
LETTERE AL NUOVO C~MENTO VOL. 21, N. 2 14 Gennaio 1978 

Simple Tests for Proposed Interior Kerr Metrics. 

P. COLLAS 

Department o] Physics and Astronomy 
Cali]ornia State University - Northridge, Cal. 91330 

(r ieevuto il 24 Agosto t977;  manoscr i t to  revis ionato  r icevuto  il 21 Novembre  1977) 

An ex t r eme ly  impor t an t  p roblem in astrophysics is t ha t  of obta ining a met r ic  for 
the  in te r ior  of a ro ta t ing  body.  This is, for example,  necessary for the  descript ion of 
the  g rav i t a t iona l  field (along wi th  pressure and energy dens i ty  ) inside a ro ta t ing  star.  
A special  case of in teres t  is to seek a physical, s ta t ionary  and ax issymmetr ic  solut ion 
which can be m a t c h e d - - m o r e  or less smooth ly  (~)--to the  Ker r  (exterior) solut ion and 
which describes a ro ta t ing  per]eel or nonper]ect (anisotropic pressure) fluid. Al though  
s t ra igh t forward  in principle,  the  problem is ve ry  difficult (2). 

HERNANDEZ (i) out l ined a m e t h o d  for cons t ruc t ing  exact in ter ior  solut ion which 
might  serve as sources for the  Ker r  met r ic ;  he la ter  (3) r e fo rmula ted  his me thod  mak ing  
use of Boyer -Lindquis t  co-ordinates  (4) and proposed a solution.  Briefly, the  Hernandez  
method  consists of guessing cer ta in  a rb i t ra ry  funct ions  which appear  in a general iza-  
t ion of t he  Kerr  met r ic ;  the  guessed metr ic  matches  the  Ker r  metr ic  on a sui table  
surface (5) and,  in the  l imi t  of no ro ta t ion ,  goes in to  the  in te r ior  Schwarzschi]d solution.  
Other  general izat ions  of the  Ker r  met r ic  which do no t  have  the  in ter ior  Schwarzschild 
as a l imi t ing  case may,  of course, be wr i t ten  and examined  (5.~). 

Ul t ima te ly ,  one must  calcula te  the  physical  components  of the stress-energy tensor  
in a loca l ly  nonro ta t ing  f rame (LNRF)  (7) to find out  whe ther  one is deal ing wi th  a 
physical ly  meaningfu l  fluid. This  calculat ion is ve ry  tedious  even wi th  the  aid of 
a computer .  

In  this  note  we wish to po in t  out  s imple tests  which enable  one to inves t iga te  and 
if necessary discard bad metr ics  w i thou t  any  loss of t ime.  This method  consists of 

(~) For  the  precise condit ions,  see, ~V. C. ]-IER,N'ANDEZ jr . :  Phys. Rev., 159, 1070 (1967). 
(~) J .  B, HARTLE: Aslrophys. Journ., 150, 1005 (1967) g ives  t h e  componen t s  of the  Ricci  t ensor  in  
his  append ix .  
(a) W. C. HERNANDEZ ir . :  Phys. Rev., 167, 1180 (1968). 
(4) t~. H.  ]3OYER a n d  R. LINDQUIST: Journ. 3lath. Phys., 8, 265 (1967). 
(a) A. KR~,SINSKI: In s t i t u t e  of As t ronomy ,  Polish A c a d e m y  of Sciences p rep r in t  No. 63, W'arsaw 
(May 1976), has  shown t h a t  the sur face  of a source of the  K e r r  m e t r i c  should be g iven  by  r = eonst  
ill Boyer=Liquis t  co-ordinates .  
(0) P. COI,LAS and  J. K.  LAWRENCE: General Relativity and Gravitation, 7, 715 (1976). 
(7) J.  ~V~. BARDEEN: Astrophys. Journ., 162, 71 (1970), sect. 6, a n d  appendices  A, B, and  C ; J . M .  BARDEEN 
and  R. V. ~VAGONER: Astrophys. Journ., 167, 359 (1971), sect. 2 a n d  9; J.  M. BARDEEX, ~vV. H. PRESS 
a n d  S. A_, TEUKOLSKu Astrophys. Journ., 17g, 347 (1972), sect,  3. 
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e x a m i n i n g  %he b e h a v i o r  of t h e  r ed - sh i f t  obse rved  a t  in f in i ty  for  p h o t o n s  e m i t t e d  in an  
L N R F  as t h i s  f r a m e  approaches  t he  cen te r  of s y m m e t r y  f rom dif ferent  d i rect ions .  
L N R F  are  def ined so as to  cancel  out ,  as m u c h  as possible,  t he  f r a m e - d r a g g i n g  effects 
due  to  mass '  r o t a t i o n ,  a n d  c o n s e q u e n t l y  phys i ca l  processes  a n a l y s e d  in such  f r ames  
a p p e a r  fa r  s imple r  t h a n  in  o the r  k i n d s  of co -o rd ina te  f rames .  As can  be  seen in  the  
examples  be low s ingular i t ies ,  e v e n t  hor izons ,  a n d  o the r  anoma l i e s  show up readi ly .  

