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Abstra ct. We show in this paper that if every closed 1-form dened on a
domain of R?2 is exact then such a domain is simply connected. We also show
that this result doesnot hold in dimensions 3 and 4.

1. Intr oduction

It is well known that every closed1-form de ned on a simply connecteddomain
- of R" is exact (see Section 2 for the de nitions). This statemert posesthe
following question: Supmse we have a domain - of R" with the property that
every 1-closa form is exact. Is this domains simply connected? We answer this
question in the atrmativ e for n = 2 and give counterexamplesfor n = 3;4.

The paper is organized as follows: Section 2 cortains some de nitions and
results that will be usedin the later sections,section 3 provesthe casefor n = 2,
section 4 de nes the Real Projective Plane that will be usedto construct the
counterexample for n = 4 and sections5 and 6 preser the counterexamples for
casesn = 4 and n = 3 respectively.

2. Background: 1- Forms on Simply Connected Domains

We start this section by recalling somede nitions of multiv ariable calculus.

Let - be a domain of R", that is, a path connected open set of R". Let
f :- %R" ! R bea smwmth function, that is, a function whose all partial
derivativesof all orders are cortinuous.

The gradient of f is de ned as

(@ ... @,
r(f)_ (@l,'”,@n),
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by

@ @
dgWv)=r (f)ev= —v; + ¢+ —v,:
(v)=r(f) o .
Obsene that if we denote by x; the projection map
xi:R"I' R
given by (x1;:::;Xn) 7! X;, we have

r(xj)=(0;:::;1;:::;0) ) dx;(v) = v;:
It then follows that
1) d(v) = %dxl(v) + ¢Ce+ %dxn (v):

We know that for eat point p2 -, d and the dx;'s are linear maps from R"
to R, that is, they are elemeris of the dual space(R")". Therefore equation (1)
shaws that, aselemeris of (R")", d is written asthe linear combination

@ @
d = —dx; + ¢+
@

dxp:
n

This motivates the following de nition.

De nition 2.1. A di®erential 1-form ! de ned on a domain - is a map that to
each point p2 - assigns! (p) 2 (R")" given by

L(p) = ar(p)dxy + ¢CC+ an (p)dxn;
suchthat eacha; : - 2R" ! R is a smaoth function.

Example The 1-form

Yy X

b= x2+y2dX+ x2+y2dy

dened on- = R?j (0;0).
De nition 2.2. A di®erential 1-form ! de ned on a domain - is said to be closed
if

@(p) = @(p); 8i;j and 8x2-:

@ i

We say that a di®erential 1-form ! is exact if there exists a smaoth function
f:- 1 R suchthat! = d.
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Prop osition 2.3. The following are equivalent:
1) R is exactin a connected open set -
2) R dependsonly on the end points of ¢ for all ¢ % -

3) ! =0, for all closal curvesc¥z-

This is a standard result on di®erertial 1-forms, the reader can nd the proof
in seweral textb ooks, for instance [1].

Recall that the Theorem of Schwarz states that if f is smooth then

@f _ @f .

@ @6
Since

@ @

d = —dxq + ¢+ ——dx;;
@ @,

n

that is, a = @ =@, we concludethat exactimplies closel.
The corverseof the last result is not true aswe will show in the next example.

Example 2.4. Let us consider the di®erential 1-form

.Y X
b= x2+y2dX+ x2+y2dy

de ned before. We claim that ! is is closal but is not a exact 1-form. In fact, let
° be a closal curve suchthat

°: (02 ! R?2
H 7! (cogysiny)
Computing the line integral,

Z Z
| = rdxt
A elx2+y2X x2+y2y
2Ys H
= i SN (j sinp)dt + cosp (cospdt

N sinu2 + cosp? sinp2 + cosi?
2Ya

dt

0
2Y4

R
Since . ! 6 0,! is not exact.



?

