
STUDY GUIDE OF CALCULUS III

XIAOLONG HAN

Abstract. The three main subjects in Calculus III are partial derivatives, multiple inte-
grals, and vector calculus. This Study Guide covers the key topics and problems featured in
the Tests and the Final.
(I) This Guide presents a collection of problems organized by topic. These problems closely

reflect those on the Tests and the Final in type and difficulty.
(II) Complete and understand all problems independently. Solutions are provided, but use

them only to verify answers and enhance understanding.
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Topic 1. Lines, planes, and quadratic surfaces

Topic 1.A. Lines.

Theorem (Lines). A line that passes through a point P0 = (x0, y0, z0) in the direction of the
vector v = 〈a, b, c〉 has the vector equation

〈x, y, z〉 = 〈x0, y0, z0〉+ t〈a, b, c〉,
and equivalently the parametric equations

x = x0 + at, y = y0 + bt, z = z0 + ct.

Problem 1. Find the equation of the line that passes through the point (2, 5,−1) and is orthogonal
to the plane 3x− 2y + z = 7.

Answer. The plane 3x− 2y + z = 7 has a normal vector 〈3,−2, 1〉. The line orthogonal to this
plane is in the direction of this vector. Hence, it has the vector equation

〈x, y, z〉 = 〈2, 5,−1〉+ t〈3,−2, 1〉,
and equivalently the parametric equations

x = 2 + 3t, y = 5− 2t, z = −1 + t.

Topic 1.B. Planes.

Theorem (Planes). A plane that passes through a point P0 = (x0, y0, z0) with a normal vector
n = 〈a, b, c〉 has the equation

〈a, b, c〉 · 〈x− x0, y − y0, z − z0〉 = 0,
that is,

a (x− x0) + b (y − y0) + c (z − z0) = 0.

Problem 2. Find an equation of the plane that contains the point (0, 1, 2) and the line r(t) =
〈2− t, 1 + t, 1 + 2t〉.

Answer. The line r(t) = 〈2− t, 1 + t, 1 + 2t〉 is in the direction of the vector u = 〈−1, 1, 2〉. A
plane that contains this line has its normal vector n orthogonal to u.

A plane that contains the line r(t) = 〈2− t, 1 + t, 1 + 2t〉 contains the point (2, 1, 1) (by setting
t = 0). Hence, this plane contains the line passing through (2, 1, 1) and (0, 1, 2), which is in the
direction of the vector v = 〈2− 0, 1− 1, 1− 2〉 = 〈2, 0,−1〉. The plane has its normal vector n
orthogonal to v.

The plane has a normal vector
n = u× v = 〈−1, 1, 2〉 × 〈2, 0,−1〉 = 〈−1, 3,−2〉.

Since the plane contains the point (0, 1, 2), it has the equation
−1(x− 0) + 3(y − 1)− 2(z − 2) = 0.

Hence,
−x+ 3y − 2z = −1.

That is,
x− 3y + 2z = 1.
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Topic 1.C. Quadratic surfaces.

Definition (Intercepts and traces).
• Set y = z = 0. The solutions are the x-intercepts of the surface, i.e., the intersection of
the surface and the x-axis. The y-intercepts and z-intercepts are obtained similarly.
• Set z = 0. The solution is the xy-trace of the surface, i.e., the intersection of the surface
and the xy-plane. The yz-trace and xz-trace are obtained similarly.

Problem 3. Sketch the surface x2 − y2 + z2 = 4.

Answer. The yz-trace, −y2 + z2 = 4, is a hyperbola, which intersects the z-axis at ±2 and does
not intersect the y-axis.

The xz-trace, x2 + z2 = 4, is a circle with center at the origin and radius 2.
The surface is a hyperboloid of one sheet along the y-axis. See the sketch below.
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Topic 2. Differentiation

Topic 2.A. Limits.

Theorem (Two-path test). If f(x, y) has two different limits as (x, y) approaches (a, b) along
two paths, then

lim
(x,y)→(a,b)

f(x, y) does not exist.

Remark. The following are examples of paths which approach (0, 0).
• (t, 0) as t→ 0 along the x-axis.
• (0, t) as t→ 0 along the y-axis.
• (t, t) as t→ 0 along the line y = x.
• (t,−t) as t→ 0 along the line y = −x.
• (t, t2) as t→ 0 along the curve y = x2.
• (t3, t) as t→ 0 along the curve x = y3.

Problem 4. Use the two-path test to show that the limit does not exist.

lim
(x,y)→(0,0)

xy

x2 + y2 .

Answer. Along the path (t, t)→ (0, 0) as t→ 0,

lim
t→0

tt

t2 + t2
= 1

2 .

Along the path (t,−t)→ (0, 0) as t→ 0,

lim
t→0

t(−t)
t2 + (−t)2 = −1

2 .

By the two-path test,
lim

(x,y)→(0,0)

xy

x2 + y2 does not exist.
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Topic 2.B. Partial derivatives and chain rule.