Consider  t h e  stationary a n d  axissymmetric l ine  e l emen t  

(1) ds 2 = - -  exp  [2v] dt 2 + exp [2~p](d(p - -  o9 dt)`' + exp [2/t`'] dr" + exp  [2tt3] dO:,  

where  t h e  f ive m e t r i c  func t ions  v, % ~,  #~ a n d  #~ depend  on ly  on r a n d  0. In  add i t ion ,  
t h e  me t r i c  is a s s u m e d  to be asymptotically fiat; t h u s  a t  s p a t i a l  i n f in i ty  v, r and  it: m u s t  
van i sh .  I t  is easy  to show (~) t h a t  t h e  red-sh i f t  observed  a t  in f in i ty  for  p h o t o n s  e m i t t e d  
in  a n  L N R F  a t  (r, 0) is g iven  b y  

z =  exp  [ - -v ]  (1 - -  a ) L ~ - -  1 , (2) 

where  L is t h e  p h o t o n ' s  c o m p o n e n t  of a n g u l a r  m o m e n t u m  para l l e l  to  t he  s y m m e t r y  
axis  a n d  E is t he  p h o t o n ' s  ene rgy  (bo th  conserved  a long  nu l l  geodesics ) (s). F u r t h e r -  
more ,  (o is t h e  a n g u l a r  ve loc i ty  of t h e  L N R F  as seen f rom inf in i ty ,  whi le  v can  be  con- 
s idered t he  generM-re la t iv i s t i c  g r a v i t a t i o n a l  p o t e n t i a l  (~). 

Example  I .  The Kerr metric. - L e t  us  consider  the  we l l -known  ease of t h e  Ke r r  
me t r i c  in  B o y e r - L i n d q u i s t  (4) co-ord ina tes  

A - -  a`' s in a 0 @ '̀ B sin ~- 0 
(3) ds:  @2 dt`' + ~ dr  2 + @2 dO 2 § ._ @`' 

where  

(4) 
f ~ = r 2 ~-- 2mr 4- a 2 , 

@2 = r2_~  a 2cOs ~ 0 ,  

B = 0 ̀2 + a2):- -a~A sin20 . 

4amr sin e 0 
d~v: d~v d t ,  @2 

In  th i s  case eq. (2) for t he  red-sh i f t  is 

(5) 

W h e n  a 2 < m  2 t h e  l a rge r  of t he  roo ts  of A = O ,  r + = m - ~  (m` ' - -a2)   89 is a n  even t  
hor i zon  (z-> oo). The  v a n i s h i n g  of @ '̀ for  0 = zt/2, r =  0, gives us t he  r ing  s ingula- ,  
r i t y  (4). The  f u n c t i o n  B is pos i t ive  in  t he  phys ica l  r ange  of t h e  va r i ab le s  excep t  a t  
0 = ~t/2, r = 0, whe re  i t  van i shes  l inea r ly ,  a n d  therefore  i t  does n o t  affect  z. Tile sta-  
t i o n a r y  l im i t  su r face  does n o t  a p p e a r  in  eq. (5) s ince i t  is n o t  a n  e v e n t  ho r i zon  for  
our  pho tons .  

