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The method of Gor'kov has been applied to derive general expressions for the total potential 
and force on a small spherical object in a resonant chamber in the presence of both acoustic 
and gravitational force fields. The levitation position is also determined in rectangular 
resonators for the simultaneous excitation of up to three acoustic modes, and the results are 
applied to the triple-axis acoustic levitator. The analysis is applied to rectangular, spherical, 
and cylindrical single-mode levitators that are arbitrarily oriented relative to the gravitational 
force field. Criteria are determined for isotropic force fields in rectangular and cylindrical 
resonators. It is demonstrated that an object will be situated within a volume of possible 
levitation positions at a point determined by the relative strength of the acoustic and 
gravitational fields and the orientation of the chamber relative to gravity. Trajectories of an 
object from an arbitrary starting position to a final equilibrium position are also discussed. 
PACS numbers: 43.25.Qp, 43.25.Uv, 43.25.Gf 

INTRODUCTION 

Acoustic forces can be used to position and manipulate 
materials.• NASA is now developing acoustic positioning 
techniques for processing materials in the microgravity envi- 
ronment of space. •'2 In preparation for future space re- 
search, considerable development work on acoustic levita- 
tors is now being carried out in ground-based laboratories 
where both gravitational and acoustic forces are present. 
King 3 was the first to develop a detailed analysis of the 
acoustic force on an incompressible sphere. Yosioka and 
Kawasima 4 extended King's work to include a compressible 
sphere. The early theoretical and experimental work of 
Crum 5 demonstrated the viability of using acoustic and 
gravitational fields to accurately position droplets in a fluid. 
This method was subsequently employed to measure phys- 
ical properties of suspended samples. 6 In a previous paper, 7 
we applied Gor'kov's acoustic potential method 8 for deriv- 
ing forces on a particle in an arbitrary acoustic field to the 
case of standing waves in rectangular, spherical, and cylin- 
drical resonators. Gor'kov's theory was used to determine 
which classes of acoustic modes would uniquely position a 
sample in the interior of the resonator. We have also ex- 
tended Gor'kov's theory to include the effects of a tempera- 
ture gradient within the resonant cavity. 9 

In the present paper, we extend the previous work to 
include the effects of a gravitational field. In Sec. I, expres- 
sions are derived for the total potential and forces for the 
excitation of acoustic modes in rectangular, spherical, and 
cylindrical geometries that are arbitrarily oriented relative 
to gravity. The stable levitation positions within the 
chamber correspond to particular minima of the total poten- 
tial. In Sec. II, the analysis is expanded to include the simul- 
taneous excitation of several acoustic modes. An important 
application of the levitation technique is the triple-axis levi- 
tator m where three orthogonal plane-wave fields are simul- 
taneously excited in a rectangular chamber to uniquely posi- 

tion a sample. By using degenerate orthogonal modes, this 
method can also develop acoustic torques to rotate the sam- 
ple. • 

In general, the acoustic force field associated with a sin- 
gle acoustic mode is anisotropic. Thus the shape of a posi- 
tioned liquid sample will be nonspherical in the presence of 
only one acoustic mode in a zero-g environment. However, 
by including an external force, one can adjust the experimen- 
tal parameters to control the isotropy of the total force field. 
In Sec. III, we have determined the necessary experimental 
conditions to produce an isotropic total force field at the 
position ofa levitated sample for selected modes in rectangu- 
lar and cylindrical chambers. In Sec. IV, the resulting ex- 
pressions for the total potential in various geometries are 
applied to acoustic modes that are ideally suited for levita- 
tion purposes in order to determine the sample levitation 
position and maximum restoring forces. Concluding re- 
marks are given in Sec. V. 

I. THEORY 

A. Definitions and notation 

We shall adopt the following notation for all geometries. 
The total radiation potential Uofan acoustic system in grav- 
ity is the sum of the acoustic potential U• and the gravita- 
tional potential Ug: 

U= Ua •F Ug, (1) 
where 

Ug = (m, - ms)gh = Fgh, (2) 
and rn., is the mass of the sample, m I. is the mass of the fluid 
displaced by the sample, and Fg is the total gravitational 
force. In all cases, the function h depends on the geometric 
coordinates and the angles that specify the orientation of the 
chamber. 

The total force components are obtained t¾om the gradi- 
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ent of the potential F ---- -- grad U. We let 
Fi = Fa, + F v, (3) 

where Fai are the acoustic force components, F• = F• wi are 
the projected gravitational terms, and F• are the resulting 
total force components. The subscript i stands for (x,y,z), 
(r,O,4), and (r,4,z) in the rectangular, spherical, and cylin- 
drical case, respectively. The wi = Oh/Oxi are gravitational 
projection functions that depend on the angular coordinates 
and the orientation angles. 

