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Abstra ct. We show in this paper that if every closed 1-form de¯ned on a
domain of R 2 is exact then such a domain is simply connected. We also show
that this result does not hold in dimensions 3 and 4.

1. Intr oduction

It is well known that every closed1-form de¯ned on a simply connecteddomain
­ of R n is exact (see Section 2 for the de¯nitions). This statement posesthe
following question: Suppose we have a domain ­ of R n with the property that
every 1-closed form is exact. Is this domains simply connected? We answer this
question in the a±rmativ e for n = 2 and give counterexamplesfor n = 3; 4.

The paper is organized as follows: Section 2 contains some de¯nitions and
results that will be used in the later sections,section 3 proves the casefor n = 2,
section 4 de¯nes the Real Projective Plane that will be used to construct the
counterexample for n = 4 and sections5 and 6 present the counterexamples for
casesn = 4 and n = 3 respectively.

2. Back gr ound: 1- Forms on Simpl y Connected Domains

We start this section by recalling somede¯nitions of multiv ariable calculus.
Let ­ be a domain of R n , that is, a path connected open set of R n . Let

f : ­ ½ R n ! R be a smooth function, that is, a function whose all partial
derivativesof all orders are continuous.

The gradient of f is de¯ned as

r (f ) = (
@

@x1
; : : : ;

@
@xn

);
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and the directional derivative in the direction of a vector v = (v1; : : : ; vn ) is given
by

df (v) = r (f ) ¢v =
@

@x1
v1 + ¢¢¢+

@
@xn

vn :

Observe that if we denote by x i the projection map

x i : R n ! R

given by (x1; : : : ; xn ) 7! x i , we have

r (x i ) = (0; : : : ; 1; : : : ; 0) ) dxi (v) = vi :

It then follows that

(1) df (v) =
@f
@x1

dx1(v) + ¢¢¢+
@f
@xn

dxn (v):

We know that for each point p 2 ­, df and the dx i 's are linear maps from R n

to R , that is, they are elements of the dual space(R n )¤. Therefore equation (1)
shows that, as elements of (R n )¤, df is written as the linear combination

df =
@f
@x1

dx1 + ¢¢¢+
@f
@xn

dxn :

This motivates the following de¯nition.

De¯nition 2.1. A di®erential 1-form ! de¯ned on a domain ­ is a map that to
each point p 2 ­ assigns! (p) 2 (R n )¤ given by

! (p) = a1(p)dx1 + ¢¢¢+ an (p)dxn ;

such that each ai : ­ ½ R n ! R is a smooth function.

Example The 1-form

! = ¡
y

x2 + y2 dx +
x

x2 + y2 dy

de¯ned on ­ = R2 ¡ (0; 0).

De¯nition 2.2. A di®erential 1-form ! de¯ned on a domain ­ is said to be closed
if

@ai

@x j
(p) =

@aj

@x i
(p); 8i; j and 8x 2 ­ :

We say that a di®erential 1-form ! is exact if there exists a smooth function
f : ­ ! R such that ! = df .
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Prop osition 2.3. The following are equivalent:
1) ! is exact in a connected open set ­
2)

R
c ! dependsonly on the end points of c for all c ½ ­

3)
R

c ! = 0, for all closed curves c ½ ­

This is a standard result on di®erential 1-forms, the reader can ¯nd the proof
in several textb ooks, for instance [1].

Recall that the Theorem of Schwarz states that if f is smooth then

@2f
@x i @x j

=
@2f

@x j @x i
:

Since

df =
@f
@x1

dx1 + ¢¢¢+
@f
@xn

dxn ;

that is, ai = @f =@x i , we concludethat exact implies closed.
The converseof the last result is not true as we will show in the next example.

