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Disclaimer

The whole exposition follows [H71, DH72, Chapters I-
V]. The indices of sections, theorems, propositions, and
equations, etc also coincide with theirs.
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Contents
Notational index

•D = ∂/i.

• f̂ (ξ) =
´
e−i〈x,ξ〉f (x)dx.

•X or Z: an open Euclidean subset or a smooth manifold.

• T (X): the tangent bundle of X .

• T ∗(X): the cotangent bundle of X . T ∗(X) \ 0 means that the zero
section is removed.

• N(Y ): the (co)normal bundle of Y , where Y is a submanifold of
X .

• Λ: a closed conic Lagrangean submanifold of T ∗(X) \ 0.

• D′(X): the space of distributions in X .

• E ′(X): the space of distributions with compact support in X .
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1 Oscillatory integrals

1 Oscillatory integrals

Definition (1.1.7, Symbols). Let m, ρ, δ ∈ R with ρ, δ ∈ [0, 1]. Then
we denote by Smρ,δ(X×RN ) the set of all a ∈ C∞(X×RN ) such that

for every compact set K ⊂ X and all multiorders α, β the estimate

(1.1.1) |∂βx∂αθ a(x, θ)| ≤ Cα,β,K(1 + |θ|)m−ρ|α|+δ|β|

is valid for all x ∈ K, θ ∈ RN , and some constant Cα,β,K . The

elements of Smρ,δ(X × RN ) are called symbols of order m and type

ρ, δ.

(i). If ρ + δ = 1 we also use the notation Smρ instead of Smρ,δ.

(ii). If ρ = 1 and δ = 0 we write only Sm and talk about symbols of
order m.
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1 Oscillatory integrals

(iii). The cone support of a is defined as

cone supp a = {(x, tθ); (x, θ) ∈ supp a, t ≥ 0}.
(iv). If (1.1.1) is only valid for large |θ|, we say that a ∈ Smρ,δ for large

|θ|.
(v). S∞ρ,δ = ∪m∈RSmρ,δ and S−∞ρ,δ = ∩m∈RSmρ,δ.

(vi). If a ∈ Smρ,δ it follows that

a
(α)
(β)

= ∂αθ ∂
β
xa ∈ S

m−ρ|α|+δ|β|
ρ,δ .

Proposition (1.1.7). One can similarly define Smρ,δ(Γ) if Γ is an

open conic set, Smρ,δ(V ) if V is a cone bundle over X, and Smρ,δ(V,W )

if W is a complex vector bundle over V .

Example. Smρ,δ(N(Y ),Ω1/2) in §2.4 and S
m+n/4
ρ,δ (Λ,Ω1/2 ⊗ L) in

§3.2.
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1 Oscillatory integrals

From now on let us fix ρ > 0 and δ < 1.

Definition (Oscillatory integrals). Let κ ∈ S and κ(0) = 1. Define
the oscillatory integral as the generalized integral

(1.2.1) Iφ(au)

= lim
ε→0

¨
eiφ(x,θ)a(x, θ)κ(εθ)u(x) dxdθ, u ∈ C∞0 (X),

in which a ∈ Sm(X × RN ), and φ is real valued and positively ho-
mogeneous of degree 1 with respect to θ, φ ∈ C∞ for θ 6= 0, and that
φ is a phase function, i.e. it has no critical point when θ 6= 0. This
assumes that one can perform integration by parts (Lemma 1.2.1) and
(1.2.1) can be defined for all a ∈ S∞ρ,δ(X × RN ).

Remark (Non-degenerate phase functions).φ is called non-degenerate
if at any point in the critical set, (see below) the differentials d(∂φ/∂θj), j =
1, ..., N , are linearly independent.
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1 Oscillatory integrals

Proposition (1.2.4 and 1.2.5). Only the behaviour of a on the crit-
ical set C “matters”, where

(1.2.7) C = {(x, θ) : x ∈ X, θ ∈ RN \ {0}, φ′θ(x, θ) = 0}.
If φ is non-degenerate, then C is manifold of dimension dimX .

Theorem (1.4.1, FIOs). Let X and Y be open sets in RnX and
RnY . Define the FIO

(1.4.1) Au(x)

=

¨
eiφ(x,y,θ)a(x, y, θ)u(y) dydθ, u ∈ C∞0 (Y ), x ∈ X,

in which a ∈ Sm(X × Y × RN ), and the Schwartz kernel of A

(1.4.6) KA(x, y) =

ˆ
eiφ(x,y,θ)a(x, y, θ) dθ

is an oscillatory integral.
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2 ΨDOs and related classes of distributions

2 ΨDOs and related classes of distributions

2.1 The calculus of ΨDOs

Definition (ΨDOs). Define a ΨDO A ∈ Lmρ,δ(X) for an open set

X ⊂ Rn as

(2.1.1) Au(x) =

¨
ei〈x−y,θ〉a(x, y, θ)u(y) dydθ,

in which a ∈ Smρ,δ(X ×X × Rn).

It is called properly supported if both projections suppKA → X
are proper. that is, if

{(x, y) ∈ suppKA;x ∈ K or y ∈ K}
is compact for every compact set K ⊂ X .
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2 ΨDOs and related classes of distributions

Remark. Given a1 ∈ Smρ,δ(X × Rn), take in (2.1.1)

a(x, y, θ) =


a1

(
x+y

2 , θ
)

Weyl quantization;

a1(x, θ) left/standard quantization;

a1(y, θ) right quantization.

Theorem (2.1.1). If A is a properly supported operator in Lmρ,δ(X),

δ < ρ, then A can be written in one and only one way in the form

(2.1.5) Au(x) =
1

(2π)n

ˆ
ei〈x,η〉σa(x, η)û(η) dθ,

for u ∈ S(Rn) and x ∈ X. Here σ ∈ Smρ,δ(X×R
n) is asymptotically

given by

(2.1.4) σA(x, η) ∼ (2π)n
∑
α

(iDη)αDα
y a(x, y, η)/α!|x=y.
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2 ΨDOs and related classes of distributions

The asymptotic expansion of σA in terms of a(x, y, η) is decreasing
in order iff δ < ρ. Recall that ∂αy increases the order by δ|α| while ∂αη
decreases the order by ρ|α|. Furthermore, the asymptotic sum uniquely
determines a symbol is Borel’s theorem in Proposition 1.1.9.

Note that σA ∈ S−∞ iff KA ∈ C∞. Then we have

Corollary (Isomorphism between symbols and ΨDOs). Theorem 2.1.1
shows that the map A → σA defined there together with the map
σA→ A given by

(2.1.5’) Au(x) =
1

(2π)n

¨
ei〈x−y,η〉σA(x, η)u(y) dydθ,

leads to an isomorphism

Lmρ,δ(X)/L−∞ρ,δ (X)→ Smρ,δ(X)/S−∞ρ,δ (X).

We shall call a(x, θ) ∈ Smρ,δ(X × Rn) a symbol of A ∈ Lmρ,δ(X)

when their equivalence classes correspond in this isomorphism.
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2 ΨDOs and related classes of distributions

Theorem (2.1.2 and 2.1.3, Equivalence of phase functions). Let φ be
a phase function in X × X × Rn such that φ(x, y, θ) is a linear
function of θ and φ′θ(x, y, θ) = 0 is equivalent to x = y. Every
operator of the form (1.4.1) with a ∈ Smρ,δ(X × X × Rn) is then

in Lmρ,δ(X) if 1− ρ ≤ δ < ρ.

Moreover, there exists a neighborhood Ω of ∆(X×X) (the diag-
onal in X ×X) that one can find a C∞ map ψ : Ω → GL(n,R)
such that

(2.1.10) φ(x, y, ψ(x, y)θ) = 〈x− y, θ〉, (x, y) ∈ Ω,

and
detψ(x, x) detφ′′xθ(x, y, θ)|y=x = 1.
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2 ΨDOs and related classes of distributions

Consider the change of variables

κ : X → X1

as a diffeomorphism between open sets in Rn with inverse κ1 = κ−1.
Let A ∈ Lmρ,δ(X) and set

A1(u) = (A(u ◦ κ)) ◦ κ−1, u ∈ C∞0 (X).

This means, if A is of the form (2.1.1), that

A1(u)(x)

=

¨
ei〈κ1(x)−y,θ〉a(κ1(x), y, θ)u(κ(y)) dydθ

=

¨
ei〈κ1(x)−κ1(y),θ〉a(κ1(x), κ1(y), θ)u(y)|Dκ1(y)/Dy| dydθ.

The phase function φ(x, y, θ) = 〈κ1(x) − κ1(y), θ〉 satisfies the con-
ditions in Theorem 2.1.2. (It is linear in θ and φ′θ = 0 iff x = y.)
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2 ΨDOs and related classes of distributions

Therefore, using the theorem, A1 ∈ Lmρ,δ(X1). Next we compute its

symbol. By Proposition 2.1.3, we obtain

A1(u)(x)

=

¨
eiφ(x,y,θ)a(κ1(x), κ1(y), θ)u(y)|Dκ1(y)/Dy| dydθ

=

¨
ei〈x−y,ψ(x,y)−1θ〉a(κ1(x), κ1(y), θ)u(y)|Dκ1(y)/Dy| dydθ

=

¨
ei〈x−y,θ〉a(κ1(x), κ1(y), ψ(x, y)θ)u(y)D(x, y) dydθ,

where
D(x, y) = | detκ′1(x)|| detψ(x, y)|.

Thus
D(x, x) =

∣∣∣ detφ′′xθ(x, y, θ) detψ(x, y)
∣∣
y=x

∣∣∣ = 1.
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2 ΨDOs and related classes of distributions

Taking a(x, y, η) = (2π)−1σA(x, η) it follows that
(2.1.11)

σA1
(x, η) =

∑
α

(iDη)αDα
y σA(κ1(x), ψ(x, y)η)D(x, y)/α!|x=y

and

(2.1.14) σA1
(κ(x), η) ∼

∑
β

1

β!
(iDη)βσA(x,t κ′(x)η)φβ(x, η),

in which

(2.1.16) φβ(x, η) = D
β
z e
i〈κ′′x(z),η〉|z=x,

and the first few polynomials are

(2.1.17) φβ(x, η) =


1, β = 0;

0, |β| = 1;

D
β
xi〈κ(x), η〉, |β| = 2 or 3.
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2 ΨDOs and related classes of distributions

The calculus we have given here is exact modulo operators in L∞

and symbols in S−∞. However, it is complicated by the presence of
infinite sums in (2.1.14). Now the terms with β 6= 0 in these sums are
of order ≤ m + 1− 2ρ. We can therefore obtain a simpler but cruder
calculus if from the isomorphism

Lmρ,δ(X)/L
m+1−2ρ
ρ,δ (X)→ Smρ,δ(X)/S

m+1−2ρ
ρ,δ (X).