For convenience, we define the following dimensionless 
quantities adopting the normalization of Ref. 7: 

,b =Pin/(pfCVo), • = Vi•/V o, (4) 

•, = F,/(•R %v]k), •, = F•,/(•R %v•ok), (6) 
where k = w/c and Vo is the •a•icle velocity parameter; i.e., 
v= (vo/k)grad•, with •. a nodal mode of the 
chamber. • The acoustic pressure •., particle velocity 
and potential •, are given in Re[ 7 for rectangular, spheri- 
cal, and cylindrical geometries discussed in this paper. The 
density and sound velocity in the surrounding fluid are given 
by Pr and c, respectively. We also introduce a normalized 
gravitational force given by 
• = Fg/(•R 3pzv]k) = 4(p• --p•)g/<3pfv•k), <7) 
where p• is the density of the spherical sample. 

In Ref. 7, we found it useful to introduce the concept of 
effective restoring force constants • as a measure of the sta- 
bility provided by the potential well in the various directions. 
These constants are equal to eigenvalues of the Hessian ma- 
trix, which consists of the second partial derivatives of U 
with respect to the spatial coordinates, evaluated at the loca- 
tion of the minimum of the pomntial. The normalized dimen- 
sionless restoring force constants are defined by 

•, = • (8) 
where, in rectangular geometry, the spatial coordinates 
are • = kx", ) = ky", and • = kz", in spherical geometry, 
? = k• r", • = 70 ", and • = • sin 0•", and, in cylindrical 
geometry, ? = k•r", $ = ?•", and • = k•z". The double 
prime coordinates refer to the system that diagonalizes the 
Hessian. The wavenumbers are given by 

with 

Ir/•/x 9Tny Ir/•/z 

where the n's and l's are mode numbers (nx%n•) and 
chamber dimensions, respectively, and 

kt • IrYt. 1' o 
where r o is the spherical chamber radius and Yt• is a solution 
of d [ Jt (irY) ]/dy = 0 with Jt being the spherical Bessel 
function of order I and 

+ 
with 

k r: •Ctrnn/a , 
where a is the cylindrical radius and ct,•. is a solution of 
d [Jm (Ira) ]/da= 0, with J., being the Bessel function of 
order m. As we shall see, the gravitational potential //s i_.s 
linear in the 2•, and, consequently, the critical points of U 
will be spatially shifted relative to the critical points of •a, 
however, their type 7 will remain unchanged since 
c92•'/•2• = c92•/c92•, etc. In particular, the minima of •r 
will correspond to the shifted minima of//•. The direction of 
the shift will, of course, depend on the orientation of the 
chamber. As the minima of U are shifted by gravitation, the 
restoring force constants will correspondingly change. 

B. Rectangular geometry 
For rectangular geometry, the gravitational projection 

functions w• used in Eq. (3) are simply the direction cosines; 
thus 

wx=A=cosa, wy=/•=cos/•, w==v=cosy, (9) 
where,; 2 + •t 2 + • = 1 (see Fig. 1 ). The normalized poten- 
tial now becomes 

= - + + vz), 
where • is given 

=-- •[(5)2sin 2 • • cos 2 k•x cos 2 k•y cos 2 k•z -- kxx 3 

k 

The factors • and • are given by 
• = 1 -pw2/p•c•, A = 2(p• --pz)/(2p• +p•), where % is 
the sound velocity in the spherical sample. The tern 
•k(Ax + gy + vz), in •. (10), vanishes on a plane that is 
perpendicular to Fg and passes through the origin. 

The force components are given by 

where 

w = w•e• = Ae• q-/z% q- vez. 
For example, 

(13) 

Y 

-y 

x •a/ 
FIG. 1. Orientation of gravity in rectangular geometry; a,/5', and ?'are the 
angles the gravity vector makes with the x, y, and 2 axis, respectively. 
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X cos2 k•z- (-•)[(-•)sin2kyycos2k•z 
+ (-• ) 2cos: k•y sin2 k•z ] l . (14) 

To obtain •y and •, simply interchange x•-•y and x<-•z, 
respectively, in •. (14). 

C. Spherical geometry 
By choosing • = 0 on a plane through the origin and 

perpendicular to Fg we have 

where 7 is the angle between the gravitational direction 
(• ',•') and any other direction (•,•), as shown in Fig. 2. 
From geometrical considerations, it follows that 

cosy=cosOcosO' +sinOsinO' cos(•-•'). (16) 
The dimensionless acoustic potential •, is given by 7 

I(Ot(• ) (;))2 [p•(•)] •cøsZ m• xt( 
+ [(J'•)•(1 - •2) ]{ [ (1 + 1)gP 7(½) 
- (l-m + 1)P•+ • (½)]• cos2 me 

+ [mP?(g)]2sin2 me}], (17) 
where ½ = • = kt, r and ½ = cos 0. 

The gravitational contributions to the force components 
are given by •g •, where 

FIG. 2. Orientation of gravity in spherical geometry. The angles 0', ½' are 
the spherical azimuthal and polar angles that define the gravity direction. 
The origin of the angles 0 ', ½' depends on the mode of excitation. 

w = wiei = cos Yet + [ - sin 0 cos O' 

+ cos 0sin 0' cos(4 - 4') ]co 

- sin O' sin( 4 - 4')%. (18) 
The corresponding expressions for the Fai are rather in- 
volved and can be found in Appendix C of Ref. 7. 