4 PATRICIA R. CIRILO Y, JOSE REGIS AV. FILHO Z, SHARON M. LUTZ

On oder hand, if we computed! we have

d = dA™dx+ dB " dy;

where,
A= )(2}:4)/2 and B = x24)r(7y2:
da = (%dx+ %dy)" dx + (%dx+ %dy)" dy
= %dy" dx + %dx" dy
= i%dx"dy+ %dx"dy
= (9 + 2y~ dy
= 0

Thus ! is a closal 1-form but is not exact.

We note herethat for domainsof R" with somespecialtopological property, the
corverseis true, namely, closedimplies exact. We explain next such a topological

property.

De nition 2.5. Let us consider the closal and bounded interval | = [0;1]. A path
in R" is a continous mapa: | ! R". The path is called a loop if it is close,
that is, a(0) = a(1) and if it doesnot intersect itself.

We say that aloop a is homotopicto a point p if it is homotopic to the constant
path c(t) = p for all t 2 [0; 1].

De nition 2.6. Two closa pathsa;b: 1! X, with a(0) = a(1) = xo 2 X, are
said to be homotopic (denoted bya' b) if thereis a continuousmapH :1£1 ! X
such that

H(t;0)= a(t); H(t;1) = b(t); H(O;s) = H(1;s) = xo 8s;t 21
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a(t)

Intuitively, a homotopyis a continuous deformation that starts in a stage0 (with
a(t)) and endsin the stagel (with b(t)). During this deformation, the end points
a(0) = b0) = a(1) = b(1) remain xed.

Prop osition 2.7. Letbea;b: 1! - % R". Ifa' bandf :- ! R"isa
continuous function, thenf (a) ' f (b).

Lemma 2.8. The relation a' bis an equivalene relation.

The proof of this result can be found in all texthooks on the subject. We call
the reader's attention that the main point is to show the transitivity property of
the relation, namely, if a' bandc' dthenac' bd wher acis also a loop
parametrized as follows

2
_a(2) 0-t- 1=2
A= ot 1=2- t- 1

De nition  2.9. The fundamertal group of a set X with respects to a basemint
Xo, denotel by ¥4 (X ;Xg), is the group formed by the set of equivalene@ classesof
all loops, i.e., paths with initial and nal points at the basewint xg, under the
equivalene relation of homotopy.

Since ¥4 (X ;Xo) is a group it hasan identity element, which is the homotopy class
of the constant path at the basemint Xo.

If xo and x; are on the same connected by path component of X then the group
Y4 (X; Xo) is isomorphic to the group ¥4 (X;x1). In other words, if ® 2 Y4 (X ;X1)
there exists a correspndent element, that is °®°i 1, in ¥ (X;X,). The intuitive
ideia comesfrom the picture below.

3. The Theorem for n= 2

As mentioned in the intr oduction, for domains of R? we have the following
theorem.
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a =[a]
g =[C] a

Theorem 3.1. If - is a subsetof R? suchthat any closal 1-form ! dened in -
is exact, then - is simply connected.

The proof of theorem 3.1 is a consequen@ of two classial theorems for closel
curvesthat are quotal below.
Recall that a curve is called a simple curve if it does not intersect itself.

Theorem 3.2. Jordan Curve Theorem: Let C % R? be a closal simple curve.
Then C dividesthe planein two connected components: one bounded by C and the
other unbounded.

Theorem 3.3. (Schoencies Theorem) If C is a closel simple curve in R? then C
bounds a region that is homeomorphic to a disk D = f(x;y) 2 R?jx?+ y? - rg.

Proof of the 3.1 - Supmsethat the domain - is not simply connected. Then,
by de nition, there exists a point p 2 - and a loop ° % - suchthat ° is not
homotopic to p. Let J denote the interior of ° union with °. It follows from
Sche@n®ies theorem that J is homeomorphic to a disk in the plane. Therefore, ° is
homotopic to any point p in J, since a disk of R? is simply connected. It follows
that there exists g in the interior of J suchthat q 62 . Without loss of geneality,
supmsethat q= (0;0) and consider

P = 1Y X X
) X2 + y2 X2 + y2
The 1-form ! is then a di®erential form on - .
It is easyto see that
Moo f M
@ iy @ X
@

@ x2+y2 X2 + y2

dy

f
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which pnplies that ! is closal. Since we are supmseal that all closet 1-forms are
exact, ! = 0. Howeverweknowthat for ° asin the example2.4, ! 6 0. We

o °

then have a contradiction.