Definition (Partial derivatives).
• The partial derivative of z = f(x, y) in x is

∂z

∂x
= fx = lim

h→0

f(x+ h, y)− f(x, y)
h

.

• The partial derivative of z = f(x, y) in y is
∂z

∂y
= fy = lim

h→0

f(x, y + h)− f(x, y)
h

.

Theorem (Chain rule and implicit differentiation).
(i) Let z = f(x, y) with x = x(t) and y = y(t). Then

dz

dt
= ∂z

∂x

dx

dt
+ ∂z

∂y

dy

dt
.

(ii) Let z = f(x, y) with x = x(u, v) and y = y(u, v). Then
∂z

∂u
= ∂z

∂x

∂x

∂u
+ ∂z

∂y

∂y

∂u
and ∂z

∂v
= ∂z

∂x

∂x

∂v
+ ∂z

∂y

∂y

∂v
.

(iii) Implicit differentiation theorem: Let F (x, y, z) = 0. Then
∂z

∂x
= −Fx

Fz
and ∂z

∂y
= −Fy

Fz
.

Problem 5. Let f(x, y) = xy2. Use the limit definition of partial derivative to find ∂z
∂y
.

Answer. Compute that
∂z

∂y
= lim

h→0

f(x, y + h)− f(x, y)
h

= lim
h→0

x(y + h)2 − xy2

h

= x lim
h→0

(y + h)2 − y2

h

= x lim
h→0

y2 + 2hy + h2 − y2

h

= x lim
h→0

2hy + h2

h
= x lim

h→0
(2y + h)

= 2xy.

Problem 6. Let f(x, y) = x
y
.

(a) Suppose that x = sin(3t) + 2 and y = 5t + 1. Use the chain rule to find df
dt
. Evaluate df

dt
at

t = 0.
(b) Suppose that x = u

√
v and y =

√
3u− 2v. Use the chain rule to find ∂f

∂v
. Evaluate ∂f

∂v
at

(u, v) = (2, 1).

Answer.
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(a) Compute that
df

dt
= ∂f

∂x

dx

dt
+ ∂f

∂y

dy

dt

= 1
y
· (3 cos(3t))− x

y2 · 5

= 3 cos(3t)
5t+ 1 − 5 (sin(3t) + 2)

(5t+ 1)2 .

At t = 0,
df

dt
= 3 cos(3 · 0)

5 · 0 + 1 − 5 (sin(3 · 0) + 2)
(5 · 0 + 1)2 = 3− 10 = −7.

(b) Compute that
∂f

∂v
= ∂f

∂x

∂x

∂v
+ ∂f

∂y

∂y

∂v

= 1
y
· u

2
√
v
− x

y2 ·
−2

2
√

3u− 2v

= 1√
3u− 2v

· u

2
√
v
− u

√
v(√

3u− 2v
)2 ·

−2
2
√

3u− 2v

= u

2
√
v
√

3u− 2v
+ u

√
v

(3u− 2v) 3
2
.

At (u, v) = (2, 1),
∂f

∂v
(2, 1) = 2

2
√

1
√

3 · 2− 2 · 1
+ 2

√
1

(3 · 2− 2 · 1) 3
2

= 2
4 + 2

8 = 1
2 + 1

4 = 3
4 .

Problem 7. Let
xy + yz + z3 = 0.

Find ∂z
∂y

at (2, 1,−1) by implicit differentiation.

Answer. Set F (x, y, z) = xy + yz + z3. Then
∂z

∂y
= −Fy

Fz
= − x+ z

y + 3z2 .

At (2, 1,−1),
∂z

∂y
= − 2 + (−1)

1 + 3 · (−1)2 = −1
4 .

Topic 2.C. Directional derivatives and gradients.

Definition (Gradients).
• The gradient of f is defined as ∇f = 〈fx, fy〉.
• The directional derivative Duf in the direction of the unit vector u = 〈u1, u2〉 is

Duf = ∇f · u = 〈fx, fy〉 · 〈u1, u2〉 = fxu1 + fyu2.

Theorem.
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(i) The direction of steepest ascent of f is given by the unit vector ∇f
|∇f | , and the rate of change

is
∇f · ∇f

|∇f |
= |∇f |.

(ii) The direction of steepest descent of f is given by the unit vector − ∇f|∇f | , and the rate of
change is

∇f ·
(
− ∇f
|∇f |

)
= −|∇f |.

(iii) If Dvf = ∇f · v = 0, that is, v is orthogonal to ∇f , then f has no change in the direction
of the unit vector v.

Problem 8. Let f(x, y) = e2x−y.
(a) Find ∇f at the point (2, 4).
(b) Find Duf(2, 4), where u = 〈4

5 ,
3
5〉.

(c) Find the direction of steepest ascent of f at (2, 4). Express as a unit vector.
(d) Find the rate of change in the direction from Part (c).
(e) Find a direction of no change in f at (2, 4). Express as a unit vector.

Answer.
(a) Compute that

∇f = 〈fx, fy〉 =
〈
2e2x−y,−e2x−y

〉
.