O. Cylindrical geometry 
Here, we let the sphere of the previous section be en- 

closed by a cylinder, so that the polar axis of the sphere 
coincides with the z axis of the cylinder (see Fig. 3). We then 
have 

r s: x/-2•t •, cos 0 = z/r•: z/(2•i •, 
(19) 

sin • = r/r• = r/•, 
where r and r• are the cylindrical and spherical radial coordi- 
nates, respectively. Substituting Eqs. (19) into Eq. (16), we 
obtain 

cosy=[zcos0'+rsin0'cos(½-½')]/•, (20) 
while •. (15) becomes 

•= •, -- •,kcr , cos T = • -- •akc [z cos 0' 
+ r sin O' c0s(½ -- ½') ]. (21) 

Here, • is given by 7 

--J•+ 

X( 2mJ• (•) (•)) ,' • Jm+l 
4 

FIG. 3. Orientation of gravity in cylindrical geometry. The gravity direc- 
tion is defined by the spherical azimuthal and polar angles O' and 4/. The 
azimuthal angle 0' is referenced to the z axis while the polar angle origin 
depends on the mode of excitation. 

779 J. Acoust. Soc. Am., Vol. 86, No. 2, August 1989 Coilas et aL: Acoustic levitation with gravity 779 

]

+J

2



where Z = k,r. 
Note that we have again chosen the gravitational poten- 

tial to vanish on a plane through z = 0 and perpendicular to 
Fg. The gravitational contributions to the force components 
are given by •gkw, where now 
W = wie i = sin 0' cos(•b -- •')e, -- sin 0' sin(•b -- •')% 

+ cos 0 'ez. (23) 
The corresponding expressions for the •oi may be found in 
Appendix C of Ref. 7. 

II. SIMULTANEOUSLY EXCITED MODES 

In the previous section, we discussed levitators in which 
only one excited mode was necessary to uniquely position an 
object. It is also possible to use several simultaneously excit- 
ed modes to produce the same results. In certain cases, such 
as a triple-axis levitator, the application of many modes leads 
to sample manipulation as well as positioning capabilities. ] 

We will consider here the case where the sample is posi- 
tioned in a resonator in the presence &three simultaneously 
excited modes. In this case, we have for the total pressure 
and particle velocity, 

Pi, = • Pi and V,, = • V, = .•. E•e•, (24) 
i i tJ 

where the subscript i corresponds to the ith excited mode 
and thej corresponds to the three orthogonal directions for 
the given geometry. The total acoustic potential Ura is ob- 
tained by substituting Pi, and Vi, from Eq. (24) into 
Gor'kov's potential expression. 8 Possible degeneracies 
between two or more sound waves are taken into account by 
introducing a phase angle A in the time dependence. 

For illustration purposes, we shall restrict ourselves to 
the rectangular geometry; however, the extension of this 
analysis to spherical or cylindrical geometry is straightfor- 
ward. For a rectangular chamber, we have 
Pi =Pi sin(wit q- Ai) and V,. i = vii cos(wit q- A i), 

(25) 
where 

and 
-- pio cos ki•x cos kiyy cos kaz = - p•opi, (26) 

( ka/k• )V•o sin ki•x cos k•yy cos ki, z = V•ob•, 
( k•y/k• )v•o cos ki•x sin k•yy cos k•z = viob•y, 

% = (ki,/k•)V•o cos k•x cos k•yy sin k•z = Viob•, 
2 2 2~2 V• = Vix q- V• q- Vi• = OioVi, (27) 

where k • = k • + k • + k ,2.• = w,2./c2. 
After carrying out the time averaging of the total pres- 

sure and velocity and using the relation P•o = P•CV•o, we ob- 
tain for the total acoustic potential normalized to the first 
mode: 

3 

•/To=UTo/(•'I'R3•OfU•ø)= E •i q- E •iJ{•ø¾øi cosAij ' 
i= I i<j 

(28a) 
where 

and 
= -' (28b) 

•[•j = (piopjo/p•o ) [2•bi•jf•/3 
-- (IJixlJjx q- •)iylJjy q- VizVjz)A ]. (28C) 

The phase difference A o = A i - •i and •o•j is a Kronecker 
delta. The nomalized potential U• and U•i have been writ- 
ten in terms of acoustic pressure ratios that can easily be 
obtained from experiment. There are three possible cases: 
The nondegenerate case, where w• • w 2, w• • 03, w 2 • w•; the 
mixed case, where, e.g., w• = w2, but w• •w3; and the degen- 
erate case, where Ol = 02 = 

The total potential is •ven by a relation foreally identi- 
cal to •. (10), viz., 

The gravitational terns in the force components are given by 
•g•, with w •ven by •. (13), while the acoustic force 
components are given by •o = -- grad 

The mixed case, which contains two degenerate modes, 
is the most interesting since it corresponds to the triple-axis 
levitator desi• now being used in space studies. For the 
(1•), (010), (•1) orthogonal set of plane wave modes, 
the total acoustic potential is given by 

XP•o / XP•o / 

2 •P•o / •P•o / 
+ (2•/3)(p•o/P•o)cOSklXcOsk•cOSAl•, (30) 

where the wavenumber k 2 = k,. 