4. The Pr ojective Plane

Our objective is to present a counterexample for a statement similar to the
theorem 3.1 in higher dimensions. So let us start by de ning the topological space
RP?, that is called Real Projective Plane. We construct the projective plane, by
considering the S? = f(x;y) 2 R?jx? + y? = 1g and indentifying each point with
its antipodal point. RP? is then the quotient space S?=(v » j v). Observethat it
can be de ned as the quotient space of a hemisphee identifying antipodal points
on the boundary.

The projective plane can also be representel by the plane diagram below. Imag-
ine the region alove as an hemisphee after a "nic e deformation".
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Is easy to see that the disk above is homeomorphic to an annulus union a disk.

First, we claim that the annulus is homeomorphic to a MAbius band. To see
this, identify the points 2 and 3 in the retanglesN and S.

2 2 1
— Yy N S 4
4 3 3 4
|
1 2 1
Y A vy N S 4
4 3 4

From the alove construction we conclude that the projective plane is homeomor-
phic to a MAbius band union a disk.

4.1. RP? is compact. Letp:S?! RP? bethe map that to x 2 S? assignsits
eguivalene class[x] = fx; j xg. The map p is called quotient map.

De nition 4.1. Let U %2 RP?2. We saythat U is openin RP?2 if pi 1(U) is open
in S2.
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With this de nition of open setfor RP2 we prove:
Prop osition 4.2. The real projective plane is compact.

Proof. Let fUgg be an open cover of RP2. Let Vg = p' 1(Ug).

We havethat f Vgg is an open cover of S2. Recall that a subsetof R" is compact
if it is closed and bounded. Since S? is closal and bounded, S? is compact.

It then follows from the de nition of compactnessthat there exist a nite sulcover
fVig" that covers S2. Therefore there exist a “nite sulwover fU; = p(V;)g" that
coversRP2.

As we said before, we are looking for the property of simply connected on a domain.
So we shal show now that S? is simply connected but RP? does not satisfy this
property.

4.2. RP? is not simply connected.
Prop osition 4.3. The unit sphee S? is simply connected.

Proof. Letc:| = [0;1]! S? be a closal curve on S? with base point X.
According to a lemma by Lima [4] there exists a loop, i.e, a closel simple curve,
such that b ' ¢, the basewint of b is x¢ and the image b(l) is not the entire
sphee 1. Then we can take a point p 2 S? suchthat p 62b(1). Let us consider
the stereographic projection P : S2 fpg! R?. Then b= P(b) is a loop in the
plane with basemint P (xo) and hene b can be continuously deformed to P(xg).
Since the stereographic projection is a homeomorphism, we concludethat b' xg.
Since b' ¢, wehavec' Xg. Therefore, any loop on the sphee is homotopic to
its basemint on the sphee, which implies that the sphee is simply connected, or
in other words, its fundamental group ¥4 is trivial.

Prop osition 4.4. The fundamental group of RP 2 is Z, and hene RP 2 is not
simply connected.

Pro of Let¥: S2! RP 2 be the quotient map, that is, ¥{Xo) = po = fXo;i Xo0.
Let ¢ and d be two closal loops in RP? with basewint p, and & and d be their
liftings in S? with initial endpint xo. By a lifting we mean a curve & such that
Y{e) = ¢

A resultin Lima [4] (page77) implies that (1) = d(1) if andonly if ¢' d. This
means that if e is a loop at xo andd ' c, then d is also a loop at xg. Likewise,
if &is an open curve from Xg to j Xg, then sois @; if d ' c. Therefore, there

LJust as curiosity, there exist curvessuch that their images cover S2, seePeano's curve in [4].
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s? XO@ X,
P