In deriving the symbol of transpose operator tA (or product BA if

B ∈ Lm
′

ρ,δ), one can get the leading term is modulo m + δ − ρ (or

m + m′ + δ − ρ). Hence, we weaken the above isomorphism to

Lmρ,δ(X)/L
m+δ−ρ
ρ,δ (X)→ Smρ,δ(X)/S

m+δ−ρ
ρ,δ (X),

since in Theorem 2.1.2 we have assumed that ρ + δ ≥ 1 so

1− 2ρ ≤ δ − ρ.
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2 ΨDOs and related classes of distributions

Definition (Principal symbols). If A ∈ Lmρ,δ(X) and a ∈ Smρ,δ(X ×
Rn) we shall call a a principal symbol of A if the residue classes of A
and a correspond to each other in this isomorphism.

Remark.

(1). If a(x, ξ) is a principal symbol of A, then a(x,−ξ) is a principal
symbol of tA.

(2). If b(x, ξ) is a principal symbol of B, then b(x, ξ)a(x, ξ) is a prin-
cipal symbol of BA.

(3). If A1 is obtained from A by a change of variables as discussed
above, then a principal symbol ofA1 is given by a(κ−1(x),t κ′(x)ξ).
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2 ΨDOs and related classes of distributions

2.2 The continuity of ΨDOs

Corollary (2.2.3). Let A ∈ L0
ρ,δ(R

n), δ < ρ, and assume that the

kernel of A has compact support in Rn × Rn, and that

lim sup
η→∞

sup
x
|σA(x, η)| < M.

Then one can find another such operator A1 such that A1 − A ∈
L−∞ and

‖A1u‖L2(Rn) ≤M‖u‖L2(Rn), u ∈ C∞0 (Rn).

Corollary (2.2.4). Let A ∈ L0
ρ,δ(R

n), δ < ρ, and assume that the

kernel of A has compact support in Rn×Rn, and that σA(x, η)→ 0
as η → ∞, uniformly with respect to x. Then A is compact in
L2(Rn).
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2 ΨDOs and related classes of distributions

2.3 ΨDOs on a manifold

Let X be a smooth paracompact manifold of dimension n.

Definition (ΨDOs on a manifold). Let 1−ρ ≤ δ < ρ. A continuous
linear operator A : C∞0 (X) → C∞ belongs to Lmρ,δ(X) iff for each

diffeomorphism
κ : Xκ ⊂ X → κ(Xκ) ⊂ Rn

we have Aκ ∈ Lmρ,δ(κ(Xκ)) if

(Aκu) ◦ κ = A(u ◦ κ), u ∈ C∞0 (κ(Xκ)).

Next we investigate the principal symbols of ΨDOs on a manifold.
If u ∈ C∞0 (κ1(Xκ1 ∩Xκ2)), then

(Aκ1u) ◦ κ1 = A(u ◦ κ1) = Aκ2(u ◦ κ1 ◦ κ−1
2 ) ◦ κ2,

and therefore
(Aκ1u) ◦ κ = Aκ2(u ◦ κ),
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2 ΨDOs and related classes of distributions

where

κ = κ1 ◦ κ−1
2 : κ2(Xκ1 ∩Xκ2)→ κ1(Xκ2 ∩Xκ2)

is a diffeomorphism. For the symbols we have

σAκ1
(κ(x), ξ)− σAκ2

(x,t κ′(x)ξ) ∈ Sm+δ−ρ(κ1(Xκ2 ∩Xκ2)),

If we regard xjXκj × Rn as the cotangent space of κjXκj , then κ
maps (x2, ξ2) to (x1, ξ1) where x1 = κ(x2) and

〈κ′(x2)t, ξ1〉 = 〈t, ξ1〉 for all t ∈ Rn,

thus ξ2 =t κ′(x2)ξ1. If we keep Proposition 1.1.7 in mind, it follows

that if using the map κj we pull σAκj
to a function σ

j
A on the cotangent

space of Xκj , then

σ1
A − σ

2
A ∈ S

m+δ−ρ
ρ,δ (T ∗(Xκ1 ∩Xκ2)).
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2 ΨDOs and related classes of distributions

Using a partition of unity we can therefore piece together an element
σ ∈ Smρ,δ(T

∗(X)) such that

σ − σ1
A ∈ S

m+δ−ρ
ρ,δ (T ∗(Xκ1))

for any coordinate system κ1. We call σ a principal symbol of A.
A more convenient approach can be based on Theorem 2.1.2. We wish

to define operators in Lmρ,δ(X) directly as FIOs with phase function φ

and symbol a defined on a real vector bundle E with fiber dimension n
over a neighborhood Ω of the diagonal inX×X . We wish φ to be linear
in the fibers and require that the restriction of φ to a fiber is critical at
e ∈ E iff the projection π(e) of e on X ×X belongs to the diagonal.
The differential of φ at such a point can be regarded as a cotangent
vector of X × X at π(e) = (x, x) which vanishes on the tangents
of the diagonal so it is of the form (ξ,−ξ) where ξ ∈ Tx(X). The
map E(x,x) 3 e → ξ ∈ Tx(X) is linear and injective, hence bijective

Page 19/104



2 ΨDOs and related classes of distributions

since the dimensions are equal. Thus φ defines over the diagonal an
isomorphism of E and the cotangent space T ∗(X) lifted to X ×X by
the projection (x, y)→ y, and this isomorphism can be extended to a
neighborhood of the diagonal.

On the other hand, if E is defined in this way then we can choose φ
so that φ vanishes over the diagonal and dφ = ξdx− ξdy at (x, x, ξ),
where ξ ∈ T ∗x (X). Indeed, this is possible locally and so globally by
means of a partition of unity. In a neighborhood of the diagonal we
cannot have any critical points along the fibers so φ has the required
properties. If φ1 and φ2 are two such functions, then φ1−φ2 vanishes
to the second order over the diagonal and we conclude as in the proof
of Proposition 2.1.3 that

φ2(x, y, ξ) = φ1(x, y, ψ(x, y)ξ)

over a neighborhood of the diagonal where ψ is a homomorphism E →
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2 ΨDOs and related classes of distributions

E which is the identity over the diagonal. Thus the requirements on
E and φ determine E and φ essentially uniquely.

Now we can define Lmρ,δ(X) when 1 − ρ ≤ δ < ρ, as the operators

which can be written as a sum of an operator with C∞ kernel and one
of the form

Au(x) =
1

(2π)n

¨
eiφ(x,y,η)a(x, y, η)u(y) dydη, u ∈ C∞0 (X),

where dydη is the invariant element of integration in T ∗(X) and a ∈
Smρ,δ(X × X × Rn) vanishes when (x, y) is outside a suitably small

neighborhood of the diagonal. A principal symbol of A is given by
a(x, x, η).

The equivalence with the first definition is an immediate consequence
of Theorem 2.1.2.
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2 ΨDOs and related classes of distributions

2.4 Oscillatory integrals with linear phase function

The above discussion on ΨDOs can be generalized if the phase
function is linear in θ, that is, φ(x, θ) = 〈Φ(x), θ〉, where Φ′x is of
rank N when Φ(x) = 0. Then the critical set C = Y × RN where
Y = {x ∈ Z; Φ(x) = 0} has codimension N .

Define the distribution of the form

(2.4.1) 〈A, u〉

= (2π)−(n+2N)/4
¨

eiφ(x,θ)a(x, θ)u(x)dxdθ, u ∈ C∞0 (Z),

where a ∈ Sm+(n−2N)/4
ρ,δ (Z × Rn).

Note that in ΨDO case, Z = X×X , the phase function is 〈x−y, θ〉,
and n = 2N . Then (2.4.1) reduces to our previous definition of ΨDOs
in (2.1.1).
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2 ΨDOs and related classes of distributions

Proposition (2.4.1, Equivalence of phase functions). If φ1 is another
linear phase function with the same critical set, then there exists
a neighborhood U of Y that one can find a C∞ map ψ : U →
GL(n,R) such that φ1(x, θ) = φ(x, ψ(x)θ), x ∈ U .

Definition (Conormal distributions, local version). We define Imρ,δ(Z, Y )

as the set of all distributions in Z which modulo C∞(Z) can be rep-

resented in the form (2.4.1) with a ∈ Sm+(n−2N)/4
ρ,δ (Z × Rn).

Example. Note that in the case where a is a homogeneous function of
θ the corresponding distribution is essentially a homogeneous function
of the distance from Z to Y depending smoothly on the nearest point
in Y .

Page 23/104



2 ΨDOs and related classes of distributions

By Propositions 2.4.1 and 1.2.4 the definition of Imρ,δ(Z, Y ) is inde-

pendent of the choice of φ; moreover, it suffices to have φ defined over a
neighborhood of Y if one takes a vanishing outside a smaller neighbor-
hood. To assign a principal symbol to the distributions in Imρ,δ(Z, Y ),

we have the following isomorphism.

(2.4.2) S
m+(n−2N)/4
ρ,δ (Y × Rn)/S

m+(n−2N)/4+δ−ρ
ρ,δ (Y × Rn)

→ Imρ,δ(Z, Y )/I
m+δ−ρ
ρ,δ (Z, Y ).

To define conormal distributions globally, we have to examine to what
extent (2.4.2) depends on the choice of the phase function φ and the
local coordinates in Z.

We now digress and discuss distributions, and distribution densities,
and densities on a manifold.
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2 ΨDOs and related classes of distributions

Distribution on a manifold

This section follows [H83, §6.3].