III. ISOTROPIC RESTORING FORCES 

The presence of gravity allows us to vary the position of 
a given minimum by changing the sound intensity or the 
chamber orientation. This, in turn, gives rise to the possibil- 
ity of finding a levitation position where, by a suitable choice 
of the aspect ratios of the chamber, we will be able to make 
the restoring force constants equal. Consequently, the re- 
storing forces will be equal (isotropic) provided the sample 
has a reasonably small radius. 

For illustration purposes, we assume that gravity is 
along the z axis of the chamber. We shall examine the cylin- 
drical case first. We will consider a rigid sphere 
(f• =f2 = 1 ) and the modes (Onn•) for simplicity. In the 
absence of gravity, these modes have n• interior minimum 
points along the axis at positions z/l• = m•/2n• with 
m• = 1,3 ..... 2% -- 1. As an example, we will be concerned 
with the minimum at z/l• = I/(2n• ). Since, in this case, the 
off-diagonal Hessian matrix terms are zero and 

•-/ •=o =0, (31) 
we have that 
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Let 

fi= (kz/k,)== [nza/(l•a,,,,) ] 2, (33) 
and 

z/l• = k•z/ ( •n• ). (34) 
Now, equating 

•z (•,Z/Iz ) = •r (•,g/lz ), (35) 
we obtain z/l• =f(•), and k• = •, = F(•). We find 

• = •, = •(2 + 5•) ( 17 -- 4•)/[3( 1 + •)2 
X (160•2 + 84•+ 17)], (36) 

and 
cos2 k•z= 4•(20•+ 11)/(160• 2 + 84•+ 17). 

(37) 

Thus, with • dete•ined by the mode and chamber geome- 
try, one can obtain the levitation position for isotropic re- 
storing force constants and the magnitude of these con- 
stants. 

In the rectangular case, as usual, we let• =f2 = 1 and 
consider the modes (2m• 2myn• ), where m•,my = 0,1,2 ..... 
These modes have minima along the z axis, where the off- 
diagonal Hessian matrix terms are again zero. Thus we have 
x/l, = y/ly = 0.5, and 

k,x = n,t(x/l• ) = 2m•v(x/l• ) = m•t, (38a) 
and, likewise, 

key = my•. (38b) 
We define 

and 

Y=\k•,} \rn•/ \ly/' (39b) 

As in the previous case, 
z/l z = k•z/(•'n• ). (40) 

We first equate 
g;x ( a,y,z/Iz ) = ky ( a,7,z/1 • ). (41) 

This is satisfied with either 7 = 1, or y = y(ct,z/l• ). The case 
7' = l•will not be discussed since the resultant allowable 
equilibrium position range is too restricted and k is extreme- 
ly small. Now, let •5 = cos 2 k•z; thus we can solve for z/lz in 
terms of•5 and write 7' = 7(a,•5). We can use this last relation 
to eliminate y from kx and k•. Finally, the last condition 
k x = k v = k• yields a = a(g), and we have 

k• =• =kz = (5/9)g(1 -- 2•5)(5•5 + 2). (42) 
IV. DISCUSSION 

The lowest-order mode that can position an object with- 
in a rectangular chamber is the (221 ) mode. 7 This mode and 
its permutations (212) and (122) have 32 equilibrium posi- 
tions on the chamber walls and one equilibrium position 
within the chamber at the center (x/Ix =y/ 
1• = z/l• = 0.5 ). In zero gravity, the sample will not move to 
the walls so long as it remains in the acoustic potential well 

surrounding the chamber center. This potential well is not 
isotropic, there being specific directions along which the 
sample can most easily move toward the walls. When a grav- 
itational field is present, the total potential (acoustic plus 
gravitational) will no longer be minimum at the chamber 
center. Since the gravitational force will always move the 
sample toward a wall, the acoustic positioning force must be 
sufficiently large to counteract gravity. This balancing of 
forces is strongly dependent on the chamber orientation rela- 
tive to gravity as well as on the sound-pressure level. In this 
section, we will explore the conditions controlling whether 
the sample remains levifated within the chamber or is forced 
to the chamber walls. 

The effect of gravity on the levitation position for the 
(221) mode is shown in Fig. 4 for the case in which the 
gravitational field vector is downward along the z axis. The 
spatial dependence of the total potential and force is shown 
for three different ratios of gravity force Fs to the maximum 
acoustic force along the z axis F•o (i.e., Fg/F•o ). The acous- 