P

Po Po

are two types of loops with base point p,. The oneswhoseliftings closeat xo and
are all homotopic to each other and the oneswhoseliftings do not close, also all
homotopicto each other. Therefore, there are only two equivalent classesimplying
that ¥4 (RP ?) = Z.. o

Then, if eis the closal loop in S? with &(xo) = &0) = &1) and d is the open
curvein S? with d(xg) = @(0) and d(j Xo) = d(1). Then by Lima's proposition (see
[4]), the image of & in RP? denotel ¥{6) = ¢ is not homeomorphic to ¥{d) = d.
Therefore, there are two loopsin RP? with the same base point py = ¥{Xo) such
that c6' d. Therefore, RP? is not simply connected.

We "nish this section by showingthe following proposition.

Prop osition 4.5. Since! be a closal 1-form in RP2. Then ! is exact.

Pro of Let! be any closal di®erential 1-form in RP2 and let ¢ be any loop in
RP2. Consider RP? to be the disk, call it K, with the boundary containing the
antipodal points which lie on the equator of the sphee (see subsetion 1 where the
construction of RP? is de'ned). Then every loop in RP? either intersects the
boundary of K or does not.

First consider the casein which loop ¢ does not intersect the boundary of K.
Then c lies entirely in the interior of disk K. As de ned in subsetion 1 the
interior of K is one-to-one, closal, and homeomorphic to a regular disk in R?2.
So,

Schen’igs theggem in R? is applicable therefore the loop ¢ is homotopic to a
disk D. So, ! = ! = Osince the disk is homeotopic to a point (see casen=2
for more detailed proof of this). Therefore every closal di®erential 1-form in RP 2
is exact.
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Now consider the casein which c is a loop in RP? that intersects the boundary
of K. Then either ¢ has basemwint xo (i.e. c is a closal loop on the sphee) or ¢
has endmints xo and xq residing on the boundary of K (i.e. ¢ is an open curve on
the sphee) .

First consider the casein which ¢ has basemint xg, then Schan’ie’'s theorem
is applicable. So! is exact.

Now consider the case in which ¢ has endmints xo and xo residing on the
boundary of K.

Then remove an interior closel disk call it J (as descrited in subsetion 1)
such that no point of ¢ is contained in J. Then, the disk K which is RP? is
homeomorphic to the mobius band plus disk J. Therefore ¢ is contained entirely
in the mobius band. Now consider 2c, which is a closel loop in disk K becausein
order to obtain 2¢c in RP? orientation must be preservel so whenone scribes c for
the second time in disk K, ¢ will go around the whole created by removing J (see
the image below). Unlike ¢, 2c is a loop in the mobius band, which whendisk J is
reinsertad, is a loop in the disk K. Therefore, schan’ies theorem is applicable, so
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X, Xo
—>
—Xo —Xo
STEP 1 STEP 2 STEP 3 STEP 4
R : : I . .
2! = p! :Fp for sgme disk D smo%the disk is homeotopic to a point. Then
by de nition % 2! = ! . Therefore, ;! = 0. So,! is exact. Therefore, every
closal diferential 1-form in RP? is exact. o

5. The counterexample for n= 4

5.1. RP? embeds in R*.
We rst prove

Lemma 5.1. There existsamapf : R3j f(0;0;0)gj! R?® with the following
properties:
(1) f is smaoth;
(2) Rank Df = 3, that is, f hasthe maximal rank, where Df denotesthe Jacobian
matrix;
(3) For every point q 2 Imf, there exists an open hall B, (qg) in R® suchthat if
V =B, (g\ Imf,thusfil:V il R3%;j f(0;0;0)g is continuous.