Definition (Distributions on a manifold). Let X be a smooth man-
ifold. In every coordinate system

κ1 : Xκ1 ⊂ X → κ1(Xκ1) ⊂ Rn

we are given a distribution uκ1 ∈ D′(κ(Xκ1)) such that

uκ2 = (κ1 ◦ κ−1
2 )∗uκ1 in κ2(Xκ1 ∩Xκ2),

we call the system uκ a distribution u in X . The set of all distributions
in X is denoted by D′(X).

One may wonder why we did not defineD′(X) as the space of contin-
uous linear forms on C∞0 (X). The reason for this is that if f ∈ C(X)
and φ ∈ C∞0 (X) we have no invariant way of integrating fφ in order
to identity f with such a linear form.
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2 ΨDOs and related classes of distributions

Distribution densities on a manifold

However, we would have obtained something rather close to D′(X).
In fact, let u be a continuous linear form on C∞0 (X). Then u defines
a distribution uκ1 ∈ D′(κ1(Xκ1)) by

uκ1(φ) = u(φ ◦ κ1), φ ∈ C∞0 (κ1(Xκ1)).

(We define φ ◦ κ1 = 0 outside κ1(Xκ1).) If φ ∈ C∞0 (κ2(Xκ1 ∩Xκ2))
then

uκ2(φ) = u(φ ◦ κ2) = u(φ ◦ κ−1 ◦ κ1) = uκ1(φ ◦ κ−1)

where

κ = κ1 ◦ κ−1
2 : κ2(Xκ1 ∩Xκ2)→ κ1(Xκ1 ∩Xκ2).
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2 ΨDOs and related classes of distributions

Therefore, if uκ1 and uκ2 are smooth functions, then for every φ ∈
C∞0 (κ2(Xκ1 ∩Xκ2))ˆ

κ2(Xκ1∩Xκ2)
uκ2(x)φ(x) dx

=

ˆ
κ1(Xκ1∩Xκ2)

uκ1(y)φ(κ−1(y)) dy

=

ˆ
κ2(Xκ1∩Xκ2)

(uκ1 ◦ κ)(x)φ(x)| detκ′(x)| dx

=

ˆ
κ2(Xκ1∩Xκ2)

κ∗uκ1(x)| detκ′(x)|φ(x) dx.

Hence,
uκ2 = | detκ′|κ∗uκ1 in κ2(Xκ1 ∩Xκ2)
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2 ΨDOs and related classes of distributions

because the definition of pullback of distributions should coincide with
pullback of continuous functions.

Conversely, assume given distributions uκ in κ(Xκ) satisfying the
above equation for all κ in the atlas. Choose a partition of unity 1 =∑
κj with κj ∈ C∞0 (κj(Xκj)). Then

U(φ) =
∑
〈uκj, (κjφ) ◦ κ−1

j 〉, φ ∈ C∞0 (X)

is a continuous linear form on C∞0 (X).
The continuous linear form u on C∞0 (X) can thus be identified with

the system uκ ∈ D′(κ(Xκj)) satisfying

uκj = | det(κi ◦ κ−1
j )′|(κi ◦ κ−1

j )∗uκi in κj(Xκi ∩Xκj).

They are called distribution densities. Compare with the definition of
distributions on X and its transition under change of variables.
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2 ΨDOs and related classes of distributions

Densities on a manifold

A density in a manifold X is a measure which in a local coordinate
patch with local coordinates x1, ..., xn (n = dim(X)) can be written
in the form

a(x)dx1 · · · dxn.
If we have an overlapping coordinate patch with local coordinates
x̃1, ..., x̃n the measure can also be expressed in the form

ã(x̃)dx̃1 · · · dx̃n,
so we have the transformation law

ã(x̃) = a(x)|Dx/Dx̃|
in the overlap. More generally, a density of order α on X is defined
if for each choice of local coordinates we have a function a(x) of the
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2 ΨDOs and related classes of distributions

local coordinates which obeys the transformation law

ã(x̃) = a(x)|Dx/Dx̃|α.
In particular, smooth densities of order 0 are smooth functions. Den-
sities of order α can of course be regarded as sections of a line bundle
Ωα on Y, defined by the transition functions |Dx/Dx̃|α, and we have

Ωα ⊗ Ωβ = Ωα+β.

If u, v are densities of order α and 1 − α and the tensor product uv
has compact support, then uv is a measure with compact support so´
X uv is well defined.

Definition (Distribution densities). We define the space of distribu-
tions with values in Ωα as the dual space of C∞0 (X,Ω1−α).

Hence, one can also define the distribution space D′(X) as the dual
space of C∞0 (X,Ω1), i.e. the space of continuous linear forms on C∞0
densities.
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2 ΨDOs and related classes of distributions

We shall return to conormal distributions and examine to what ex-
tent (2.4.2) depends on the choice of the phase function φ and the local
coordinates in Z. To begin with we keep the local coordinates in Z
but replace the phase function φ by another φ1. According to Proposi-
tion 2.4.1 we may assume that φ1(x, θ) = φ(x, ψ(x)θ), x ∈ U , where
U is a neighborhood of Y and ψ a smooth map U → GL(N,R). A
substitution of variables now gives¨

eiφ(x,θ)a(x, θ)u(x) dxdθ =

¨
eφ1(x,θ)a1(x, θ)u(x) dxdθ,

where

(2.4.3) a1(x, θ) = a(x, ψ(x)θ)| detψ(x)|.
To put this transformation law in a more natural form we first note
that the map

Y × RN 3 (x, θ)→ (x, φ′x(x, θ)) = (x,Φ(x)θ)
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2 ΨDOs and related classes of distributions

is a bijection to the normal bundle N(Y ) of Y in T ∗(Z), which is
linear along the fibers.

We can therefore regard a as a function on N(Y ), and similarly for
a1. If x ∈ Y and

(x, φ′x(x, θ)) = (x, ξ) = (x, φ′1x(x, θ1))

we must have ψ(x)θ1 = θ so that

a1(x, θ1) = a(x, ψ(x)θ)| detψ(x)| = a(x, θ)| detψ(x)|.
Regarded as functions on N(Y ) the functions a and a1 therefore differ
only by the factor | detψ(x)|. To take care of this factor we shall
consider the measures defined in Y and in N(Y ) by the choice of φ.

Writing φ(x, θ) = 〈Φ(x), θ〉 we know that the map x → Φ(x) is of
rank N when Φ(x) = 0. The composition δ(Φ) where δ is the Dirac
measure in RN is then a well defined measure with support in Y . If
y1, ..., yn−N are local coordinates on Y and we extend them to C∞
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2 ΨDOs and related classes of distributions

functions in a neighborhood of Y , then the measure is equal to

|D(y,Φ)/Dx|−1 dy1 · · · dyn−N .
Thus the measure is a density on Y . Using the Lebesgue measure in
RN we have on Y × RN a density given by

dφ = δ(Φ)dθ1 · · · dθN ,
or in terms of local coordinates y1, ..., yn−N on Y

(2.4.4) |D(y,Φ)/Dx|−1 dy1 · · · dyn−Ndθ1 · · · dθN .
This we shall map to a density on the normal bundle N(Y ) using the
inverse of the map

κφ : Y × RN 3 (y, θ)→ (y,tΦ′yθ).

We wish to compare dφ with the density dφ1
, constructed from the

phase function φ1, that is, from Φ1 =t ψΦ. In local coordinates dφ1
is
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2 ΨDOs and related classes of distributions

given by

(2.4.5) |D(y,Φ1)/Dx|−1 dy1 · · · dyn−Ndθ1 · · · dθN
= | detψ|−1|D(y,Φ)/Dx|−1 dy1 · · · dyn−Ndθ1 · · · dθN ,

and dφ1
, should be mapped to a density on N(Y ) using the inverse of

the map

κφ1
: Y × RN 3 (y, θ)→ (y,tΦ′1yθ) = (y,tΦ′yψθ).

Now κ = κ−1
φ1
◦ κφ is the map

(y, θ)→ (y, ψ−1θ),

so
κ∗dφ1

= | detψ|−2dφ.

If we recall (2.4.3), which with our present notations can be written

κ∗a1 = | detψ|a,
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2 ΨDOs and related classes of distributions

we conclude that
κ∗a1

√
dφ1

= a
√
dφ.

Thus a1
√
dφ1

and a
√
dφ define the same element in S

m+n/4
ρ,δ (N(Y ),Ω1/2).

That the order here becomes independent of N is another partial jus-
tification for the normalizations that have been made.

Next we consider the effect of a change of variables. Thus let Z → Z̃
be a diffeomorphism between open sets in Rn. Writing x = x(x̃) we
transform (2.4.1) to

(2.4.1) 〈A, u〉 = (2π)−(n+2N)/4
¨

eiφ(x,θ)a(x, θ)u(x)dxdθ

(2π)−(n+2N)/4
¨

eiφ̃(x̃,θ)ã(x̃, θ)ũ(x̃)dx̃dθ = 〈Ã, ũ〉.

Here
ũ(x̃) = u(x)|Dx/Dx̃|1/2,
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2 ΨDOs and related classes of distributions

φ̃(x̃, θ) = φ(x(x̃), θ),

and
ã(x̃, θ) = a(x(x̃), θ)|Dx/Dx̃|1/2.

that is, we regard u as a density of order 1/2 which means that A is
also transformed to Ã as a density of order 1/2.

Let y1, ..., yN be local coordinates on

Y = {x ∈ Z;φ′θ(x, θ) = 0},
considered as functions in Z, and let ỹ1, ..., ỹN be the corresponding
functions in Z̃ which are thus local coordinates on

Ỹ = {x̃ ∈ Z̃; φ̃′θ(x̃, θ) = 0}.

Clearly (x, θ) and (x̃, θ) define points in N(Y ) and N(Ỹ ) which cor-
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2 ΨDOs and related classes of distributions

respond under the isomorphism between T ∗(Z) and T ∗(Z). Now

D(y,Φ)

Dx
=
D(ỹ, Φ̃)

Dx̃

Dx̃

Dx
.

Then

a(x, θ)

∣∣∣∣D(y,Φ)

Dx

∣∣∣∣−1
2

= ã(x̃, θ)

∣∣∣∣∣D(ỹ, Φ̃)

Dx̃

∣∣∣∣∣
−1

2

.