L4 ! I ! 1. 8 RECTANGULAR (221) MODE 

^ ^ 
g •--.• z 

/ 

• ////,,/.,/,,lb,./ (3.6 

FIG. 4. Position dependence of the total potential and z force for the (221 ) 
rectangular mode in a gravitational field downward along the z axis 
(a = 90',/5' = 90', 7' • 180'). The three curves correspond to different ra- 
tios of the gravity force F• to the maximum acoustic force along the z axis 
F•o: curve a, F•/F•o = 0; curve b, Fs/F•o = 0.5; curve c, F•/F•o = 1.0. As 
this ratio goes between 0 and 1, the sample equilibrium position changes 
between z/l• = 0.5 and 0.25. 
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tic particle velocity associated with a given force ratio can be 
obtained from Eq. (6). For this chamber orientation, the 
maximum acoustic force is at the position z/l, = 0.25. In the 
microgravity environment of space (or on the ground where 
the acoustic forces are much larger than gravity), the acous- 
tic forces will dominate and the total potential and force 
profiles will be those shown by the solid curves in Fig. 4. 
Under these conditions, the sample is positioned at the cen- 
ter of the chamber where the potential is minimum and the 
force is zero. When the acoustic force is reduced in a ground- 
based laboratory so that Fg/Fzo = 0.5, the object is reposi- 
tioned downward to the new minimum in the total potential 
as shown by the variable-dashed curve. Since the gravita- 
tional force is a constant, the total force profile is simply 
shifted downward by an amount equal to the gravitational 
force. The dashed curves correspond to the case where the 
maximum acoustic force Fzo just equals the gravity forc e. 
Now the object is metastably positioned at (z/l•)cq = 0.25 
where the total potential has an inflection point. There will 
be no minimum in the total potential for any further reduc- 
tion of the acoustic force (i.e., Fg/F,o > 1 ) and thus under 
these conditions an object cannot be levitated and will fall to 
the bottom of the chamber. 

New levitation positions within the rectangular 
chamber appear when the chamber, excited by the (221 ) 
mode, is now reoriented so the gravitational field vector is 
downward along the x axis. Figure 5 shows the spatial profile 
of the total potential along the x axis. Now, curve a (solid), 
curve b (variable dashed ), and curve c (dashed) correspond 
to Fs/F,• o = 0, 0.5, and I, respectively. In zero gravity 

0.8 I I I I 

RECTANGULAR (221) MODE c .--- -- j 

0.6- / - 
/ 

/ 

0.4- / - 
•_ / b 

a_ / // 
0.2 / /' _ 

• / .... • ,/ 
i/./' '..._..•/ a 

-0. z l I I I I 
0.0 0.2 0.4 0.6 0.8 Lo 

POSITION x/l 
x 

FIG. 5. The position dependence of the total potential for the (221 ) rectan- 
gular mode in a gravitational field downward along the x axis (a = 180 ø, 
/• = 90 ø, y = 90ø). For solid curve a, F•/F,o = 0 (zero-gravity case), the 
sample equilibrium positions are (x/l x )•q = O, 0.5, or 1.0. For variable- 
dashed curve b, F•/F,o = 0.5 and (x/l•)ca = 0.459 and 0.959. For dashed 
curve c, F•/F•o = 1.0 and (x/Ix),• = 0.375 and 0.875. As the force ratio 
goes between 0 and 1, the sample equilibrium position ranges between 
(x/1,•)• = 0.5 and 0.375 or (x/l,)•q = 1.0 and 0.875. 

(Fs/F•o = 0), there are potential minima at the x walls giv- 
en by x/l• = 0, 1 in addition to the minimum at the mid- 
plane x/l• = 0.5. When the gravitational force becomes 
comparable to the acoustic force, as in the variable-dashed 
curve, the potential minima are again shifted to lower posi- 
tions leading now to two levitation positions within the 
chamber. As the gravitational force becomes equal to the 
acoustic force, the potential curve develops two inflection 
points (metastable levitation positions) at x/l• = 0.375 and 
0.875, as shown by the dashed curve. 

A simple analytic expression for the equilibrium levita- 
tion position for the (221) mode is obtained when gravity is 
directed along a principal axis of the rectangular chamber. 
For this case, the balancing of acoustic and gravitational 
forces requires 

F• = F•/ = F•o sin kix/, (43) 
where F•o is the maximum acoustic force that occurs at posi- 
tions satisfying sin k•x• = 1 and k• = rrn•/l•. Using Eqs. (7) 
and (43), we find 

Fs/F,o = Fg/F,o (44) 
under equilibrium conditions. Now, solvin• •. (43) for the 
equilibrium position x•/l• yields 

xi_ 111 I tan_,/•s•] ' (45) /, 2 •n, k F•o ] J 
The normalized gravitational force •s can be obtained from 
Eq. (7) and 

=[2}•,k/\k}' for i=x ory (46a) 
and 

•io '"•- -JuTT 
Let us now discuss the levitation capabilities of a rectan- 

gular chamber that is gradually being reoriented relative to 
gravity. For example, consider a chamber initially oriented 
with the gravitational field downward along the z axis 
(a = 90 ø,/3 = 90 ø, y = 180') and excited in the (221 ) mode 
at a fixed sound-pressure level (SPL). The chamber is then 
slowly rotated about the y axis by varying the angle a until 
the gravitational field is finally oriented along the x axis 
(a = 180',/3 = 90 ø, y = 90ø). As the chamber orientation 
varies, the y coordinate of the equilibrium position will re- 
main constant aty/ly = 0.5. Figure 6 shows thex and z equi- 
librium coordinates as the orienting angle at is varied from 
90* to 180 ø for three SPLs. The sample will remain levitated 
throughout the reorientation for sufficiently large SPLs 
(curve a, Fg/F•o = 0.5), while, for sufficiently low SPLs 
(curve c, Fg/F• o = 1 ), the sample will fall for a range of a 
values indicated by the vertical arrows. As F,/F•o -• 1, the 
sample will gradually deviate further from the chamber cen- 
ter during the reorientation process. The minimum SPL to 
just remain levitated throughout the orientation range ap- 
proximately corresponds to F•/F•o ----0.98. The chamber 
orientation corresponding to the weakest levitation position 
is at a_• 165 ø. 