At (2, 4),
∇f(2, 4) =

〈
2e2·2−4,−e2·2−4

〉
= 〈2,−1〉.

(b) Notice that u = 〈4
5 ,

3
5〉 is a unit vector.

Duf = ∇f · u = ∇f ·
〈4

5 ,
3
5

〉
= 〈2,−1〉 ·

〈4
5 ,

3
5

〉
= 8

5 −
3
5 = 1.

(c) The direction of steepest ascent of f at (2, 4) is given by the unit vector
∇f
|∇f |

= 〈2,−1〉
|〈2,−1〉| =

〈
2√
5
,− 1√

5

〉
.

(d) The rate of change in the direction from Part (c) is |∇f | =
√

5.
(e) f has no change at (2, 4) in the direction of a vector v = 〈v1, v2〉 if

∇f · v = 〈2,−1〉 · 〈v1, v2〉 = 2v1 − v2 = 0.
Set v1 = 1. Then 2 · 1− v2 = 0 solves to v2 = 2. Hence, v = 〈1, 2〉, and a unit vector is

〈1, 2〉√
12 + 22

=
〈

1√
5
,

2√
5

〉
.

Topic 2.D. Tangent planes.

Theorem (Tangent planes). The tangent plane to F (x, y, z) = 0 at the point (a, b, c) is
Fx · (x− a) + Fy · (y − b) + Fz · (z − c) = 0.

Problem 9. Find the equation of the tangent plane to the surface x2 − y2 + z2 = 4 at the point
(2, 1,−1).
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Answer. Let F (x, y, z) = x2 − y2 + z2 − 4.
Fx = 2x, Fy = −2y, Fz = 2z.

At (2, 1,−1),
Fx(2, 1,−1) = 4, Fy(2, 1,−1) = −2, Fz(2, 1,−1) = −2.

The equation of the tangent plane at the point (2, 1,−1) is
4(x− 2) + (−2) · (y − 1) + (−2) · (z − (−1)) = 0.

Hence,
4x− 2y − 2z = 8.

That is,
2x− y − z = 4.

Topic 2.E. Derivative tests.

Theorem (Derivative tests).
(i) First-order derivative test: The points at which fx = fy = 0 are called the critical points.
(ii) Second-order derivative test: At a critical point (a, b),

f attains


a local minimum, if fxxfyy − f 2

xy > 0 and fxx > 0,
a local maximum, if fxxfyy − f 2

xy > 0 and fxx < 0,
a saddle point, if fxxfyy − f 2

xy < 0.
If fxxfyy − f 2

xy = 0, then the test is inconclusive.

Problem 10. Let f(x, y) = 3x2 − 6xy + 2y3.
(a) Find all critical points of f .
(b) Use the second derivative test to classify each critical point as a local maximum, a local

minimum, or a saddle point.

Answer.
(a) Set

fx = 6x− 6y = 0 and fy = −6x+ 6y2 = 0.
The first equation implies that x = y. The second equation becomes

−6x+ 6y2 = −6x+ 6x2 = 6x(−1 + x) = 0.
Then x = 0, 1. When x = 0, y = 0; when x = 1, y = 1. The critical points are (0, 0) and
(1, 1).

(b) Compute that
fxx = 6, fyy = 12y, fxy = −6.

At (0, 0), fxxfyy − f 2
xy = −36 < 0. Hence, f has a saddle point at (0, 0).

At (1, 1), fxxfyy − f 2
xy = 36 > 0 and fxx = 6 > 0. Hence, f attains a local minimum at

(1, 1).
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Topic 2.F. Lagrange multiplier.
Theorem (Lagrange multipliers). Follow the following steps to find the maximum or minimum
values of the objective function f(x, y) subject to a constraint function g(x, y) = 0.

• Step 1. Find the gradient ∇f and ∇g.
• Step 2. Set ∇f = λ∇g for some λ. Divide the equations of the two components to
eliminate λ. Insert into the constraint function g to solve for x and y.
• Step 3. Plug the solutions of x and y into the objective function f to find the maximum
or minimum values.

Problem 11. Use Lagrange multipliers to find the maximum and minimum values of the function
f(x, y) = 2x− y on the ellipse 4x2 + y2 = 8.
Answer.

• Step 1. Set g(x, y) = 4x2 + y2 − 8. Compute that
∇f = 〈2,−1〉 and ∇g = 〈8x, 2y〉.

• Step 2. The condition ∇f = λ∇g for some λ implies that
2 = 8λx and − 1 = 2λy.

Divide these two equations.

−2 = 4x
y
, y = −2x.

Hence,
4x2 + y2 = 4x2 + (−2x)2 = 8x2 = 8, x2 = 1.

Then x = ±1. When x = 1, y = −2 · 1 = −2; when x = −1, y = −2 · (−1) = 2.
• Step 3. The maximum value of the function f is attained at (1,−2):

f(1,−2) = 2 · 1− (−2) = 4.
The minimum value of the function f is attained at (−1, 2):

f(−1, 2) = 2 · (−1)− 2 = −4.