Thus our construction is also invariant under changes of variables in Z.
Putting together with the invariance under changes of phase functions,
we finally arrived at the intrinsic definition of conormal distributions
on a manifold, i.e. global version of (2.4.1).

Those distribution densities are elements in Ω1/2(Z), that is, acting

on C∞0 (Z,Ω1/2(Z)). Their symbols live on N(Y ) and are elements in

Ω1/2(N(Y )).
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2 ΨDOs and related classes of distributions

Theorem (2.4.2, Conormal distributions on a manifold). Let Z be a
manifold and Y a closed submanifold. Let Imρ,δ(Z, Y ) where 1−ρ ≤
δ < ρ be the set of all distribution densities of order 1/2 on Z
which are in C∞(Z \ Y ) and in a neighborhood of any point in Y

can be expressed in the form (2.4.1) where a ∈ Sm+(n−2N)/4
ρ,δ and

φ is a linear phase function which is critical along the fibers over
Y and only there. Then the restriction of a to these points gives
rise to an isomorphism

S
m+n/4
ρ,δ (N(Y ),Ω1/2(N(Y )))/S

m+n/4+δ−ρ
ρ,δ (N(Y ),Ω1/2(N(Y )))

→ Imρ,δ(Z, Y ; Ω1/2(Z))/I
m+δ−ρ
ρ,δ (Z, Y ; Ω1/2(Z)). (2.4.8)

We shall say that a is a principal symbol of the distribution A ∈
D′(Z,Ω1/2) if their residue classes correspond under this isomor-
phism.
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2 ΨDOs and related classes of distributions

Remark (ΨDOs viewed as conormal distribution densities). For a
ΨDO in Lmρ,δ(X), Z = X ×X = {(x, y);x, y ∈ X} and Y = ∆(X ×
X). If the phase function φ is a linear and is critical along the fibers
over Y and only there, then φ is uniquely determined as 〈x− y, θ〉.

Moreover, the 1 densities in (i.e., the volume form), thus the half
densities, onN(∆) are canonically defined by lifting from the canonical
volume form on T ∗(X), that is,

(dξ ∧ dx)n/n!

Therefore we do not have to impose Ω1/2(N(∆)) in the invariance

and isomorphism, and one can regard the symbols as living on T ∗(X)
(instead of living on N(∆)) by the diffeomorphism between T ∗(X)
and N(∆). As the simplest example of local canonical graph, this will
be further justified in §4.1.
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3 Distributions defined by oscillatory integrals

3 Distributions defined by oscillatory integrals

3.1 Equivalence of non-degenerate phase functions

Recall that an oscillatory integral is defined by

Iφ(au) =

¨
eiφ(x,θ)a(x, θ)u(x) dxdθ, u ∈ C∞0 (X),

where φ is a non-degenerate phase function satisfying

(1). it is real valued and positively homogeneous of degree 1 with re-
spect to θ,

(2). it is C∞ for θ 6= 0, and has no critical point when θ 6= 0,

(3). the differentials d(∂φ/∂θj), j = 1, ..., N , are linearly independent
on the critical set

C = {(x, θ);φ′θ(x, θ) = 0}.
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(3). The non-degenerate condition in (3) guarantees that C is a smooth
manifold of dimension dim(X). Consider the map

(3.1.1) C 3 (x, θ)→ (x, φ′x) ∈ Γ ⊂ T ∗(X) \ 0,

where 0 stands for the zero section, is a local diffeomorphism to a
smooth submanifold Λ.

(2). Λ does not contain the zero section is from condition (2) above that
φ has no critical point when θ 6= 0.

(1). Λ is conic since φ is positively homogeneous of degree 1 with respect
to θ in condition (1).

Furthermore, Λ is Lagrangean:

(3.1.3)
∑

ξjdxj = 0 on Λ.

This is because φ′x dx = dφ − φ′θ dθ = 0 from Euler’s homogeneity
relation that φ = θ · φ′θ = 0 on C.
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3 Distributions defined by oscillatory integrals

Definition (Lagrangean submanifolds). Λ ⊂ T ∗(X) is called La-
grangean if the canonical two form

(3.1.4)
∑

dξj ∧ dxj = 0 on Λ.

One can easily show that if Λ is a conic Lagrangean submanifold,
then the stronger condition (3.1.3) holds.

Example. Let H(ξ) be a homogeneous smooth function of ξ of degree
1 in a cone Γ ⊂ Rn, and define

φ(x, ξ) = 〈x, ξ〉 −H(ξ).

Then the condition φ′ξ = 0 means that x = H ′(ξ), so φ is non-

degenerate and
Λ = {(H ′(ξ, ξ), ξ ∈ Γ}.

This example of conic Lagrangean manifold actually covers the gen-
eral case.
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3 Distributions defined by oscillatory integrals

Theorem (3.1.3). Let Λ ⊂ T ∗(X) be a conic Lagrangean manifold.
For every λ0 ∈ Λ with the local coordinates x1, ..., xn at πλ0 ∈ X
suitably chosen one can find a function H which is homogeneous of
degree 1 in an open cone Γ in Rn such that φ(x, ξ) =

∑n
j=1 xjξj−

H(ξ) the Lagrangean manifold defined by φ is a neighborhood of
λ in Λ.

Next is an important relation between a Lagrangean manifold and
any non-degenerate phase function defining it.

Theorem (3.1.4). Let φ be a non-degenerate phase function in a
conic neighborhood (x0, θ0) ∈ X × RN with φ′θ(x0, θ0) = 0, and
set ξ0 = φ′x(x0, θ0) so that (x0, ξ0) belongs to the corresponding
Lagrangean manifold Λ. Then we have

(3.1.5) N − rankφ′′θθ(x0, θ0) = n− rank dπΛ(x0, ξ0),

where π is the projection T ∗(X)→ X and πΛ is restriction to Λ.
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3 Distributions defined by oscillatory integrals

Theorem (3.1.6, Equivalence of phase functions). Let φ and φ̃ be
non-degenerate phase functions in conic neighbourhoods of (x0, θ0) ∈
X × (RN \ 0) and (x0, θ̃0) ∈ X × (RÑ \ 0) respectively. Then the
functions φ and φ̃ are equivalent in some conic neighbourhoods of
these points, under a diffeomorphism mapping (x0, θ0) to (x0, θ̃0),
iff

(i). The elements of Lagrangean manifolds defined by φ and φ̃
at (x0, θ0) and (x0, θ̃0) are the same.

(ii). N = Ñ .

(iii). φ′′θθ(x0, θ0) and φ̃′′θθ(x0, θ̃0) have the same signature.

Note that φ′′θθ(x0, ξ0) can have any signature compatible with Theo-
rem 3.1.4 when we only know the corresponding Lagrangean manifold
Λ. Only in one case do we get a perfect analogue of Proposition 2.4.1.
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3 Distributions defined by oscillatory integrals

Corollary (3.1.8). Let φj be a non-degenerate phase function at
(x0, θj) where

φ′1θ(x0, θ1) = 0 and φ′2θ(x0, θ2) = 0,

and
φ′′1θθ(x0, θ1) = 0 and φ′′2θθ(x0, θ2) = 0.

Then it follows that φ1 and φ2 are equivalent at (x0, θ1) and (x0, θ2)
iff the corresponding germs of Lagrange manifolds are the same.

We only need to verify the three conditions in Theorem 3.1.6.

(iii). Trivially true.

(ii). From Theorem 3.1.4, N1 = n− rank dπΛ(x0, ξ0) = N2.

(i). Yeah, we only need this: (x0, θ1) and (x0, θ2) define the same ele-
ment on Λ iff the corresponding germs of Lagrangean manifolds are
the same.
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Given a Lagrangean manifold, locally there are a lot of phase func-
tions defining it, the above discussion concludes the equivalence be-
tween these phase functions if they define the same Lagrangean man-
ifold.

On the other side, one can change the number of θ variables without
chaining the corresponding Lagrangean manifold.

Remark (Increase the number of θ variables). Let φ(x, θ) be a non-
degenerate phase function in a conic neighborhood of (x0, θ0), let σ ∈
Rk and introduce

φ1(x, θ, σ) = φ(x, θ) + A(σ, σ)/|θ|
where A is a non-singular quadratic form in Rk. This function is
homogeneous of degree 1 in a conic neighborhood of (x0, θ0, 0) in
X × RN + k. The equations

∂φ1/∂θ = ∂φ1/∂σ = 0
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mean that σ = 0 and that ∂φ/∂θ = 0, so it is clear that φ1 is a non-
degenerate phase function defining the same Lagrangean manifold as
φ. Thus we can always increase the number of θ variables as much as
we like.

However, it seems more meaningful to see how (and how far) we can
decrease the number of θ variables.

Remark (Decrease the number of θ variables). Let φ(x, θ) be a non-
degenerate phase function in a conic neighborhood of (x0, θ0) ∈ C,
(defined by (3.1.2)), we can decrease the fiber dimension by k units if

rankφ′′θθ(x0, θ0) = k.

One notices that k < N , which means that one can not eliminate
all the θ variables. This is because from the assumption on the phase
function φ, φ′θ is homogeneous of degree 0, and

φ′′θθ(x0, θ0)θ0 = φ′θ(x0, θ0) = 0
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for θ0 6= 0, hence
rankφ′′θθ(x0, θ0) < N.

We hereby give another explanation of why we can not eliminate all
the θ variables. Recall that

(3.1.5) n− rank dπΛ(x0, ξ0) = N − rankφ′′θθ(x0, θ0),

and Λ ⊂ T ∗(X) is a conic Lagrangean manifold, with dimension of
the germ in ξ at least one.

But dim Λ = dimX = n so the projection dπΛ(x0, ξ0) will definitely
lose rank (by the dimension of the germ at (x0, ξ0)). Hence,

N − rankφ′′θθ(x0, θ0) > 0.

