € A for wis C°°in A\W F(u).

That is, we want to show
(a). uw € Hpy = L7 iff m+4n/4 <0,

loc
(b). u ¢ L%OC if m+n/4 >0 and (xg, &) is a non-characteristic
point.

(3). It is sufficient to prove the results for the case in terms of

1

u(x) = (2W>3n/4/ei<x’e>a(9)d9.

where a € S™"/4. Since u is rapidly decreasing at infinity;,
weli sSucl’sacl?
(a). By Parseval’s formula,
a € L1200<:>2(m—n/4) <-—n<sm+n/4<O.
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(b). There is a non-characteristic point, and then a1 e g—mtn/4
implies

< (1+16 —TTL-|-’I”L/47
agy =
therefore,

a(0)] = (L +10)" " = (14 10) 2 = a ¢ L7

(4). We transform the question to the one in R™: A is defined by
x = H'(£) on suitably local coordinates. It follows that the homo-
geneous canonical transformation

C:(2,8) = (z — H'(€),€)
maps A into the fiber in T*(R™) \ 0 over 0 € R™.

Let K C C be a closed and conic neighborhood of (x¢, &y, ¥o, 70)-
Here (g, n0) is the image of (xg, &) (in fact, yg = 0).
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5 Additional results on the calculus

Choose A € IS(X xR", K') and B € ]g(]R” x X, (K~1) be two
elliptic operators such that they are parametrices to each other,
therefore according to (5.1.2) in §5.1

(w0, &) € WF(AB — Ix).
We see that ABu —u € C™, hence by the L? continuity of FIOs
with order O,
weli =Bucli = ABucli =uclLi.

Now Bu € I;'(R", ((K~1) o A))), one only needs to notice that
the Lagrangean is 7(y(R") and Bu is of the special form

1 / e :0) q(0)do

(27T>3n/4
where @ € Sm—1/4
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