Topic 3. Integration

Theorem (Single-variable integration).
(i) Integrals of powers: ˆ

xn dx = xn+1

n+ 1 + c.

(ii) Integrals of trigonometric functions:ˆ
sin x dx = − cosx+ c,

ˆ
cosx dx = sin x+ c,

ˆ
sec2 x dx = tan x+ c.

(iii) Integrals of exponential and logarithmic functions:ˆ
ex dx = ex + c and

ˆ 1
x
dx = ln |x|+ c.

(iv) Fundamental theorem of calculus (FTC):ˆ b

a

f(x) dx = [F (x)]ba = F (b)− F (a),

where F =
´
f . (No constant is needed in F .)
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Topic 3.A. Double integrals.

Theorem (Double integrals). Consider the double integral¨
R

f(x, y) dA,

where R is a region in R2 and dA is the area element.
(i) In the cartesian coordinates (x, y), dA = dxdy = dydx.
(ii) In the polar coordinates (r, θ), dA = r drdθ. Moreover,

x = r cos θ, y = r sin θ, x2 + y2 = r2.

Problem 12. Find the integral by changing the order of integration.ˆ 4

0

ˆ 2

√
x

1
1 + y3 dydx.

Answer. The domain{
0 ≤ x ≤ 4,

√
x ≤ y ≤ 2

}
=
{
0 ≤ y ≤ 2, 0 ≤ x ≤ y2

}
.

x

y

0 4

2

y =
√
x

Then ˆ 4

0

ˆ 2

√
x

1
1 + y3 dydx =

ˆ 2

0

ˆ y2

0

1
1 + y3 dxdy

=
ˆ 2

0

[
x

1 + y3

]x=y2

x=0
dy

=
ˆ 2

0

y2

1 + y3 dy
(
u = 1 + y3, du = 3y2 dy.

)
=
ˆ 9

1

y2

u
· du3y2 (y = 0⇒ u = 1, y = 2⇒ u = 9.)

= 1
3

ˆ 9

1

1
u
du

= 1
3 [ln |u|]u=9

u=1

= 1
3(ln 9− ln 1)

= ln 9
3 .
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Problem 13. Find the integral by changing to polar coordinates.
ˆ 3

−3

ˆ √9−y2

0
cos

(
x2 + y2

)
dxdy.

Answer. The domain{
−3 ≤ y ≤ 3, 0 ≤ x ≤

√
9− y2

}
=
{

0 ≤ r ≤ 3,−π2 ≤ θ ≤ π

2

}
.

x

y

3

−3

3

θ = π
2

θ = −π
2

x =
√

9− y2 ⇒ x2 + y2 = 9

Thenˆ 3

−3

ˆ √9−y2

0
cos

(
x2 + y2

)
dxdy =

ˆ π
2

−π2

ˆ 3

0
cos

(
r2
)
r drdθ

=
ˆ π

2

−π2

dθ

(ˆ 3

0
cos

(
r2
)
r dr

) (
u = r2, du = 2r dr.

)

= π

ˆ 9

0
cos(u) · r · du2r (r = 0⇒ u = 0, r = 3⇒ u = 9.)

= π

2

ˆ 9

0
cos(u) du

= π

2 [sin u]u=9
u=0

= π

2 [sin 9− sin 0]

= π

2 sin 9.

Topic 3.B. Triple integrals.

Theorem (Triple integration). The triple integral˚
D

f(x, y, z) dV,
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where D is a region in R3 and dV is the volume element. In particular, the volume of D is˚
D

1 dV.

(i) In the cartesian coordinates (x, y, z), dV = dxdydz = dydxdz = · · · .
(ii) In the cylindrical coordinates (r, θ, z), dV = r drdθdz. Moreover,

r2 = x2 + y2, x = r cos θ, y = r sin θ.
(iii) In the spherical coordinates (ρ, ϕ, θ), dV = ρ2 sinϕdρdϕdθ. Moreover,

ρ2 = x2 + y2 + z2, x = ρ sinϕ cos θ, y = ρ sinϕ sin θ, z = ρ cosϕ.

Problem 14. Let D be the region {x2 < y < 9, 0 < z < y}. Use a triple integral to find the
volume of D.

Answer. Set x2 = 9. Then x = −3, 3. The volume of D isˆ 3

−3

ˆ 9

x2

ˆ y

0
1 dzdydx =

ˆ 3

−3

ˆ 9

x2
[z]z=y

z=0 dydx

=
ˆ 3

−3

ˆ 9

x2
y dydx

=
ˆ 3

−3

[
y2

2

]y=9

y=x2
dx

= 1
2

ˆ 3

−3

[
92 −

(
x2
)2
]
dx

=
ˆ 3

0

[
81− x4

]
dx

=
[
81x− x5

5

]x=3

x=0

= 81 · 3− 35

5
= 243− 243

5
= 243 · 45
= 972

5 .

Problem 15.
(a) Sketch the region D = {

√
x2 + y2 ≤ z ≤ 2}.

(b) Use cylindrical coordinates or spherical coordinates to find the volume of D.