It is in fact the nature of Λ being conic that we can not locally define
it by a non-degenerate phase function with no θ variables.
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Remark (Non-conic Lagrangean manifolds). In semiclassical Lagrangean
theory, however, one allows non-conic Lagrangean manifold, then there
are non-degenerate phase function with no θ variables. E.g.

a(x)eiφ(x)/h

is associated with the non-conic Lagrangean manifold

Λ = {(x, 0) : x ∈ supp a, φ′x = 0} ⊂ T ∗(Rn)

and the projection
dπΛ : Λ→ Rn

has full rank n in this case. Also, this Lagrangean manifold can not be
written in the form of

{(H ′(ξ), ξ)}
in any local coordinates.
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Example. Let Λ = {(0, y2; η1, 0); y2, η1 ∈ R} ⊂ T ∗(R2) be a (conic)
Lagrangean manifold. Consider the transformation:

(y1, y2; η1, η2)→ (x1, x2; ξ1, ξ2)

such that {
x1 = y1 + y2

2/2, η1 = ξ1;

x2 = y2, η2 = y2ξ1 + ξ2.

Under the new coordinates x1, x2,

Λ =

{(
ξ2

2

2ξ2
1

,−ξ2

ξ1
; ξ1, ξ2

)}
=
{
H ′ξ1

, H ′ξ2
; ξ1, ξ2

}
if we take

H(ξ1, ξ2) = −
ξ2

2

2ξ1
.
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3.2 Invariance under change of phase functions and global
definition

The FIO now is defined for u ∈ C∞0 (X) as

(3.2.1) 〈A, u〉 =
1

(2π)(n+2N)/4

¨
eiφ(x,θ)a(x, θ)u(x) dxdθ.

Theorem (3.2.1, Invariant definition of the principal symbol). Let
φ(x, θ) and φ̃(x, θ̃) be non-degenerate phase functions in neigh-

bourhoods of (x0, θ0) ∈ X × (RN \ 0) and (x0, θ̃0) ∈ X × (RÑ \ 0)
which define the same elements of Lagrange manifold Λ there:
φ′x(x0, θ0) = φ̃′x(x0, θ̃0) = ξ0. Then

(i). The difference

(3.2.10) σ = sgnφ′′θθ(x, θ)− sgn φ̃′′
θ̃θ̃

(x, θ̃),

φ′θ = φ̃′
θ̃

= 0, φ′x = φ̃′x = ξ ∈ T ∗x (X)
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is constant in a neighborhood of (x0, ξ0) in Λ.

(ii). Every distribution which can be defined by (3.2.1) with a ∈
S
µ+(n−2N)/4
ρ , ρ > 1/2, and cone suppφ in a sufficiently small

conic neighborhood of (x0, θ0) can also be written in the same
form with φ replaced by φ̃ and a replaced by a function ã ∈
S
µ+(n−2Ñ)/4
ρ with cone supp φ̃ in a small conic neighborhood

of (x0, θ̃0), so that (3.2.11):

(exp πiσ/4)a(x, θ)
√
dC−a(x, θ̃)

√
dC̃ ∈ S

µ+n/4+1−2ρ
ρ (Λ,Ω1/2),

the two terms being of course in S
µ+n/4
ρ (Λ,Ω1/2).
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Definition (3.2.2, FIOs). We define Imρ (X,Λ) as the set of all A ∈
D′(X,Ω1/2) that A =

∑
Aj with the supports of Aj locally finite and

〈Aj, u〉

(3.2.14) =
1

(2π)(n+2Nj)/4

¨
ei(φj(x,θ)−πNj/4)aj(x, θ)u(x) dxdθ

for u ∈ C∞(X), where dx is the Lebesgue measure with respect to the

local coordinates inX ′j, θ ∈ RNj , and aj ∈ S
m+(n−2Nj)/4
ρ (Rn×RNj).

Theorem (3.2.5). With the help of Keller-Maslov bundle L, there
is a natural isomorphism:

S
m+n/4
ρ (Λ,Ω1/2 ⊗ L)/S

m+n/4+1−2ρ
ρ (Λ,Ω1/2 ⊗ L)

(3.2.16) → Imρ (X,Λ)/I
m+1−2ρ
ρ (X,Λ).
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Theorem (3.2.6). Let A ∈ Imρ (X,Λ) and a ∈ Sm+n/4
ρ (Λ,Ω1/2⊗L)

be a principal symbol. Then

WF (A) ⊂ Λ

and
a ∈ Sm+n/4+1−2ρ(Λ,Ω1/2 ⊗ L)

in Λ \WF (A).
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4 A calculus for some classes of FIOs

4.1 Operators associated with a canonical relation

Theorem (4.1.1). Every element of Imρ (X×Y,Λ) (for ρ > 1/2) is

a continuous map from Ck0 (Y ) to D′k(X) if

(4.1.1) m− kρ < −3(nX + nY )/4.

If Λ does not intersect T ∗(X) × 0Y (resp. 0X × T ∗(Y )) where
0Y (resp. 0X) is the zero section in T ∗(Y ) (resp. T ∗(X)) then
every element of Imρ (X × Y,Λ) is a continuous map from Ck0 (Y )

to Cj(X) if

(4.1.2) m + j − kρ < −3(nX + nY )/4.

The kernels of all operators in Imρ (X × Y,Λ) are in C∞ outside
the projection of Λ in X × Y .
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Note that locally A is defined by a symbol of order m+(n−2N)/4 =
m − N/4, (1.4.3) and (1.4.5) in Theorem 1.4.1 imply the above con-
ditions.

Definition (4.1.2, homogeneous canonical relations). A closed conic
submanifold C of T ∗(X × Y ) is called a homogeneous canonical rela-
tion from T ∗(Y ) to T ∗(X) ifC is contained in (T ∗(X)\0)×(T ∗(Y )\0)
and is Lagrangean with respect to σX−σY , that is, C ′ (the image of C
under the map which is identity on T ∗(X) and multiplication by−1 in
the fibers of T ∗(Y )) is Lagrangean with respect to σX×Y = σX +σY .

Definition (4.1.5, Local canonical graphs). A homogeneous canon-
ical relation is called a local canonical graph if the projection C →
T ∗(Y ) and consequently the projection C → T ∗(X) is a local diffeo-
morphism so that C is locally the graph of a canonical transformation.
This implies that nX = nY = n.
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Under this condition, the densities (thus the half densities) on C are
intrinsically defined by lifting the standard density σnX/n! in T ∗(X) or
σnY /n! in T ∗(Y ) by the projections, and the isomorphism in (3.2.16)
states

Smρ (C,L)/Sm+1−2ρ(C,L)

(4.1.7) → Imρ (X × Y,C ′)/Im+1−2ρ
ρ (X × Y,C ′).

Example (ΨDOs). The simplest examples of the above two types
are the ΨDOs in X . They are related to Λ = N(∆) where ∆ is the
diagonal in X ×X , and C = Λ′ is the the graph of the identity map
(thus a canonical transformation) (T ∗(X) \ 0)→ (T ∗(X) \ 0).

Example (4.1.6, Cauchy problem for the wave equation). The phase
function

φ(x, y, θ) = 〈x′ − y′, θ〉 + (xn − yn)|θ|,
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where x = (x′, xn) and y = (y′, yn) are in Rn and 0 6= θ ∈ Rn−1,
then the critical set

Cφ = {(x, y, θ) : φ′θ(x, y, θ) = x′ − y′ + (xn − yn)θ/|θ| = 0},
and the Lagrangean submanifold on T ∗(Rn × Rn) is a homogeneous
canonical relation from T ∗(Y ) to T ∗(X) as

C = {(x, ξ, y, η) : ξ = φ′x, η = −φ′y, φ′θ(x, y, θ) = 0}.

But it is not a local canonical graph simply because φ′θ = 0 does
not provide a bijection from T ∗(Rn) to T ∗(Rn) (thus no canonical
transformations between them). However, if we regard xn and yn as
(time) parameters, then {(x′, φ′

x′, y
′,−φy′)} = {(x′, θ, y′, θ)} is the

graph of the canonical transformation y′ = x′+ (xn− yn)θ/|θ|, (One
of course needs to check dη′ ∧ dy′ = dξ′ ∧ dx′.) therefore defines a
local canonical graph.
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4.2 Adjoints and products

Theorem (4.2.1, Adjoints). Let ρ > 1/2. A ∈ Imρ (X×Y,C ′), where
C is a homogeneous canonical relation from T ∗(Y ) to T ∗(X), is
defined as

〈A, u〉 = (2π)−(nX+nY +2N)/4
˚

eiφ(x,y,θ)a(x, y, θ)u(x, y) dxdydθ,

viewed as a continuous map C∞0 (Y,Ω1/2) → D′(X,Ω1/2), the ad-

joint A∗ satisfies

(Au, v) = (u,A∗v), u ∈ C∞0 (Y,Ω1/2), v ∈ C∞0 (X,Ω1/2).

Then A∗ ∈ Imρ (Y × X,C ′s) where Cs is the inverse image of C
under the map

s : T ∗(Y )× T ∗(X)→ T ∗(X)× T ∗(Y )
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interchanging the two factors. Furthermore, if

a ∈ Im+(nX+nY )/4
ρ (C,Ω1/2 ⊗ LC)

is a principal symbol of A, then

s∗a ∈ Im+(nX+nY )/4
ρ (Cs,Ω1/2 ⊗ LCs)

is a principal symbol of A∗.
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Theorem (4.2.2 and 4.2.3, Products). Let ρ > 1/2. Let C1 and
C2 be homogeneous canonical relations from T ∗(Y ) to T ∗(X) and
from T ∗(Z) to T ∗(Y ) respectively, assume that C1×C2 intersects
the diagonal in T ∗(X) × T ∗(Y ) × T ∗(Y ) × T ∗(Z) transversally
and that the projection from the intersection to T ∗(X)×T ∗(Z) is
proper, thus gives a homogeneous canonical relation C1 ◦C2 from
T ∗(Z) to T ∗(X).

If A1 ∈ I
m1
ρ (X × Y,C ′1), A2 ∈ I

m2
ρ (Y × Z,C ′2) are properly sup-

ported, it follows that

A1A2 ∈ I
m1+m2
ρ (X × Z, (C1 ◦ C2)′).