When a rectangular chamber is oriented with the direc- 
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O- 4?5 

o- 4•) 

O.425 

0.50 

RECTANGULAR (221l MODE 

! 

/ 
oO 

c 

O- 35 • I , I 
90 }.20 1,50 180 

,,. Ideg) 

FIG. 6. Equilibrium position as a function of chamber orientation about the 
y axis for the (221 ) rectangular mode. For this case,8 = 9&, y = 270' - a, 
and y/!• = 0.5. A gravitational field along the z or x axis corresponds to 
ct = 90' and 180 ø, respectively. The curves correspond to fixed acoustic 
sound-pressure levels equivalent to the arbitrarily chosen force ratios: curve 
a, Fg/F•o = 0.5; curve b, Fg/F•o = 0.965; curve c, Fg/Fxo = 1.0. For larger 
force ratios (low SPL), there are orientation ranges where the acoustic 
force is insufficient to overcome gravity and the sample falls (see arrows). 

tion of gravity along a major axis (x, y, or z), the allowable 
sample levitation range is on the major axis (i.e., along the 
direction of gravity). This situation was illustrated in con- 
nection with Figs. 4 and 5. However, in general, for an arbi- 
trarily oriented chamber, the sample equilibrium position 
will not lie along the 'direction of gravity. An example of this 
case is shown in Fig. 7 for the same chamber discussed in Fig. 
6, but oriented at a = 135 ø. The solid curve defines the al- 
lowable range of equilibrium positions (x/Ix,z/l:). The 
dashed line defines the direction of gravity. For zero gravity 
conditions (Fs/Foi = 0), the equilibrium position is at the 
chamber center (x?!• = 0.5, z/l z: 0.5). As the force ratio 
is increased, the equilibrium position moves below the center 
and gradually deviates from the direction of gravity until 
levitation can no longer be maintained. 

This phenomenon can be understood from a considera- 
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0.•0 0.42 0.44 0.46 0.48 0.50 
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FIO. 7. Equilibrium range for the (22{) rcciangular mode in a chamfer 
oricnied b•twcen the z and x axes (• = 135 ø, • = 90', • = 135ø). ]'he solid 
curve is allowable levitation range. The dashed line is the direction of gravi- 
ty. In the earth's gravitational field, the sample is never positioned along the 
gravity field directionß 

tion of the forces on a sample that is along the gravity direc- 
tion. In general, for an arbitrary chamber orientation, this 
sample will experience some acoustic force components that 
are not along the gravity direction. The sample will move off 
the gravity direction until it reaches a position where all the 
total force components become zero. 

In practical experimental levitation studies, a sample is 
generally released from a position that is not necessarily the 
ultimate equilibrium position. The sample will then follow a 
trajectory to the nearest equilibrium position that depends 
on the mode of excitation, starting position, and the ratio of 
the gravitational to acoustic forces. We have developed com- 
puter programs to determine the equilibrium trajectory for 
rectangular and cylindrical levitators. Figure 8 shows the 
equilibrium trajectory for a sample released at position 
x/Ix =y/l v = 0.4, and z/lz = 0.5 in a rectangular chamber 
excited in the (221 ) mode, the lowest-order mode to position 
a sample within the chamber. The various curves represent 
different SPLs (force ratios) for the chamber oriented with 
gravity downward along the z axis. Since there is no gravita- 
tional force component along the x or y directions, the sam- 
ple trajectory along these directions is unaffected by varying 
the SPL (force ratio), and the final x, y equilibrium coordi- 
nates will always be x/Ix = y/!y = 0.5. However, the trajec- 
tory and final equilibrium position along the z direction is 
strongly dependent on the SPL. In the zero-gravity case, the 
z coordinate will remain unchanged at z/lz = 0.5 (curve a). 
As the SPL decreases (increasing force ratio), the z coordi- 
nate of the trajectory initially decreases beyond its final equi- 
librium z position before homing into this final value. For 
SPLs below a cutoff value corresponding to Fg/F•o = 0.57, 
the sample will be unable to remain levirated and it will fall 
to the nearest equilibrium position for this mode at the bot- 
tom of the chamber. 
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FIG. 9. Position dependence of the total potential and radial force for the 
(102) cylindrical mode. The equilibrium position in zero gravity, 
= 0, is at the chamber center r/a = O, z/L = 0.5. These curves correspond 
to F,/F,o = i for the gravitational field along the directions • = 0, 45 ø, and 
90'. The inflection point in the total potential determines the maximum 
equilibrium position for each orientation; i.e., (r/a),,•: = 0.493, 0.516, and 
0.808 for • = 0, 45 ø, and 90 ø, respectively. 