Answer.
(a) The surface z =

√
x2 + y2, that is, z2 = x2 + y2, is a cone. The surface {z = 2} is a plane

which passes through (0, 0, 2) and is parallel to the xy-plane. Hence, D is a solid cone with
vertex at the origin and base on the plane {z = 2}.
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x

y

z

2

z = yz = −y

(b) In the cylindrical coordinates,
D = {0 ≤ r ≤ 2, 0 ≤ θ ≤ 2π, r ≤ z ≤ 2} .

The volume of D is ˚
D

1 dV =
ˆ 2π

0

ˆ 2

0

ˆ 2

r

r dzdrdθ

=
ˆ 2π

0

ˆ 2

0
[rz]z=2

z=r drdθ

=
ˆ 2π

0

ˆ 2

0

[
2r − r2

]
drdθ

=
ˆ 2π

0

[
r2 − r3

3

]r=2

r=0
dθ

=
ˆ 2π

0

[
22 − 23

3

]
dθ

= 8π
3 .

(b) In spherical coordinates,

D =
{

0 ≤ ρ ≤ 2
cosϕ, 0 ≤ ϕ ≤ π

4 , 0 ≤ θ ≤ 2π
}
.

x

y

z

2

π
4 ϕ

ρ

The volume of D is˚
D

1 dV =
ˆ 2π

0

ˆ π
4

0

ˆ 2
cosϕ

0
ρ2 sinϕdρdϕdθ
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=
ˆ 2π

0

ˆ π
4

0

[
ρ3

3

]ρ= 2
cosϕ

ρ=0
sinϕdϕdθ

= 1
3

ˆ 2π

0

ˆ π
4

0

[
2

cosϕ

]3

sinϕdϕdθ

= 8
3

(ˆ 2π

0
dθ

)(ˆ π
4

0

sinϕ
cos3 ϕ

dϕ

)
(u = cosϕ, du = − sinϕdϕ.)

= 8
3 · 2π ·

ˆ
√

2
2

1

sinϕ
u3 ·

du

− sinϕ

 (
ϕ = 0⇒ u = cos 0 = 1, ϕ = π

4 ⇒ u = cos π4 =
√

2
2 .

)

= 16π
3 ·

ˆ
√

2
2

1

(
−u−3

)
du


= 16π

3 ·
[
−u

−2

−2

]u=
√

2
2

u=1

= 8π
3 ·

[ 1
u2

]u=
√

2
2

u=1

= 8π
3 ·

 1(√
2

2

)2 −
1
12


= 8π

3 ·
(

1
2
4
− 1

)

= 8π
3 .

Problem 16.
(a) Sketch the region D = {x2 + y2 + z2 ≤ 4, z ≥

√
x2 + y2}.

(b) Find the volume of D.
Answer.
(a) The surface x2 + y2 + z2 = 4 is a sphere centered at the origin and with radius 2.

The surface z =
√
x2 + y2, that is, z2 = x2 + y2, is a cone. The xz-traces are z2 = x2, that

is, z = ±x; the yz-traces are z2 = y2, that is, z = ±y. These lines have an angle of ϕ = π
4

with the positive half of the z-axis.

x

y

z

2

z = yz = −y π
4
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(b) In the spherical coordinates

D =
{

0 ≤ ρ ≤ 2, 0 ≤ ϕ ≤ π

4 , 0 ≤ θ ≤ 2π
}
.

The volume of D is˚
D

1 dV =
ˆ 2π

0

ˆ π
4

0

ˆ 2

0
ρ2 sinϕdρdϕdθ

=
(ˆ 2π

0
dθ

)(ˆ π
4

0
sinϕdϕ

)(ˆ 2

0
ρ2 dρ

)

= 2π · [− cosϕ]ϕ=π
4

ϕ=0 ·
[
ρ3

3

]ρ=2

ρ=0

= 2π ·
[
− cos π4 − (− cos 0)

]
·
[

23

3

]

= 16
3 π ·

[
−
√

2
2 + 1

]

= 16
3 π ·

−
√

2 + 2
2

=
8
(
2−
√

2
)

3 π.

Topic 4. Vector calculus

Definition (Curl and divergence in R2). Let F = 〈f, g〉.
• The curl of F is

curl F = ∂xg − ∂yf.
F is said to be irrotational if curl F = 0, that is, ∂xg = ∂yf .
• The divergence of F is

div F = ∂xf + ∂yg.

F is said to be source-free if div F = 0.

Definition (Curl and divergence in R3). Let F = 〈f, g, h〉.
• The curl of F is

curl F = ∇× F =

∣∣∣∣∣∣∣
i j k
∂x ∂y ∂z
f g h

∣∣∣∣∣∣∣ = 〈∂yh− ∂zg,− (∂xh− ∂zf) , ∂xg − ∂yf〉 .

F is said to be irrotational if curl F = 〈0, 0, 0〉.
• The divergence of F is

div F = ∂xf + ∂yg + ∂zh.

F is said to be source-free if div F = 0.



16 XIAOLONG HAN

Topic 4.A. Conservative vector fields.