Furthermore, if a1 and a2 are principal symbols of A1 and A2,
then a1 × a2 is a principal symbol of A1A2.
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4.3 L2 estimates

Theorem (4.3.1, L2 continuity and compactness under local canon-
ical graphs). If A ∈ I0

ρ(X × Y,C ′) and properly supported, C is
a graph of a canonical transformation T ∗(Y ) → T ∗(X), then A
is bounded from L2

c(Y,Ω1/2) to L2
c(X,Ω1/2), from L2

loc(Y,Ω1/2) to

L2
loc(X,Ω1/2). A is compact iff a principal symbol tends to 0 at ∞

on C over compact subsets of X × Y .

Outline of the proof for Theorem 4.3.1.

(1). By the adjoint and product theorems of FIOs, under local canoni-
cal graph condition, A∗A is a ΨDO with principal symbol |a|2 on
T ∗(Y ) if a is a principal symbol of A. Furthermore, a and |a|2 are
both of degree 0 because the order of FIO equals the the degree
of the principal symbol under local canonical graphs from (4.1.7).
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(2). The L2 continuity of A and A∗ follows that of A∗A, therefore the
classical results on L2 estimates for ΨDOs with order/degree 0 (cf.
§2.2) imply that of A.

(3). The theorem is still valid if A ∈ Imρ when m ≤ 0.

Theorem (4.3.2, L2 continuity under homogeneous canonical rela-
tions). If A ∈ Imρ (X × Y,C ′) and properly supported, C is a ho-
mogeneous canonical relation, and C → X, C → Y have sur-
jective differentials, then A is L2 bounded from L2

c(Y,Ω1/2) to

L2
loc(X,Ω1/2) provided that

m ≤ (2k − nX − nY )/4.

Here, the differentials of the projections C → T ∗(X) and C →
T ∗(Y ) have rank at least k + nX and k + nY .
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Outline of the proof for Theorem 4.3.2.

(1). Locally we split the x and y coordinates into (x′, x′′) and (y′, y′′)
respectively: x′ and y′ have k coordinates, x′′ has (nX − k) coor-
dinates, and y′′ has (nY − k) coordinates.

Moreover, if we denote X1 and Y1 are the x′-space and y′-space,
then C defines a canonical graph C1 : T ∗(Y1)→ T ∗(X1).

(2). For a fixed pair (x′′, y′′), write A(x′′,y′′) as an FIO of the form

A(x′′,y′′)u(·, y′′)(x′)

=
1

(2π)(2k+2N)/4

¨
ei(φ(x′,x′′,y′,y′′,θ)−πN/4)

a(x′, x′′, y′, y′′, θ)u(y′, y′′) dy′,

with a symbol a ∈ Sm+(nX+nY−2N)/4(RnX+nY × RN ).

To find the order of A(x′′,y′′), recall that in the definition of FIO
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in (3.2.14), the degree of the principal symbol is (n − 2N)/4
larger than the order of the FIO, therefore A(x′′,y′′) is an FIO

in I
m1
ρ (X1 × Y1, C1) where

m1 = m +
nX + nY − 2N

4
− dimX1 + dimY1 − 2N

4

= m− 2k − nX − nY
4

.

(3). If m1 ≤ 0, that is, m ≤ (2k−nx−nY )/4, then A(x′′,y′′) is an L2

continuous FIO from L2
c(Y1,Ω1/2) to L2

loc(X1,Ω1/2) in the view
of the above theorem for FIOs under local canonical graphs.

(4). Write

Au(x) =

ˆ
[A(x′′,y′′)u(·, y′′)(x′)] dy′′,

in which the L2 norms of A(x′′,y′′) are uniformly bounded as
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(x′′, y′′) varies, and the main theorem follows by integrating in
these two variables.

(5). The procedure described in (i)–(iv) works if

(4.1.8) C → X, C → Y

have surjective differentials, and the rank of the differentials of the
projections C → T ∗(X) and C → T ∗(Y ) are ≥ k + nX and
≥ k + nY . This is essentially Theorem 4.1.9.

(6). Condition (4.1.8) can be relaxed substantially, see Theorem 4.4.4
in [D96] for details.

Remark. The aboveL2 continuity results can be generalized toH(s)→
H(s−m) for FIOs in Imρ , see e.g. [H85, §25.3].
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5 Additional results on the calculus

Following §IV, we continue investigating the calculus of FIOs and
accomplish these goals:

1. Generalize asymptotic expansion theorem to FIOs in Imρ (X,Λ).

2. Generalize definitions of characteristic and ellipticity to FIOs in
Imρ (X,Λ), then prove the inverse theorem for elliptic FIOs in Imρ (X×
Y,C ′) under local canonical graphs.

3. Define and investigate the subprincipal symbols of ΨDOs.

4. Under a special case, compute the principal symbol of PA for P ∈
Lmρ (X) and A ∈ Imρ (X × Y,C ′) using the subprincipal symbol of
P .

5. Give Sobolev characterization of Lagrangean distributions in Imρ (X,Λ).
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5.1 Preliminaries

Proposition (5.1.1). Let Ak ∈ I
mk
ρ (X,Λ), k = 0, 1, 2, ... where

mk → −∞ as k → ∞. Set m′k = maxj≥kmj. Then one can find

A ∈ Im0
ρ (X,Λ) such that

(5.1.1) A−
∑
j<k

Aj ∈ I
m′k
ρ (X,Λ), k=1,2,...

A is uniquely determined modulo C∞(X) and has the same prop-
erty relative to any rearrangement of the series

∑
Aj; we write

A ∼
∑
Aj.

Proof of Proposition 5.1.1.

(1). Recall Imρ (X,Λ) in Definition 3.2.2, this proposition is essentially
local.
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(2). Each Ak can be split into a sum of
∑
Aki modulo C∞ since the

supports of these distributions are locally finite.

(3). For a fixed i, the problem is reduced to the case for symbol classes
in Rn × RNi. (See Proposition 1.1.9.)

Definition (Characteristic set). ForA ∈ Imρ (X,Λ) is non-characteristic

at λ ∈ Λ iff any principal symbol a ∈ Sm+n/4(Λ,Ω1/2 ⊗ L) has a

reciprocal B ∈ S−m−n/4(Λ,Ω−1/2 ⊗ L−1) in a conic neighborhood

of λ. The set of characteristic points is denoted by γ(A). A is called
elliptic if γ(A) = ∅.
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Proposition (5.1.2). Let C be a bijective homogeneous canonical
transformation from T ∗(Y )\0 onto T ∗(X)\0, thus dimX = dimY ,
and assume that

A ∈ Imρ (X × Y,C ′)
is elliptic and properly supported. Then there exists a properly
supported elliptic FIO

B ∈ I−mρ (Y ×X, (C−1)′)

which is a left and right parametrix, that is,

BA− Id and AB − Id

have C∞ kernels. Any other parametrix for A differs from B by
an operator with C∞ kernel.
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Proof of Proposition 5.1.2.

(1). We can regard a principal symbol a ofA as an element of Smρ (C,LC)
since C is a local canonical graph.

(2). Ellipticity of A guarantees that there exists b ∈ S−mρ (C,L−1
C )

such that ba = 1 outside a large enough sphere. Then if

B0 ∈ I−mρ (Y ×X, (C−1)′)

has a principal symbol b, then AB0 = Id−R1 and B0A = Id−R2
where R1 and R2 are ΨDOs with degree −1 from the product
theorem. (See Theorems 4.2.2 and 4.2.3.)

(3). The problem is reduced to finding the right parametrix of Id−R1
and the left parametrix of Id − R2. In fact, they have two sided
parametrices ∼

∑∞
0 Rk1 and ∼

∑∞
0 Rk2 . (See Proposition 2.5.1.)
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Remark (Local notions and results). An FIO originally defined in
Imρ (X,Λ) can be restricted to Imρ (X,K) by pulling back of a C∞

mapping. Here K ⊂ Λ is a closed conic subset of Λ. An analogous
isomorphism follows as

S
m+n/4
ρ (K,Ω1/2 ⊗ L)/S

m+n/4+1−2ρ
ρ (K,Ω1/2 ⊗ L)

→ Imρ (X,K)/I
m+1−2ρ
ρ (X,K)

where S
m+n/4
ρ (K,Ω1/2 ⊗ L) denotes the set of

a ∈ Sm+n/4
ρ (Λ,Ω1/2 ⊗ L)

such that a ∈ S−∞ on Λ \K. Note that this definition and isomor-
phism depend on Λ though it does not appear in the equation.

Now let C be the graph of a homogeneous canonical transformation
from a conic neighborhood of (y0, η0) ∈ T ∗(Y ) \ 0 to a conic neigh-
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borhood of (x0, ξ0) ∈ T ∗(Y ) \ 0 with c0 = ((x0, ξ0), (y0, η0)) ∈ C.
Let A ∈ Imρ (X × Y,K ′) be a closed conic subset of C which is

non-characteristic at c0. Then by Proposition 5.1.2, one can find

B ∈ I−mρ (Y ×X, (K−1)′)

which is the left and right parametrix of A, i.e.,

BA− IdY and AB − IdX

have C∞ kernels, and therefore,

(x0, ξ0) /∈ WF (AB − IdX),

and
(y0, η0) /∈ WF (BA− IdY ).
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5.2 The subprincipal symbol of a ΨDO

Now back to (2.1.14) and (2.1.17) and continue to work on the ex-
pansion to |α| = 1, assume the expansions are a = a0 + a1 and
aκ = a0

κ+a1
κ. Then the principal symbols a0

κ(κ(x), ξ) = a0(x,t κ′(x)ξ),
and if we define the subprincipal symbols

a1s(x, ξ) = a1(x, ξ)− 1

2i

∑ ∂2a0(x, ξ)

∂xi∂ξj
,

a computation (See pp. 83 in §18.1 of [H85].) gives

a1s
κ (x, ξ) = a1s(x, ξ)− 1

2

∑ ∂a0(x, ξ)

∂ξj
·
Dj|κ′(x)|
|κ′(x)|

,

which is invariant at the points in T ∗(X) where a0 vanishes of sec-
ond order. It is also invariant under measure preserving changes of
variables, and we shall see later a complete invariant.
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To explain the above reasoning more clearly and cleanly, we utilize
the half densities to take care the case when |α| = 1, 2. The following
proposition is essentially local.