For cylindrical geometry, the x and y axes are trans- 
formed into r and • axes. An important levitation mode in a 
cylindrical chamber is the (102) mode, which positions an 
object at the chamber center (r/a ---- O, z/l: = 0.5) in zero 
gravity. To illustrate the effects of gravity in this geometry, 
we show in Fig. 9 the total potential and radial force for the 
(102) mode with the gravitational field along the radial di- 
rection for • = 0, 45', and 90'. In each case, the curves corre- 
spond to the minimum acoustic force necessary to just levi- 
tate the object (i.e., Fg/F,o = 1 ). The inflection point for 
each total potential curve corresponds to the maximum radi- 
al equilibrium position along that • direction. These equilib- 
rium positions correspond to (r/a)rm• ---- 0.493, 0.516, and 
0.808 for q• ---- 0, 45 ø, and 90 •, respectively. As the acoustic 
force is gradually increased above its minimum value, the 
equilibrium position will gradually approach the zero-gravi- 
ty value, r/a --- O. The radial force curves show that the re- 

storing force is maximum for • = 0 and is gradually reduced 
as • approaches 90 •, where it is asymmetric and very weak. 

It is clear from this figure that, as the cylindrical 
chamber is reoriented relative to gravity by rotation about 
the z axis, a minimum levitation surface will be generated. 
This surface will not be a circle since (r/a),,a, varies with •. 
The actual shape of this surface can be determined from the 
maximum radial force and position as a function of q•, as 
shown in Fig. 10. 

If the cylinder were oriented with the gravitational field 
downward along the z axis, the allowable levitation range is 
0.25•z/1:•0.5. For this orientation, the equilibrium posi- 
tion and maximum acoustic force F•, can be determined 
from Eqs. (44) and (46) with x• ---- z. If the cylinder were 
now turned 180 ø so the positive z axis is downward along the 
gravitational direction, the allowable levitation range would 
be 0.5•z/l• •0.75. We can carry this idea one step further 
and obtain the position of the maximum acoustic restoring 
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FIG. 10. Maximum acoustic force F, and position r/a as a function of 4 in 
midplane z/l 2 = 0.5 for (102) cylindrical mode. The position of the maxi- 
mum acoustic restoring force, along all chamber orientations, determines 
the contour of the allowable equilibrium levitation volume in the presence 
of gravity. 

force along all chamber orientations 0 and •, which could 
then be used to determine a volume of possible equilibrium 
levitation points for the (102) mode in a gravitational field. 
This process can be used for any levitation mode in any ge- 
ometry to determine the size of the levitation volume in grav- 
ity, which is in contrast to a unique levitation point in zero 
gravity. 

When more than one acoustic mode is used to levitate an 
object, the total acoustic potential can be determined by the 
superposition of the individual potentials associated with 
each excited mode as presented in Sec. II. An important 
example of this concept is the triple-axis levitator that re- 
quires the excitation of three orthogonal plane-wave modes 
in a rectangular chamber. • These modes position an object at 
the center of the chamber. This design concept was used in 
the acoustic containerless experimental system (ACES) 
that was flown on the Space Shuttle. 23 The ACES chamber 
had a square cross section that led to a degeneracy in the x 
and y plane-wave modes. Thus the ACES chamber is an ex- 
ample of the mixed case discussed in Sec. II. This degeneracy 
allowed both modes to be excited by a common oscillator 
and to have a relative phase difference. This phase difference 

• xy ß Oø (a) 

•Ta 0 
OTa 

FIG. 11. Hidden line plots of the total acoustic potential for the ACES tri- 
ple-axis levitator for the case of zero gravity. This plot corresponds to the 
plane z/l 2 = 0.5. (a) •v = 0 ø nonrotation case. (b) • = 90 ø maximum 
rotation case. The •y = 90 ø case has fourfold symmetry while the 4% = 0ø 
case has only twofold symmetry with the steepest potential wells along the 
diagonals. 

was shown to produce torques on the levitated sample that 
lead to rotation about the z axis. • No torque is produced 
with a phase difference of 0 ø or 180 ø. 

It is of interest to understand the effects of a phase differ- 
ence on the total potential and thus on the translational sta- 
bility of the rotating or nonrotating sample in a zero gravity 
or ground-based environment. The hidden line plots of the 
total potential in Fig. 11 illustrate the effects of the phase 
difference between the degenerate modes of the ACES triple- 
axis levitator in a zero-gravity environment on the plane z/l z 
= 0.5. The ACES levitator had chamber aspect ratios of 
lx/l v = 1 and l•,/l z = 0.91. Figure 11 (a) and 11 (b) shows 
the total potential for phase difference •b•y = 0 ø, and 90 ø, re- 
spectively, for equal sound-pressure levels for each mode. At 
0 ø phase difference (nonrotation case), the total potential 
minimum at the center of the chamber is asymmetric, which 
implies that the acoustic force field on the sample is aniso- 
tropic. At 90 ø phase difference (rotation case), the total po- 
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tential becomes more symmetric and thus the acoustic forces 
become stronger and more isotropic. It is interesting to note 
that the shape of the total potential in the z/l: --- 0.5 plane for 
the nondegenerate case (l• :•ly-•l z ) is equivalent to the 
mixed case (lx = ly •:Iz ) with the phase difference of 90 ø 
shown in Fig. 11 (b). 