Definition (Conservative vector fields). A vector field F is said to be conservative if there is a
potential function ϕ such that F = ∇ϕ.

Theorem. A vector field F is conservative iff curl F = 0. In this case, we use a program of
“integrate-and-match” to find a potential function ϕ of F = 〈f, g〉.

• Step 1. Integrate f in x:
ϕ =
ˆ
f dx+ P (y).

• Step 2. Match ∂yϕ = g to derive P ′(y) = g̃. Integrate g̃ in y:

P (y) =
ˆ
g̃ dy.

The constants in the integrals can be taken as 0.

Theorem (Line integrals of vector fields). Let F = 〈f, g〉 and C be a curve r(t) = 〈x(t), y(t)〉
with a ≤ t ≤ b.
(i) ˆ

C

F · dr =
ˆ b

a

〈f, g〉 · r′(t) dt.

(ii) If F is conservative, thenˆ
C

F · dr = ϕ (x(b), y(b))− ϕ (x(a), y(a)) .

In particular, if C is closed, then ˛
C

F · dr = 0.

Problem 17. Let F(x, y) = 〈y2, 2xy + 1〉.
(a) Let C be the curve r = 〈t3, t〉 with 0 ≤ t ≤ 2. Find the line integral

´
C

F · dr directly. (Do not
use a potential function.)

(b) Find a potential function ϕ(x, y) for F.
(c) Use the potential function to find the same integral as in Part (a).
(d) Show that

¸
C

F · dr = 0 for C a closed curve.

Answer.
(a) Compute that ˆ

C

F · dr =
ˆ 2

0
〈y2, 2xy + 1〉 · d

〈
t3, t

〉
=
ˆ 2

0
〈t2, 2t3t+ 1〉 ·

〈
3t2, 1

〉
dt

=
ˆ 2

0

(
3t4 + 2t4 + 1

)
dt

=
ˆ 2

0

(
5t4 + 1

)
dt

=
[
t5 + t

]t=2

t=0
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= 25 + 2
= 34.

(b) • Step 1. Since ∂xϕ = y2,

ϕ =
ˆ
y2 dx+ P (y) = xy2 + P (y).

• Step 2. Since
∂y
(
xy2 + P (y)

)
= 2xy + P ′(y) = 2xy + 1,

P ′(y) = 1. Then
P (y) =

ˆ
1 dy = y.

Hence,
ϕ(x, y) = xy2 + y.

(c) Since r = 〈t3, t〉 with 0 ≤ t ≤ 2,ˆ
C

F · dr = ϕ (r(2))− ϕ (r(0)) = ϕ(8, 2)− ϕ(0, 0) = 8 · 22 + 2 = 34.

(d) Since C is closed, ˛
C

F · dr = ϕ(x, y)− ϕ(x, y) = 0,

where (x, y) is any point on C.

Problem 18. Let F(x, y, z) = 〈y sin x, z2 cos y, 2z sin y〉.
(a) Find curl F = ∇× F.
(b) Is there a potential function ϕ with ∇ϕ = F? If so, find it. If not, explain why not.

Answer.
(a) Compute that

curl F = ∇× F

=

∣∣∣∣∣∣∣
i j k
∂x ∂y ∂z

y sin x z2 cos y 2z sin y

∣∣∣∣∣∣∣
= 〈2z cos y − 2z cos y,−(0− 0), 0− sin x〉
= 〈0, 0,− sin x〉.

(b) Since curl F 6= 〈0, 0, 0〉, F is not conservative. Hence, there is no potential function ϕ(x, y, z)
with ∇ϕ = F.

Theorem (Fundamental theorem of calculus (FTC)).

[F (x)]ba =
ˆ b

a

f(x) dx, where f = F ′.

The following theorems are generalizations of the FTC to higher dimensions under the principle:ˆ
boundary

F =
ˆ

interior
derivative of F in a certain form.
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(i) A region R in R2 with a boundary curve C.

Green’s theorem:
˛
C

F · dr =
¨
R

curl F dA.

(ii) A surface S in R3 with a boundary curve C.

Stokes’ theorem:
˛
C

F · dr =
¨
S

curl F · dS.

(iii) A solid region V in R3 has a boundary surface S.

Divergence theorem:
‹
S

F · dS =
˚

V

div F dV.

Topic 4.B. Green’s theorem.

Theorem (Green). Let F = 〈f, g〉 and R be a region with a boundary curve C. Then˛
C

F · dr =
¨
R

curl F dA,

where curl F = ∂xg − ∂yf is the curl of F. As a consequence,

Area(R) =
˛
C

xdy = −
˛
C

ydx.

Problem 19. Let F = 〈xy, x2 + y2〉. Use Green’s theorem to find˛
C

F · dr,

where C is the boundary of the region R below.

x

y

0

R

C

1

2

1

Answer. The line passing through (0, 0) and (1, 2) has equation y = 2x. The region
R = {0 ≤ x ≤ 1, 0 ≤ y ≤ 2x}.