Proposition (5.2.1). Let P be a ΨDO in X, considered as an
operator between densities of order 1/2. If P ∈ Lmρ and for some
choice of local coordinates p(x, ξ) denotes the full symbol, then

(5.2.7) p− 1

2i

∑ ∂2p

∂xi∂ξj
∈ Smρ

is modulo Sm+2(1−2ρ) independent of the choice of local coordi-
nates.

Remark. Consider a ΨDO P ∈ Lm(X) with a homogeneous prin-
cipal symbol p. Then there exists a C∞ homogeneous function p of
degree m on T ∗(X) \ 0 such that for any system of local coordinates
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the full symbol of P is of the from p + r where r ∈ Sm−1. Clearly p
is then uniquely determined by P , and the above proposition asserts

(5.2.8) r − 1

2i

∑ ∂2p

∂xi∂ξj
∈ Sm−1

is uniquely determined modulo Sm−2. We can therefore choose c ∈
Sm−1(T ∗(X)) which agrees with (5.2.8) modulo Sm−2, called a sub-
principal symbol of P , and of course we can choose c homogeneous of
degree m− 1.

Proof of Proposition 5.2.1.

(1). For a local coordinates x1, ..., xn in an open set X1, consider an-
other system of coordinates ϕ1, ..., ϕn and set

ϕ(x, θ) =
∑

ϕj(x)θj.

Note that ϕ = κ in previous computations.
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Choose a half density w ∈ C∞0 (X1) and consider e−iϕP (weiϕ)
as a function on T ∗(X1).

(2). Observe (2.1.14) above,
(5.2.1)

e−iϕP (weiϕ) ∼
∑

p(α)(x, ϕ′x)Dα
z (w(z)eiρ(x,z,θ))/α!|z=x

where

ρ(x, z, θ) = ϕ(z, θ)− ϕ(x, θ)− 〈z − x, ϕ′x(x, θ)〉.

(3). Expand the summation above to |α| = 2, recall the values of

Dα
z e
iρ(x,z,θ)|z=x in (2.1.17):

(a). α = 0: Dα
z (w(z)eiρ(x,z,θ))|z=x = w.

(b). |α| = 1:
∑
D

(j)
z (w(z)eiρ(x,z,θ))|z=x =

∑
Djw.
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(c). |α| = 2: ∑
D

(jk)
z (weiρ(x,z,θ))|z=x

=
∑

w(x)D
(jk)
x iϕ(x, θ) +

∑
D

(jk)
x w(x)

=
∑ w(x)

i

∂2ϕ(x)

∂xj∂xk
mod S0.

Therefore,

(5.2.2) e−iϕP (weiϕ) = p(x, ϕ′x)w(x) +
∑

p(j)(x, ϕ′x)Djw(x)

+
1

2i

∑
p(jk)(x, ϕ′x)w(x)

∂2ϕ

∂xj∂xk
mod Sm+2(1−2ρ),

in which∑
p(jk)(x, ϕ′x)

∂2ϕ

∂xj∂xk
=
∑ ∂p(j)(x, ϕ′x)

∂xj
−
∑ ∂2p(x, ϕ′x)

∂xj∂ξk
.
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(4). Rewrite (5.2.2) as

(5.2.6) e−iϕP (weiϕ) =

[
p(x, ϕ′x)− 1

2i

∑ ∂2p

∂xi∂ξj

]
w(x)

−i
∑[

p(j)(x, ϕ′x)
∂w(x)

∂xj
+

1

2

∂p(j)(x, ϕ′x)

∂xj
w(x)

]
mod Sm+2(1−2ρ),

and we only need to show the second summation is module Sm+2(1−2ρ)

independent of the choice of local coordinates x1, ..., xn to finish
the proof.

(5). In fact,∑
p(j)(x, ϕ′x)

∂w(x)

∂xj
+

1

2

∂p(j)(x, ϕ′x)

∂xj
w(x) = Lvw,

where v is the vector field (p(1)(x, ϕ′x), ..., p(n)(x, ϕ′x)) in X1 de-
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fined by the function p(x, ξ) on T ∗(X) and Lvw is the Lie deriva-
tive of w with respect of v, and it is independent of the choice of
local coordinates.

Remark (Lie derivatives of densities, cf. pp. 22 in §25.2 of [H85]).
Let v be a real C∞ vector field on a manifold X . Then v generates a
local one parameter group of C∞ maps ϕt in X , defined by

dϕt(x)

dt
= v(ϕt(x)), ϕ0(x) = x, x ∈ X.

If a ∈ Ωα(X), then we define the Lie derivative Lva along v by

(5.2.4) Lva =
d

dt
(ϕt)∗a|t=0.

Let x1, ..., xn be local coordinates in X and write a = u|dx|α. Then

(ϕt)∗a = ut|dx|α,
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in which

ut(x) = u(ϕt(x))

∣∣∣∣∣∂ϕt(x)

∂x

∣∣∣∣∣
α

.

Hence,

Lv(u|dx|α)

=
d

dt
(ϕt)∗a|t=0

= |dx|α
[
d

dt
u(ϕt(x))

∣∣∣∣∣∂ϕt(x)

∂x

∣∣∣∣∣
α]

t=0

+ |dx|α
[
u(ϕt(x))

d

dt

∣∣∣∣∣∂ϕt(x)

∂x

∣∣∣∣∣
α]

t=0

=

(∑
vj
∂u

∂xj
+ α · div v · u

)
|dx|α,

where we compute that the derivative of the Jacobian is Tr(∂vj/∂xk) =
div v when t = 0.
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We take this as the definition of the Lie derivative if v is a complex
vector field. it is clear that the definition is independent of the choice
of local coordinates since this is true when v is real.
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5.3 Products with vanishing principal symbol

Throughout this section, we denote

• P ∈ Lmρ (X) is a properly supported ΨDO with a homogeneous
principal symbol p and a subprincipal symbol c.

•Hp is the Hamilton field of p, that is,∑(
∂p

∂ξj
· ∂
∂xj
− ∂p

∂xj
· ∂
∂ξj

)
,

and LHp is the corresponding Lie derivative.

• C : T ∗(Y ) \ 0→ T ∗(X) \ 0 is a homogeneous canonical relation.

• A ∈ Im′ρ (X × Y,C ′), and a ∈ Sm
′+(nX+nY )/4

ρ (C ′,Ω1/2 ⊗ L) is a
principal symbol of A.

• n = nX + nY .
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Theorem (5.3.1). If p = 0 on the projection of C on T ∗(X) \ 0,

then PA ∈ Im+m′−ρ
ρ (X × Y,C ′) has

(5.3.1) i−1LHpa + ca

as a principal symbol. Here Hp is lifted to a function on (T ∗(X) \
0)× (T ∗(Y )\ 0) via the projection onto the first factor. The vector
field LHp is tangent to C so (5.3.1) is well defined.

Remark. Note that since the Keller-Maslov bundle L is not involved
in differentiations because the transition functions are constants, then
we define LHpa by using local trivializations of L which only differ by
a constant factor and therefore do not affect the definition.
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Proof of Theorem 5.3.1.

(1). As in the proof of Theorem 5.2.1, we argue locally. Recall Example
3.1.2 and Theorem 3.1.3, we can choose local coordinates in X and
Y so that the phase function for A is

ϕ(x, y, ξ, η) = 〈x, ξ〉 + 〈y, η〉 −H(ξ, η),

that is, the Lagrangean submanifold C is locally paramatrized by
(ξ, η). Here, H is defined in a conic neighborhood of

(ξ0, η0) ∈ (RnX \ 0)× (RnY \ 0).

Therefore, the map

(ξ, η)→ (H ′ξ, H
′
η, ξ, η),

is a local parametrization of the critical set

Cϕ = {ϕ′ξ = ϕ′η = 0},
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and the density on Cϕ defined by the pull back of the Dirac mea-
sure in RnX+nY with the map

(x, y, ξ, η)→ (x−H ′ξ, y −H
′
η)

coincides with the Lebesgue measure in (ξ, η). (One can take a
simple example ρ∗(δ) where ρ(x, ξ) = x− f (ξ).)

(2). Under this local coordinates
(5.3.2)

Au(x) =
1

(2π)3(nX+nY )/4

˚
ei[〈x,ξ〉+〈y,η〉−H(ξ,η)]a0(ξ, η)u(y)dydξdη

for u ∈ C∞0 , in which

a0 ∈ Sm
′−(nX+nY )/4(RnX+nY × RnX+nY )

has a support in a conic neighborhood of (ξ0, η0) where H is C∞.
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This means locally the principal symbol a can be represented as

a0|dξ|
1
2|dη|

1
2.

Rewrite Au as
1

(2π)3(nX+nY )/4

¨
ei[〈x,ξ〉−H(ξ,η)]a0(ξ, η)û(−η)dydξdη

=
1

(2π)3(nX+nY )/4

ˆ
ei〈x,ξ〉

[ˆ
e−iH(ξ,η)a0(ξ, η)û(−η)dη

]
dξ.

We see that the Fourier transform of Au is

(2π)nX

(2π)3(nX+nY )/4

ˆ
e−iH(ξ,η)a0(ξ, η)û(−η)dη,

so
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PAu(x) =
1

(2π)3(nX+nY )/4

(5.3.3)˚
ei[〈x,ξ〉+〈y,η〉−H(ξ,η)] [p(x, ξ) + r(x, ξ)] a0(ξ, η)u(y)dydξdη,

in which p+ r is the full symbol of P and p is a principal symbol.

Since p(x, ξ) = 0 on C we can write by Taylor’s formula
(5.3.4)

p(x, ξ) =
∑

pj(x, ξ, η)

(
xj −

∂H

∂ξj

)
=
∑

pj(x, ξ, η)·∂ϕ(x, y, ξ, η)

∂ξj
,

where pj ∈ C∞ and is homogeneous of degree m with respect to
(ξ, η).
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(3). Integrate by parts on ξj in (5.3.3) yieldsˆ
R
eiϕ · pj ·

∂ϕ

∂ξj
· a0dξj

=

ˆ
R

∂eiϕ

i∂ξj
· pj · a0dξj

= −
ˆ
R
eiϕ ·

∂(pj · a0)

i∂ξj
dξj.