Example 2.4. Let us consider the di®erential 1-form

! = ¡
y

x2 + y2 dx +
x

x2 + y2 dy

de¯ned before. We claim that ! is is closed but is not a exact 1-form. In fact, let
° be a closed curve such that

° : [0; 2¼] ¡ ! R 2

µ 7! (cosµ; sinµ)

Computing the line integral,

Z

°
! =

Z

°
¡

y
x2 + y2 dx +

x
x2 + y2 dy

=
Z 2¼

0
¡

sinµ
sinµ2 + cosµ2 (¡ sinµ)dt +

cosµ
sinµ2 + cosµ2 (cosµ)dt

=
Z 2¼

0
dt

= 2¼

Since
R

° ! 6= 0, ! is not exact.
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On oder hand, if we compute d! we have

d! = dA ^ dx + dB ^ dy;

where,

A = ¡
y

x2 + y2 and B =
x

x2 + y2 :

d! = (
@A
@x

dx +
@A
@y

dy) ^ dx + (
@B
@x

dx +
@B
@y

dy) ^ dy

=
@A
@y

dy ^ dx +
@B
@x

dx ^ dy

= ¡
@A
@y

dx ^ dy +
@B
@x

dx ^ dy

= (¡ @A
@y + @B

@x )dx ^ dy

= 0

Thus ! is a closed 1-form but is not exact.

Wenote herethat for domainsof R n with somespecial topologicalproperty, the
converseis true, namely, closedimplies exact. We explain next such a topological
property.

De¯nition 2.5. Let us consider the closed and bounded interval I = [0; 1]. A path
in R n is a continous map a : I ! R n . The path is called a loop if it is closed,
that is, a(0) = a(1) and if it does not intersect itself.

We say that a loop a is homotopic to a point p if it is homotopic to the constant
path c(t) = p for all t 2 [0; 1].

De¯nition 2.6. Two closed paths a;b : I ! X , with a(0) = a(1) = x0 2 X , are
said to be homotopic (denoted by a ' b) if there is a continuous map H : I £ I ! X
such that

H (t; 0) = a(t); H (t; 1) = b(t); H (0; s) = H (1; s) = x0 8s; t 2 I
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Intuitively, a homotopy is a continuous deformation that starts in a stage0 (with
a(t)) and ends in the stage1 (with b(t)). During this deformation, the end points
a(0) = b(0) = a(1) = b(1) remain ¯xed.

Prop osition 2.7. Let be a;b : I ! ­ ½ R n . If a ' b and f : ­ ! R n is a
continuous function, then f (a) ' f (b).

Lemma 2.8. The relation a ' b is an equivalence relation.

The proof of this result can be found in all textbooks on the subject. We call
the reader's attention that the main point is to show the transitivity property of
the relation, namely, if a ' b and c ' d then ac ' bd, where ac is also a loop
parametrized as follows

ac(t) =
½

a(2t) 0 · t · 1=2
c(2t ¡ 1) 1=2 · t · 1

De¯nition 2.9. The fundamental group of a set X with respects to a basepoint
x0, denoted by ¼1(X ; x0), is the group formed by the set of equivalence classesof
all loops, i.e., paths with initial and ¯nal points at the basepoint x0, under the
equivalence relation of homotopy.

Since ¼1(X ; xo) is a group it hasan identity element,which is the homotopyclass
of the constant path at the basepoint x0.
If x0 and x1 are on the sameconnected by path component of X then the group

¼1(X ; xo) is isomorphic to the group ¼1(X ; x1). In other words, if ® 2 ¼1(X ; x1)
there exists a correspondent element, that is ° ®° ¡ 1, in ¼1(X ; xo). The intuitive
ideia comesfrom the picture below.

3. The Theorem f or n = 2

As mentioned in the intr oduction, for domains of R 2 we have the following
theorem.
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Theorem 3.1. If ­ is a subsetof R 2 such that any closed 1-form ! de¯ned in ­
is exact, then ­ is simply connected.

The proof of theorem 3.1 is a consequence of two classical theorems for closed
curves that are quoted below.

Recall that a curve is called a simple curve if it does not intersect itself.

Theorem 3.2. Jordan Curve Theorem: Let C ½ R2 be a closed simple curve.
Then C divides the plane in two connected components: one bounded by C and the
other unbounded.

Theorem 3.3. (Schoen°ies Theorem) If C is a closed simple curve in R 2 then C
bounds a region that is homeomorphic to a disk D = f (x; y) 2 R 2jx2 + y2 · r g.