By Green’s theorem, ˛
C

F · dr =
¨
R

(
∂x
(
x2 + y2

)
− ∂y(xy)

)
dA

=
ˆ 1

0

ˆ 2x

0
(2x− x) dydx
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=
ˆ 1

0

ˆ 2x

0
x dydx

=
ˆ 1

0
[xy]y=2x

y=0 dx

=
ˆ 1

0

(
2x2

)
dx

=
[

2x3

3

]x=1

x=0

= 2
3 .

Problem 20. Let F = 〈y,−x〉. Use Green’s theorem to find˛
C

F · dr,

where C is the boundary of the region R below.

x

y

0

x = y + 2

x = y2

R
1

2

−1

2 4

Answer. Set
y2 = y + 2, y2 − y − 2 = (y + 1)(y − 2) = 0.

Then y = −1, 2. The region
R =

{
−1 ≤ y ≤ 2, y2 ≤ x ≤ y + 2

}
.

By Green’s theorem,˛
C

F · dr =
¨
R

(∂x(−x)− ∂y(y)) dA

=
ˆ 2

−1

ˆ y+2

y2
(−2) dxdy

=
ˆ 2

−1
[−2x]x=y+2

x=y2 dy

=
ˆ 2

−1

[
−2(y + 2)−

(
−2y2

)]
dy

=
ˆ 2

−1

[
2y2 − 2y − 4

]
dy
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=
[

2y3

3 − y
2 − 4y

]y=2

y=−1

=
[

2 · 23

3 − 22 − 4 · 2
]
−
[

2 · (−1)3

3 − (−1)2 − 4 · (−1)
]

=
[16

3 − 12
]
−
[
−2

3 + 3
]

= −9.

Topic 4.C. Surface integrals.

Definition (Surface integrals). Let S be a surface with a parametric equation r(u, v) with (u, v)
in R.

• The surface integral of f(x, y, z) on S is¨
S

f dA =
¨
R

f(x, y, z) |ru × rv| dA.

In particular, the surface area of S is¨
S

1 dA =
¨
R

|ru × rv| dA.

• The surface integral of F = 〈f, g, h〉 on S is¨
S

F · dS =
¨
R

〈f, g, h〉 · (ru × rv) dA.

Problem 21. Let r(u, v) = 〈2u− v, u+ v, 3u〉.
(a) Find |ru × rv|.
(b) Find the area of the surface r(u, v) with {0 ≤ u ≤ v, 0 ≤ v ≤ 2}.

Answer.
(a) Compute that

ru × rv =

∣∣∣∣∣∣∣
i j k
2 1 3
−1 1 0

∣∣∣∣∣∣∣ = 〈−3,−3, 3〉,

and
|ru × rv| =

√
(−3)2 + (−3)2 + 32 = 3

√
3.

(b) The area of the surface isˆ 2

0

ˆ v

0
|ru × rv| dudv =

ˆ 2

0

ˆ v

0
3
√

3 dudv

=
ˆ 2

0

[
3
√

3u
]u=v

u=0
dv

=
ˆ 2

0
3
√

3v dv

= 3
√

3
[
v2

2

]v=2

v=0

= 3
√

3 · 2
2

2
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= 6
√

3.

Problem 22. Find the surface integral
˜
S

F · dS of F = 〈−y + z, x − z, z2〉 on the surface
r(u, v) = 〈u, v, uv〉 with {0 ≤ u ≤ 1, 0 ≤ v ≤ u}.

Answer. Compute that

ru × rv =

∣∣∣∣∣∣∣
i j k
1 0 v
0 1 u

∣∣∣∣∣∣∣ = 〈0− v,−(u− 0), 1〉 = 〈−v,−u, 1〉.

Hence, ¨
S

F · dS =
ˆ 1

0

ˆ u

0

〈
−y + z, x− z, z2

〉
· 〈−v,−u, 1〉 dvdu

=
ˆ 1

0

ˆ u

0

〈
−v + uv, u− uv, (uv)2

〉
· 〈−v,−u, 1〉 dvdu

=
ˆ 1

0

ˆ u

0

(
v2 − uv2 − u2 + u2v + u2v2

)
dvdu

=
ˆ 1

0

[
v3

3 − u ·
v3

3 − u
2v + u2 · v

2

2 + u2 · v
3

3

]v=u

v=0
du

=
ˆ 1

0

[
u3

3 −
u4

3 − u
3 + u4

2 + u5

3

]
du

=
ˆ 1

0

[
u5

3 + 1
6u

4 − 2
3u

3
]
du

=
[
u6

18 + u5

30 −
u4

6

]u=1

u=0

= 1
18 + 1

30 −
1
6

= 5 + 3− 15
90

= − 7
90 .

Topic 4.D. Stokes’ theorem.

Theorem (Stokes). Let F = 〈f, g, h〉 and S be a surface with a boundary curve C. Then˛
C

F · dr =
¨
S

curl F · dS,

where r(u, v) with (u, v) in R is a parametric equation of S.

Problem 23. Let F = 〈−y, x, z2〉 and S be the surface {z = 4− x2 − y2, z ≥ 0}.
(a) Use a surface integral to find ¨

S

curl F · dS.