Therefore,

PAu(x) =
1

(2π)3(nX+nY )/4

(5.3.5)˚
eiϕ(x,y,ξ,η)

[
ra0 −

1

i

∑ ∂(pj(x, ξ, η)a0(ξ, η))

∂ξj

]
u(y)dydξdη,
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and since the principal symbol of A is

a0(ξ, η)|dξ|
1
2|dη|

1
2,

the principal symbol of PA is

(5.3.6)
[
ra0 −

∑
Dξj(pja0)

]
x=∂H/∂ξ

|dξ|
1
2|dη|

1
2.

(4). Now

Hp =
∑(

∂p

∂ξj
· ∂
∂xj
− ∂p

∂xj
· ∂
∂ξj

)
is tangential to C. Functions on C are restrictions of functions of
the form F (ξ, η), to in terms of the parameters (ξ, η) on C this
vector field has the form∑

− ∂p

∂xj

∣∣∣
x=∂H/∂ξ

· ∂
∂ξj

=
∑
−pj ·

∂

∂ξj
.
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5 Additional results on the calculus

Recall the formula of Lie derivative of half densities in §5.2:

LHp(a0|dξ|
1
2|dη|

1
2) =

[∑
−pj ·

∂a0

∂ξj
− 1

2

∂pj
∂ξj

a0

]
|dξ|

1
2|dη|

1
2.

Plugging back to (5.3.6),[
ra0 −

∑
Dξj(pja0)

]
x=∂H/∂ξ

|dξ|
1
2|dη|

1
2

=
[
ra0 −

∑
a0Dξjpj −

∑
pjDξja0

]
x=∂H/∂ξ

|dξ|
1
2|dη|

1
2

=

(
r − 1

2i

∑ ∂2p

∂xj∂ξj

)
a0|dξ|

1
2|dη|

1
2 + i−1LHp(a0|dξ|

1
2|dη|

1
2),

noting that pj = ∂p/∂xj when x = H ′ξj . The theorem is com-

pleted if we recall the definition of the subprincipal c of P , and
the order of PA follows naturally.
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5 Additional results on the calculus

Theorem (5.3.2). Let ρ > 2/3. Assume that for every µ ∈ R,

(5.3.10) HpS
µ(C) ⊃ Sµ+m−1(C).

For every B ∈ Im+m′−1
ρ (X × Y,C ′) one can then find A ∈

Im
′

ρ (X × Y ) such that
PA−B

has a C∞ kernel. If b is the principal symbol of B and a is any
solution of

(5.3.9) b = i−1LHpa + ca

belonging to Sm
′+n/4(C,L⊗Ω1/2) one can choose A with principal

symbol in the class of a modulo Sm
′+n/4+2−3ρ(C,L⊗ Ω1/2).
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Proof of Theorem 5.3.2.

(1). We want to find the solution to (5.3.9). Write a = a0w and b =
b0w where a0 and b0 are scalar symbols. Then

LHp(a0w) =

(
Hpa0 −

1

2

∂2p

∂xj∂ξj
a0

)
w,

from proof of Theorem 5.3.1. Then (5.3.9) is reduced to

i−1LHpa0 + c′a0 = b0

for some c′ ∈ Sm−1. The hypothesis guarantees the existence of
γ ∈ S0 such that

Hpγ = c′.

One also has e±iγ ∈ S0 by Proposition 1.1.8. If we denote a0 =
ie−iγa1 and b0 = e−iγb1, then the equation is further reduced to

i−1LHp(ie
−iγa1) + Hpγ · ie−iγa1 = e−iγHpa1 = e−iγb1.
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5 Additional results on the calculus

That is,
Hpa1 = b1,

where a1 ∈ Sµ and b1 ∈ Sµ+m−1, and this has a solution accord-
ing to the hypothesis.

(2). Let A0 ∈ Im
′

ρ (X × Y,C ′) with a principal symbol satisfying
(5.3.9), and set

B1 = B − PA0,

then B and PA0 are both in Im+m′−1
ρ (X ×Y,C ′) with the same

principal symbols, therefore

B1 ∈ I
µ
ρ (X × Y,C ′),

where

µ = m + m′ − ρ− (2ρ− 1) = m + m′ − 1− (3ρ− 2).
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Iterating the argument in (1), we obtain sequences

Aj ∈ I
m′−j(3ρ−2)
ρ (X × Y,C ′)

and

Bj ∈ I
m+m′−1−j(3ρ−2)
ρ (X × Y,C ′)

such that
B0 = B

and

(5.3.11) Bj+1 = Bj − PAj, j = 0, 1, 2, ...

Let
A =

∑
Aj

then adding (5.3.11) yields

P (A0 + · · · + Aj) = B0 −Bj+1,
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5 Additional results on the calculus

which says PA − B0 ∈ I−∞ρ (X × Y,C ′) = C∞(X × Y ) and
therefore proves the theorem.

Remark (1). A similar results is valid for AP = B for this is equiv-
alent to P ∗A∗ = B∗.
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5.4 The smoothness of elements in Imρ (X,Λ)

Theorem (5.4.1). Imρ (X,Λ) ⊂ H(s) iff m+n/4 +s < 0. Moreover,

if u ∈ Imρ (X,Λ) and u has some non-characteristic point, then it
follows that u /∈ H(s) when m + n/4 + s ≥ 0.

Remark. If we regard Λ ⊂ T ∗(X) × T ∗({0}) as a canonical rela-
tion from T ∗({0}) to T ∗(X) and u as a multiplicative operator from
C∞0 ({0}) to D′(X), the projection Λ→ X is generally not surjective.
(For if it is, then u ∈ C∞ and there is nothing to prove.) Therefore,
we can not apply Theorem 4.3.2 here to prove the L2 boundedness
of u. One instead has to create a more suitable Y (namely, Rn) to
transform the question to a simpler setting.

Definition (Hilbert–Schmidt operators, cf. Definition 19.1.11 in [H85]).
If H1 and H2 are Hilbert spaces then the space L2(H1, H2) of Hilbert-
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5 Additional results on the calculus

Schmidt operators from H1 to H2 consists of all T ∈ L2(H1, H2) such
that

‖T‖22 =
∑
‖Tei‖2

is finite, if {ei} is a complete orthonormal system in H1.
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5 Additional results on the calculus

Proposition (Hilbert–Schmidt integral operators). A Hilbert–Schmidt
kernel is a function k: (X, dµ)⊗ (Y, dν)→ C with

‖k‖2
L2 =

ˆ
X

ˆ
Y
|k(x, y)|2dµ(x)dν(y) <∞,

and the associated Hilbert–Schmidt integral operator is the opera-
tor K: L2(Y )→ L2(X) given by

Ku(x) =

ˆ
Y
k(x, y)u(y)dν(y).

Then K is a Hilbert–Schmidt operator with Hilbert–Schmidt norm

‖K‖2 = ‖k‖L2.

Corollary (5.4.2). An FIO from D′(Y ) to D′(X) is a Hilbert–
Schmidt integral operator if it is of order < −(nX + nY )/4 and
the kernel has compact support.
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Proof of Theorem 5.4.1.

(1). It is sufficient to prove the results for s = 0. For if

Imρ (X,Λ) ⊂ H(0)

if m+n/4 < 0, then for any u ∈ Im′ρ (X,Λ) with m′+n/4+s < 0,
one can find an elliptic ΨDO B ∈ Ls(X) such that

v = Bu ∈ Im
′+s

ρ

satisfying (m′ + s) + n/4 < 0. Applying the hypothesis,

v ∈ H(0),

which implies
u = B−1v ∈ H(s)

noting that B−1 ∈ L−s(X) since B is elliptic. The other result is
valid by a similar argument.
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5 Additional results on the calculus

(2). It is sufficient to prove the results if u ∈ Imρ (X,Λ) and WF (u) is
in a small neighborhood of (x0, ξ0) ∈ Λ for u is C∞ in Λ\WF (u).
That is, we want to show

(a). u ∈ H(0) = L2
loc iff m + n/4 < 0,

(b). u /∈ L2
loc if m + n/4 ≥ 0 and (x0, ξ0) is a non-characteristic

point.

(3). It is sufficient to prove the results for the case in terms of

u(x) =
1

(2π)3n/4

ˆ
ei〈x,θ〉a(θ)dθ.

where a ∈ Sm−n/4. Since u is rapidly decreasing at infinity,

u ∈ L2
loc⇔ u ∈ L2⇔ a ∈ L2.

(a). By Parseval’s formula,

a ∈ L2
loc⇔ 2(m− n/4) < −n⇔ m + n/4 < 0.
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5 Additional results on the calculus

(b). There is a non-characteristic point, and then a−1 ∈ S−m+n/4

implies
1

|a(θ)|
≤ (1 + |θ|)−m+n/4,

therefore,

|a(θ)| ≥ (1 + |θ|)m−n/4 ≥ (1 + |θ|)−n/2⇒ a /∈ L2.

(4). We transform the question to the one in Rn: Λ is defined by
x = H ′(ξ) on suitably local coordinates. It follows that the homo-
geneous canonical transformation

C : (x, ξ)→ (x−H ′(ξ), ξ)

maps Λ into the fiber in T ∗(Rn) \ 0 over 0 ∈ Rn.

Let K ⊂ C be a closed and conic neighborhood of (x0, ξ0, y0, η0).
Here (y0, η0) is the image of (x0, ξ0) (in fact, y0 = 0).
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5 Additional results on the calculus

Choose A ∈ I0
ρ(X×Rn, K ′) and B ∈ I0

ρ(Rn×X, (K−1)′) be two
elliptic operators such that they are parametrices to each other,
therefore according to (5.1.2) in §5.1

(x0, ξ0) /∈ WF (AB − IX).

We see that ABu− u ∈ C∞, hence by the L2 continuity of FIOs
with order 0,

u ∈ L2
loc⇒ Bu ∈ L2

loc⇒ ABu ∈ L2
loc⇒ u ∈ L2

loc.

Now Bu ∈ Imρ (Rn, ((K−1) ◦ Λ)′), one only needs to notice that
the Lagrangean is T ∗0 (Rn) and Bu is of the special form

1

(2π)3n/4

ˆ
ei〈x,θ〉a(θ)dθ

where a ∈ Sm−n/4.
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