Pr oof Let

f (X1} X2; Xa) = (XI; X1Xa; X1Xa; XaX1; X5; XoXa; XaX1; X3Xz; X3)

Clearly, f is smaoth. The Jacobiazn matrix,

X3 0 0
X2 X1 0
X3 0 X1
X2 X1 0
Df = 0 2x O

0 X3 X2
X3 0 X1
0 X3 X2
0 0 2X3
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has maximum rank 3, since (x1; X2; X3) 6 (0;0;0) and so at least one x; is not

null.
In order to prove (3), we supmsex; 6 0 and consider the projection

p: R i! R3
(X1; X2;00¢; Xo) 7! (X1; X2; X3)

We know that p is continuous and observethat

g=p=f : R3j f(0;0;0)g ' R®
(X1; X2; X3) 7! (X2, X1X2; X1X3)

has the Jacobian matrix

2 3
2x; 0 O
Dg=4 x, x; 05
X3 0 X1

Since rank Dg = 3, the Inverse Function theorem implies that for every point
(x1; X2; x3) 2 R f(0;0;0)g there existsan open ball B containing (X1; X2; X3)
such that gjg is a di®emorphism onto its image g(B). This means that gi ! :
g(B)! R2; f(0;0;0)g is continuous. Since g(B) = p(f (B)), if g2 f (B) we can
nd a small hall B;(q) suchthat V = (B, (g)\ Imf) %f (B).

Now observethat p(V) % g(B) andfi® : vV I R3; f(0;0;,0)g is such that
fil(q) = g *(p(g)), in other words,on V, fil= g !+p. Since both g ! andp
are continuous, sois f i1, a

Corollary 5.2. There existsa map f~: S2! R? with the following properties:
(1) f~is smaoth.

(2) f~hasmaximal rank 2.

(3) For every point q 2 Imf~, there exists an open kall B, (qg) in R® suchthat if
V =B, (g\ Imf;thusfil:V il R3%; f(0;0;0)g is continuous.

Pro of Sucha map is the restriction of function f atove to the sphee S?2. To
verify smoothness and maximal rank property, for each point (X1;X2;X3) 2 S?
compose f~with a parametrization around (X1;X2;X3) (see De nition 1 on page52
of do Carmo [1]). o
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Notice that the function f~ of the corollary is not injective, since (X1; X2; X3)
andj (x1; X2; X3) havethe sameimage. However,if weidentify (x1; X2; X3) and
(i X1; i X2; i X3), the map induced on the quccient space is 1 1.

SZ
Observethat — = RP? Where » means (X1; X2, X3) » (j X1 | X2; | X3).
»

Therefore we can state

Prop osition 5.3. Thereexistsamapf : RP2! R? with the following properties:
(1) f is continuous;

@ fis1j 1;

(3) Df has maximal rank;

(4) For everypoint q2 f (RP?), there exist an open ball B, (g) in R® suchthat if
V = B,(g)\ f(RP?),thusfil:V j! RP?2is continuous.

- |

RP?

A map with properties (1), (2), (3) and (4) is called an embedding.

We claim now that f (RP?) actually lives in an atne subsgce V (a translated
subspce) of dimension5in R®. In fact, think of f (x1; X2; Xx3) asa 3£ 3 symmetric
matrix given by

) 3
X1 X1X2 X1X3

A=4 xox1 X3 Xpxz O suchthat x2+ x3+ x3=1
X3X1 X3X2 X3

The subspce of symmetric matrices has dimension 6 and since our matrices
havetrace 1 we haveour claim.
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Moreover, taking the dot product of A with itself, we obtain
jiAjj? A ¢A
(x1)* + (x2)* + (x3)* + 2(x1)%(X2)? + 2(x2)2(x3)? + 2(x1)?(X3)?

((x1)? + (x2)* + (x3)?)?
1

which implies that (RP 2) is on the unit sphee of V. We then obtain the emted-
ding of RP 2 in R* composing f* with the stereographic projection.

5.2. The Tubular Neigh borho od.

It is clear that RP? is not a domain of R4, since a domain is an open set and
RP?2, being compact, is closal in R*. Howevera domain can be constructed around
RP2. Consider the following construction of a domain - in known as the tubular
neighborhood.

Dene E = f(x;»)jx 2 RP? and » 2 T/ RP?g, where T,/ RP? denotesthe plane
orthogonal to the tangent plane at x.

De ne the map

f: E ! R4
(x;» 71 x+»

X+ e

e_L TxM

TxM

manifold

Note that a point x 2 RP2 is (x; 0) 2 E. Also, the Jacobian Matrix of f at points
(x; 0) hasrank 4, since it is the identity.