Figure 12 shows hidden line plots of the total potential 
on the plane z/l• = 0.5 for the ACES triple-axis levitator 
oriented with the x axis along the 1-g gravitational field and 
with each mode excited at the same sound-pressure level. 
Figure 12(a) and (b) corresponds to phase differences 4xy 
= 0 ø and 90 ø, respectively, for the case of the minimum 
acoustic force needed to just levitate the sample (Fg/Fxo 
= 1 ). For this condition, the minimum in the total potential 
in this plane occurs atx/l, = 0.25, andy/ly = 0.5. Again, at 
90* phase difference (rotation case), the total potential near 
the minimum becomes steeper and more symmetric than the 
0 ø phase difference case. 

As more powerful acoustic drivers are developed, 

FIG. 12. Hidden line plots of the total potential in the levitation plane z/l• 
= 0.5 for the ACES triple-axis levitator oriented with gravity downward 

along the x axis. These surfaces are for the minimum acoustic force needed 
to just levitate the sample (Fe/F,o = 1 ). (a) &• = 0 ø nonrotation case. (b) 
• = 90 ø maximum rotation case. 

acoustic levitators are being used more for containerless pro- 
cessing studies in ground-based laboratories. For many con- 
tainerless experiments, it will be important to control the 
acoustic force anisotropy that can affect the shape of a liquid 
sample. TM In Sec. III, we determined some experimental con- 
ditions needed to obtain an isotropic force field at the posi- 
tion of the levitated sample. We have applied these condi- 
tions to the case of a cylindrical chamber oriented with the z 
axis along gravity and excited in the (011 ) mode. For this 
orientation, the levitation range for the (011) mode is 
0.25 <z/l: •0.5. In Fig. 13, we show the sample equilibrium 
position dependence on chamber aspect ratio a/l: and re- 
storing force constant •c for an isotropic total force field. The 
normalized isotropic force constant is zero at the end points 
of the levitation range and reaches a maximum of 0.093 at 
position z/l• = 0.28 where the required aspect ratio is a/l• 
= 0.776. 

We have also applied the isotropic force field conditions 
to a (221) mode in a rectangular chamber where the z axis 
was along the gravitational direction. The levitation range of 
the (221) mode for this orientation is 0.25•z/l•0.5. The 
requirements for force isotropy are shown in Fig. 14 for the 
chamber aspect ratios l•/ly and l• l: and the normalized iso- 
tropic force constant. The rectangular (221) mode and the 
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FIG. 13. Position dependence of the chamber aspec( ratio and restoring 
force constant for an isotropic total force field in the cylindrical (011 ) 
mode. The maximum isotropic restoring force constant occurs at z/l, 
: 0.282 for an aspect ratio a/l,: 0.776. 
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FIG. 14. Position dependence of the chamber aspect ratios and restoring 
force constant for an isotropic total force field in the (221) rectangular 
mode. The maximum isotropic restoring force constant occurs at z/L 
= 0.321 for lx/lj, = 0.673 and ix/l, = 2.36. 

cylindrical (011) mode have similar acoustic levitation 
properties as can be seen by comparing the dependence of the 
equilibrium position for 1,,/lz and •c in Fig. 14 to a/lz and •c in 
Fig. 13. In the case of the (221) rectangular mode, the nor- 
malized isotropic force constant reaches a maximum of 0.23, 
where the required chamber aspect ratios are 1,,/1•, = 0.673 
and l;,/lz = 2.36. 

¾. CONCLUSION 

In conclusion, we have developed general expressions 
for acoustic levitation in the presence of a gravitational field 
for arbitrarily oriented rectangular, spherical, and cylindri- 
cal chambers. Examples of the effects of gravity were pre- 
sented for levitation modes in rectangular and cylindrical 
chambers with particular emphasis on the triple-axis levita- 
tor concept used in the design of the ACES space module. 

For arbitrarily oriented chambers, the presence of gravity 
leads to sample positioning within a "levitation" volume 
that surrounds the unique sample position associated with 
acoustic forces only. The sample position within this levita- 
tion volume is determined by the chamber orientation and 
the ratio of the gravitational to acoustic force. The ability to 
vary the position of the levitated sample provides a method 
for adjusting the total force field anisotropy and thus the 
sample shape. We have determined the experimental condi- 
tions required for obtaining an isotropic total force field at 
the position of a small levitated sample for the (221) rectan- 
gular and (011 ) cylindrical levitation modes. 

The approach used in this paper of summing the acous- 
tic and gravitational potentials to obtain the total potential 
can also be applied to other fields having a potential. The 
extension of the present work to include the simultaneous 
excitation of acoustic and electrostatic or acoustic and elec- 

tromagnetic force fields may lead to interesting hybrid posi- 
tioning techniques for use in future microgravity materials 
processing programs. 
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