(8) Note t h a t  s ince tlle ene rgy  of a phys ica l  par t ic le  m u s t  a lways  be posi t ive  as m e a s u r e d  by the  L N R F  
observer ,  we m u s t  r equ i re  E--o)L > 0; for the  or igin  of th is  condit ion see the  second of ref. (7). 
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W h e n  a ~ > m s, A ~ 0 in  t he  phys ica l  r ange  of t he  va r iab les ,  a n d  so there  is no  e v e n t  
hor izon .  W e  h a v e  a n a k e d  s ingu la r i ty ,  a n d  the  r ed - sh i f t  a t  r ~ 0 is d i s con t inuous  
w i t h  r e spec t  to  t he  ang le ;  e.g., for  L = 0 p h o t o n s  

z 0=g/s--> c~ , Z 0#~/s  = 0 . 
',r=O Ir=O 

Example  I I .  Hogan's metric. - HOGAN (9) proposed  a n  in t e r io r  K e r r  so lu t ion  which ,  
in  B o y e r - L i n d q u i s t  co-ord ina tes ,  is g iven  b y  

(6) d s 2 =  - - d r 2 +  (1 - - / ) ( d t  -k as inS 0d~0) 2 -k ( r S +  aS) sinS0d~2 + (02/Z) drS + 0 2 d 0 2  , 

where  0 ~ is g iven  b y  eq. (4), 

Z = r S - - q  R2 0eq - a 2 , ] = ( ~ % / 1 - - q b ~ - -  8 9  R = oS/r, 

b is ~ c o n s t a n t ,  q = 2m/b 3 a n d  b > 2m. L ine  e l e m e n t  (6) m a t c h e s  c o n t i n u o u s l y  to (3) 
on  t he  closed 2-surface 

V ~ = 7 1 +  1 bz ] ,  

where  

( b / 2 )  2 > m s > a  s . 

Moreover  for  a = 0 i t  becomes  t h e  i n t e r io r  Schwarzsch i ld  so lu t ion  for  ~ homogeneous  
sphere  of pe r fec t  fluid of r ad ius  b. 

U n f o r t u n a t e l y  i t  is easy  to see t h a t  l ine  e l em en t  (6) becomes  complex  in t he  phys i ca l  
r ange  of t h e  var iables .  The  f u n c t i o n  ] can  be  r e w r i t t e n  as fol lows:  

F 1 I qm m(r ~ ~- a s cos s 0) s 
(7) ] = -~ [ 5 -  b bar s 

_ 3 ~ ( l _ ~ ) ( 1 2 m ( r S ~ a S c ~  
b3rs ]j  

The  t e r m  - - 2 m a  4cos 40/(bar 2) in  t he  square  roo t  wil l  grow, for  0 ~ ~/2, as r -> 0 
a n d  f wi l l  become  complex.  The  red-sh i f t  (we c o n s i d e r / 5  = 0 p h o t o n s  for  s impl ic i ty)  
is g iven  b y  

z =  [rS@aS~-(1- - ] )aSs insO]  89  1 
0 s ] + a 2 sin s 0 

and ,  l ikewise,  becomes  complex  (it is i n t e r e s t i n g  t h a t  for  0 = ~/2, z is w e l l - b e h a v e d  
a l l  t h e  way  to  r 0). 