In fact, if v is tangentto RP?2, there existsa curve ¢(t) in RP? suchthat c%0) =
v. The curve c¢(t) in E is (c(t);0) and f (c(t)) = c(t), i.e.,

Df ¢v=c%0) = v
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Likewise, if » is orthogonalto RP?2 at point x, there exist a curve b(t) in the or-
thogonal plane suchthat bY0) = ». The curve b(t) in E is (x; b(t)) and f (x; b(t)) =
X+ b(t),

Df ¢»= bY0) = »

Since Df ¢v = v for all tangent vectors and Df ¢» = » for all orthogonal vectors,
we get that Df is the identity matrix.

Therefore, the Inverse Function theorem implies that there exists an open hball
B~ (x) around (x; 0) suchthat

fig. 0 B ()1 f(B (X))
is a di®e)n10rphism. It followsthat Vi = f (B~ (x)) is an open setin R*.

Let- = Vy. The set- is open becauseit is the union of open sets.

X2RP?2
Remark We actually do not need that all Vi have the same™" although we can

havean - wher " =minf"y; ¢¢¢; ", g by taking a nite sulmover of RP?2, since it
is compact.

W

5.3. - is Not Simply Connected. First observethat thereis a mapr : - !
RP?2 givenbyr(x+ ») = x. It is clear that r is continuous and that r +i : RP? !
RP? is the identity, wher i : RP?! - denotesthe inclusion mapi(x) = x. Such
a map is called a Retraction. It also hasthe following property:

Lemma 5.4. Letcbealoopin - with basepoint pg. Then c is freely homotopic
(see below) to loop e= r(c) with base point Xo = r(po).

Proof De'ne H(t;s) = (1 s)r(c(t))+ sc(t). Observethat H (t; 0) = r(c(t)) and
H (t; 1) = c(t). Observealsothat for any xed sg, H (t; sg) = (1i So)r(c(t)) + soc(t)
is a loop with basepoint (1 Sp)Xo + Spo. o

Roughly speaking, we say that two loops not having the same base point are
freely homotopic if one can be continuously deformed onto another but the loops
given by the Homotopy H (t; sg) dort havethe same base point.
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Prop osition 5.5. The tubular neightorhood - of RP? is not simply connected.

Proof Each point in - can be representel as x + » for somepoint x 2 RP?2 (as
described in subsetion 3), which creates a line segment conecting x to x + » We
know that there existsa retraction mapr :- ! M suchthatr : (x+ ») 7! x along
the line segment de ned atove f(ir X 2 M. Also, let us consider the identity map
i :RP2?! - suchthat x 7! x+ '0. Then, r i is the identity map of RP?

Letusdener® :] 1(-) ! | 1(M), meaning that r¥ takesthe equivalent class
[c] and "nds the equivalen@ class of [r £¢], that is, r¥ ([c]) = [r +¢]. Likewise,
wedene i* ;! {(RP?) ! ') andl. :!4(x)! ! 1(x). According to the
de nition akove, (r +i)* must be the identity map, which in turn is given by
r* +i% . Therefore, i hasto be injective, otherwise composing it with r# we
would not obtain the identity map.

Now if | 1(RP?) is not trivial and i# is injective, then - is not simply con-
nected. a

5.4. Every closed 1-form dened on - is exact. For that we rst recall that
a l-form ! on - is given by

X4
I = a; (X1; €CC; X4)dX;
i=1

Now we consider a closel form ! dened on - and restrict it to RP2. We will
showthat, as 1-form on RP?, it is also exact. Since RP? is a regular surface,
every point p 2 RP?2 hasa neighlwrhood U of p suchthat x1; X»; X3; X4 in U are
di®erentiable functions of x andy, for (x;y) in an open setin R?.