Pr oof of the 3.1 - Suppose that the domain ­ is not simply connected. Then,
by de¯nition, there exists a point p 2 ­ and a loop ° ½ ­ such that ° is not
homotopic to p. Let J denote the interior of ° union with ° . It follows from
Schoen°ies theorem that J is homeomorphic to a disk in the plane. Therefore, ° is
homotopic to any point p in J , since a disk of R 2 is simply connected. It follows
that there exists q in the interior of J such that q 62­ . Without loss of generality,
suppose that q = (0; 0) and consider

! =
¡ y

x2 + y2 dx +
x

x2 + y2 dy

The 1-form ! is then a di®erential form on ­ .
It is easy to see that

@
@y

µ
¡ y

x2 + y2

¶
=

@
@x

µ
x

x2 + y2

¶
;
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which implies that ! is closed. Since we are supposed that all closed 1-forms are

exact,
Z

°
! = 0. Howeverwe know that for ° as in the example2.4,

Z

°
! 6= 0. We

then havea contradiction.

4. The Pr ojective Plane

Our objective is to present a counterexample for a statement similar to the
theorem 3.1 in higher dimensions. So let us start by de¯ning the topological space
R P2, that is called Real Projective Plane. We construct the projective plane, by
considering the S2 = f (x; y) 2 R 2jx2 + y2 = 1g and indentifying each point with
its antipodal point. R P 2 is then the quotient space S2=(v » ¡ v). Observethat it
can be de¯ned as the quotient space of a hemisphere identifying antipodal points
on the boundary.

A A` 

C `B `

BC

The projective plane can also be represented by the plane diagram below. Imag-
ine the region above as an hemisphere after a "nic e deformation".
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Is easy to see that the disk above is homeomorphic to an annulus union a disk.

1 3 42

First, we claim that the annulus is homeomorphic to a MÄobius band. To see
this, identify the points 2 and 3 in the retanglesN and S.

1

N

S

N

1 2

34

1

43

2

S2 3 4

2

3

N S

1

4 4

1

From the above construction we conclude that the projective plane is homeomor-
phic to a MÄobius band union a disk.

4.1. R P 2 is compact. Let p : S2 ! R P2 be the map that to x 2 S2 assignsits
equivalence class [x] = f x; ¡ xg. The map p is called quotient map.

De¯nition 4.1. Let U ½ R P 2. We say that U is open in R P 2 if p¡ 1(U) is open
in S2.
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With this de¯nition of open set for R P 2 we prove:

Prop osition 4.2. The real projective plane is compact.

Pr oof. Let f U®g be an open cover of R P 2. Let V® = p¡ 1(U®).
We havethat f V®g is an open cover of S2. Recall that a subsetof R n is compact

if it is closed and bounded. Since S2 is closed and bounded, S2 is compact.
It then follows from the de¯nition of compactnessthat there exist a ¯nite subcover

f Vi gn
i that covers S2. Therefore there exist a ¯nite subcover f Ui = p(Vi )gn

i that
covers R P 2.
As wesaid before, weare looking for the property of simply connected on a domain.

So we shall show now that S2 is simply connected but R P 2 does not satisfy this
property.

4.2. R P 2 is not simply connected.

Prop osition 4.3. The unit sphere S2 is simply connected.

Pr oof. Let c : I = [0; 1] ! S2 be a closed curve on S2 with base point x0.
According to a lemma by Lima [4] there exists a loop, i.e, a closed simple curve,
such that b ' c, the basepoint of b is x0 and the image b(I ) is not the entire
sphere 1. Then we can take a point p 2 S2 such that p 62b(I ). Let us consider
the stereographic projection P : S2 ¡ f pg ! R 2. Then ~b = P(b) is a loop in the
plane with basepoint P(x0) and hence ~b can be continuously deformed to P(x0).
Since the stereographic projection is a homeomorphism, we conclude that b ' x0.
Since b ' c, we have c ' x0. Therefore, any loop on the sphere is homotopic to
its basepoint on the sphere, which implies that the sphere is simply connected, or
in other words, its fundamental group ¼1 is trivial.

Prop osition 4.4. The fundamental group of RP 2 is Z2 and hence RP 2 is not
simply connected.

Pro of Let ¼: S2 ! RP 2 be the quotient map, that is, ¼(x0) = p0 = f x0; ¡ x0g.
Let c and d be two closed loops in R P 2 with basepoint p0 and ~c and ~d be their
liftings in S2 with initial endpoint x0. By a lifting we mean a curve ~c such that
¼(~c) = c.