Example  I I I .  Another interior Kerr metric. Consider  t he  l ine e l emen t  (again  in 
B o y e r - L i n d q u i s t  co-ord ina tes)  

02 B sin 20 4a]o sin 20 (8) ds  2 --  A~ - -  a2 sin20 dt-" -k dr  s q- 02 d02 q- - - -  d~v 2 d~0 d t ,  
02 ~ 02 0 s 

(~) P.  A. HO(~A.X: Lett. Nuovo Cimento, 16, 33 (1976). 
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where ~ is g iven  by  eq. (4), and 

(9) 

A i = r2 -~- a2 - -  2 ] i ,  

B = (r 2 + a 2 ) 2 - - a 2 A o s i n ~ O ,  

1 . . . . .  ro1  r o  ' 

m r  4 

/ 1 -  r~" 

i ~ 0 , 1 ,  

We requi re  t h a t  r o > qm/4 .  Line  e lement  (8) is a sl ight  genera l iza t ion  of the  line 
a lement  inves t iga ted  by LAWREt~CE and the  au thor  (~); i t  matches  cont inuous ly  the  
Kerr met r ic  (3) on the  ell ipsoid r :  % (5) since 

/i(ro) = m r o ,  i =  0, 1 

and 

]-]0 = m  
d T  r=ro  

(in fact  i t  satisfies Hernandez '  con t inu i ty  condit ions (1)). F u r t h e r m o r e  l ine e lement  (8) 
for a = 0 becomes ~he in ter ior  Schwarzschi ld solut ion for a sphere of radius r o. 

The  red-shif t  (again L = 0 for s implici ty)  is now given by  

V B (10) z =  ~o  1. 

In  this case A o > 0, and B~> 0 in the  physical  range of the  var iab les ;  B vanishes 
only at  0 = z/2,  r = 0, where,  now, i t  vanishes quadra t ica l ly  and again i t  does not  
affect z. Therefore  there  is no even t  horizon.  The ring s ingular i ty  at  ~2= 0 is still  
there,  unfor tuna te ly ,  and gives rise to finite red-shif t  at  r ~ 0, bu t  discontinuous in 0: 

/ 
(11) z o~nt2 = 0 , z o=nt2 = V 1  + 2~z-- 1 , 

r=o Jr=o 

where 

( / 7o 1+  4 r ro ] 

One may,  of course, choose a different ]0; for example  in ]o wi th  the  p roper ty  ]o = O(re) 
as r ~ 0 ,  c > 2 ,  would  make  z = 0  at  r = 0  and continuous.  However ,  tha t  does not  
e l iminate  the  t rouble .  This  is because z(r ,  O) for any given r, 0 m u s t  ei ther depend  on  
the p a r a m e t e r  a, or, o therwise ,  be equal  to the nonro ta t ing  l im i t  z at  that  po in t .  For  the  
present  case the  nonro ta t ing  l imi t  is the  in ter ior  Schwarzschi ld metr ic ,  and we 
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ob ta in  

zl~=o = 1 ,  

3 1 - - - - - - 1  
ro 

which  is posi t ive  definite (and becomes infini te  for r o = qm/4 as expected) .  
HERNA~DEZ (8) gives an example  of an in te r ior  Ker r  met r ic  which  for sufficiently 

smal l  a n g u l a r - m o m e n t u m  p a r a m e t e r  a has only a co-ord ina te  s ingular i ty  a long the  
s y m m e t r y  axis  (0 = 0). I t  can be shown t h a t  th is  s ingu la r i ty  arises from the  van i sh ing  
of g ~  ~ exp [2V~]. The c i rcumference  of a circle a round  t h e  axis of s y m m e t r y  as meas-  
ured  in a L N R F  is (7) 2~(g~) 89 ~ 2~ exp [9] ~ 2~r sin 0 exp [~(r, 0)], and  therefore  we 
see t h a t  i t  is expec ted  to van i sh  a t  0 = 0. 

In  conclusion,  we would  like to  emphasize  t h a t  these  tes ts  can  be appl ied  to any 
met r i c  of the  form (1) which  is asymptotically ]fat. 

I am gra tefu l  to J .  K. LAWRENCE for s t imu la t ing  and  helpful  discussions.  
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