Therefore ! is locally written as

P 4
b= 21 & (Xq; ¢eC; x4)dx;
P . X4 _
o A @dx + a; @dy

@& N
p(x; y)dx + q(x; y)dy;

whre the second equlaity was implied by the chain rule,
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In order to showthat ! is a closel form of RP 2, we need to showthat % = g
In fact,
@ _ X aa&,, @
@ @ e Tee
_ @ @@ @, , O
i ;@ @ @ ‘@@
@ _ X ae, O
@& & e e,
_ X gt @@ @, O
@ @& @ '@
Since! is closel on - , we havethat @ = @ which substitudel aboveimplies
@_@ |
@ o

Next we showthat

5.5.1 2 -7"is Exact.

Proof: Let ¢y be a closeal loop in - and let r denotesthe retraction from - to
RP2. As we proved before, suchthat there is a closal loop ¢1 = r(cg) in RP? is
freely homotopic to ¢y Then Ry do Carmo [1], since ¢ and ¢; are two homotopic
curves, we havethat w! T ! where! is a closed 1-form in - . As before, for
I 2 - we consider its restriction on RP?2, and we havethat it is aclosel 1-form
on RP?2, whichin turn is exact, by Proposition 4.5.

Therefore
Z Z

0= I = I

C1 Co

This implies, by de nition, that! is exact.

5.6. Conclusion.

The above construction showsthat there exists a domain - 2 R* suchthat - is
not simply connected, yet every closal di®erential 1-form in - is exact, which is
a complete counterexampleto the question posal in the intr oduction.
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6. Case n=3 - Classical Counterexample:
The Horned Sphere

Note: This casewill not be explained with great detail since the detailed proof is
beyondthe sope of the paper's intended audience. For a more intric ate explanation
see Dale Rolfseris book entitled K nots and Link s.

The domain - in R3 is the complementof the Alexander horned sphee, which is
construtucted in the following manner. Begin with a hollow sphee in R3.

Then, pushout two horns in the sphee.

Next, pushout two horns from each horn.

This methal is continued in an in nite fashion until the Alexander horned
sphee be obtained as shown below.
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The Alexander horned sphee is homeomorphic to the hollow sphee, which is
intuitively obvious by the construction de ned above. Due to this homotopy, the
Jordan Alexander Duality theorem applies, which statesthat H*, the cohomolay
group, is the same for the complementsof the de ned spaces. The cohomolay
closel forms
exactforms

For example,as shownearlier in the paper the sphee is simply connected. Thus,
by a known result that can be found in sevearl textbooks, for instance do Carmo
[1], every closal 1-form de ned on the sphee is exact. Therefore, H! equalsthe
identity. The cohomolay group for the complementof the hollow spheke also equals
the identity. This is due to the geometry of the complement of the sphee. The
complementof the sphee is composal of two pieces: the ball interior to the sphee
and R® minus the sphee and its interior. A crosssection of this is shown below.

-
A

the sphere

group is dened asH?! =

xxxxxx

interior of the sphere

NI

The rest of the rectnagle represents R*3 minus the
sphere and the interior of the sphere.

The interior of the sphee is a hall which is simply connected, so every closel
loop is homotopicto a point. Sothe interior of the sphee is simply connected. R®
minus the sphee and its interior is simply connected Therefore, the complement
of the sphee is simply connected, so H! equalsthe identity for the complementof
the sphee. Then by the Jordan Alexander Duality theorem, H! of the complement
of the horned sphee is also equal to the identity. So, for the de ned space - in R®
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de ned as the complementof the Alexanderhorned sphee, every closal di®erential
1-form on - is exact. Yet - is not simply connected since a loop in - around the
horned sphee (as shownin the image below) is not homotopic to a point, since
the loop can not be deformed in a point without passingthroughthe horned sphee,
a fact that is not easily proved. (For a detailed proof of this conjecture see Dale
Rolfsers book entitled Knots and Links as referenced atlove.)

In conclusion, there is a domain - in R® de ned as the complementof the horned
sphee, suchthat every closel di®erential 1-form in - is exact, but - is not simply
connected. Furthermore, this showsthat if there exists a domain such that every
closal 1-form is exact, that domain is not guaranteed to be simply connected.
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