(b) Use Stokes’ theorem to find ¨
S

curl F · dS.
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Answer.
(a) The surface S has a parametric equation

r(u, v) =
〈
u, v, 4− u2 − v2

〉
with 4− u2 − v2 ≥ 0.

That is, the domain is R = {u2 + v2 ≤ 4}. Then

ru × rv =

∣∣∣∣∣∣∣
i j k
1 0 −2u
0 1 −2v

∣∣∣∣∣∣∣ = 〈2u,−(−2v), 1〉 = 〈2u, 2v, 1〉.

Compute that

∇× F =

∣∣∣∣∣∣∣
i j k
∂x ∂y ∂z
−y x z2

∣∣∣∣∣∣∣
= 〈0− 0,−(0− 0), 1− (−1)〉
= 〈0, 0, 2〉.

Since R = {u2 + v2 ≤ 4} is a disc with radius 2,¨
S

curl F · dS =
¨
R

curl F · (ru × rv) dA

=
¨
R

〈0, 0, 2〉 · 〈2u, 2v, 1〉 dA

=
¨
R

2 dA

= 2 · π · 22

= 8π.
(b) The boundary curve C = {z = 4 − x2 − y2, z = 0} (i.e., x2 + y2 = 4 and z = 0) has a

parametric equation
r(t) = 〈2 cos t, 2 sin t, 0〉 with 0 ≤ t < 2π.

By Stokes’ theorem,¨
S

curl F · dS =
˛
C

F · dr

=
ˆ 2π

0

〈
−y, x, z2

〉
· d〈2 cos t, 2 sin t, 0〉

=
ˆ 2π

0
〈−2 sin t, 2 cos t, 0〉 · 〈−2 sin t, 2 cos t, 0〉 dt

=
ˆ 2π

0

(
4 sin2 t+ 4 cos2 t

)
dt

=
ˆ 2π

0
4 dt

= 8π.
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Topic 4.E. Divergence theorem.

Theorem (Divergence). Let F = 〈f, g, h〉 and D be a region with a boundary surface S. Then‹
S

F · dS =
˚

D

div F dV,

where the divergence div F = ∂xf + ∂yg + ∂zh.

Problem 24. Let S be the boundary surface of the region D = {0 ≤ z ≤ 4− x2 − y2}. Use the
divergence theorem to find the flux‹

S

〈
x3, x2 − z2, 3y2z

〉
· dS.

Answer. The region
D =

{
0 ≤ z ≤ 4− x2 − y2

}
=
{
0 ≤ r ≤ 2, 0 ≤ θ < 2π, 0 ≤ z ≤ 4− r2

}
.

By the divergence theorem,‹
S

〈
x3, x2 − z2, 3y2z

〉
· dS =

˚
D

div
〈
x3, x2 − z2, 3y2z

〉
dV

=
˚

D

[
∂x
(
x3
)

+ ∂y
(
x2 − z2

)
+ ∂z

(
3y2z

)]
dV

=
˚

D

[
3x2 + 3y2

]
dV

=
ˆ 2π

0

ˆ 2

0

ˆ 4−r2

0

[
3r2

]
r dzdrdθ

=
ˆ 2π

0

ˆ 2

0

[
3r3z

]z=4−r2

z=0
drdθ

=
ˆ 2π

0

ˆ 2

0

[
3r3

(
4− r2

)]
drdθ

=
ˆ 2π

0

ˆ 2

0

[
12r3 − 3r5

]
drdθ

=
ˆ 2π

0

[
3r4 − r6

2

]r=2

r=0
dθ

=
ˆ 2π

0
16 dθ

= 32π.

Problem 25. Let S be the surface {x2 + y2 + z2 = 25}. Use the divergence theorem to find the
flux ‹

S

〈2x+ y, y + 2z, 3x− z〉 · dS.

Answer. The surface S is the boundary of the region
D =

{
x2 + y2 + z2 ≤ 25

}
= {0 ≤ ρ ≤ 5, 0 ≤ ϕ ≤ π, 0 ≤ θ < 2π}.
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By the divergence theorem,‹
S

〈2x+ y, y + 2z, 3x− z〉 · dS =
˚

D

div〈2x+ y, y + 2z, 3x− z〉 dV

=
˚

D

[∂x(2x+ y) + ∂y(y + 2z) + ∂z(3x− z)] dV

=
˚

D

[2 + 1− 1] dV

=
ˆ 2π

0

ˆ π

0

ˆ 5

0
2ρ2 sinϕdρdϕdθ

= 2
(ˆ 2π

0
dθ

)(ˆ π

0
sinϕdϕ

)(ˆ 5

0
ρ2 dρ

)

= 2 · 2π · [− cosϕ]ϕ=π
ϕ=0 ·

[
ρ3

3

]ρ=5

ρ=0

= 4π · [− cosπ − (− cos 0)] ·
[

53

3

]

= 4π · [−(−1)− (−1)] · 125
3

= 1000
3 π.
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