A result in Lima [4] (page77) implies that ~c(1) = ~d(1) if and only if c ' d. This
means that if ~c is a loop at x0 and d ' c, then ~d is also a loop at x0. Likewise,
if ~c is an open curve from x0 to ¡ x0, then so is ~d, if d ' c. Therefore, there

1Just as curiosit y, there exist curves such that their images cover S2 , seePeano's curve in [4].
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are two types of loops with basepoint p0. The oneswhoseliftings closeat x0 and
are all homotopic to each other and the ones whoseliftings do not close, also all
homotopic to each other. Therefore, there are only two equivalent classesimplying
that ¼1(RP 2) = Z2. ¤

Then, if ~c is the closed loop in S2 with ~c(x0) = ~c(0) = ~c(1) and ~d is the open
curve in S2 with ~d(x0) = ~d(0) and ~d(¡ x0) = ~d(1). Then by Lima's proposition (see
[4]), the image of ~c in R P 2 denoted ¼(~c) = c is not homeomorphic to ¼( ~d) = d.
Therefore, there are two loops in R P 2 with the samebase point p0 = ¼(x0) such
that c 6' d. Therefore, R P 2 is not simply connected.

We ¯nish this section by showingthe following proposition.

Prop osition 4.5. Since ! be a closed 1-form in R P 2. Then ! is exact.

Pro of Let ! be any closed di®erential 1-form in R P 2 and let c be any loop in
R P2. Consider R P 2 to be the disk, call it K , with the boundary containing the
antipodal points which lie on the equator of the sphere (see subsection 1 where the
construction of R P 2 is de¯ned). Then every loop in R P 2 either intersects the
boundary of K or does not.

First consider the case in which loop c does not intersect the boundary of K.
Then c lies entirely in the interior of disk K . As de¯ned in subsection 1 the
interior of K is one-to-one, closed, and homeomorphic to a regular disk in R 2.
So,

Schoen°ie's theorem in R 2 is applicable therefore the loop c is homotopic to a
disk D. So,

R
c ! =

R
D ! = 0 since the disk is homeotopic to a point (see casen=2

for more detailed proof of this). Therefore every closed di®erential 1-form in R P 2

is exact.
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Now consider the case in which c is a loop in R P 2 that intersects the boundary
of K. Then either c has basepoint x0 (i.e. c is a closed loop on the sphere) or c
has endpoints x0 and x0 residing on the boundary of K (i.e. c is an open curve on
the sphere) .

First consider the case in which c has basepoint x0, then Schoen°ie's theorem
is applicable. So ! is exact.

Now consider the case in which c has endpoints x0 and x0 residing on the
boundary of K.

Then remove an interior closed disk call it J (as described in subsection 1)
such that no point of c is contained in J. Then, the disk K which is R P 2 is
homeomorphic to the mobius band plus disk J. Therefore c is contained entirely
in the mobius band. Now consider 2c, which is a closed loop in disk K becausein
order to obtain 2c in R P 2 orientation must be preserved so whenone scribesc for
the second time in disk K, c wil l go around the whole created by removing J (see
the image below). Unlike c, 2c is a loop in the mobius band, which when disk J is
reinserted, is a loop in the disk K. Therefore, schoen°ies theorem is applicable, so
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STEP 1 STEP STEP2 3STEP 4

x

x

o

o
x o

x o

x x

x xo

o

o

o

R
2c ! =

R
D ! = 0 for some disk D since the disk is homeotopic to a point. Then

by de¯nition 1
2

R
2c ! =

R
c ! . Therefore,

R
c ! = 0. So, ! is exact. Therefore, every

closed diferential 1-form in R P 2 is exact. ¤

5. The counterexample f or n = 4

5.1. R P 2 embeds in R4.
We ¯rst prove

Lemma 5.1. There exists a map f : R 3 ¡ f (0; 0; 0)g ¡ ! R 9 with the following
properties:
(1) f is smooth;
(2) Rank Df = 3, that is, f has the maximal rank, where Df denotesthe Jacobian
matrix;
(3) For every point q 2 Imf , there exists an open ball B r (q) in R 9 such that if
V = B r (q)\ Imf , thus f ¡ 1 : V ¡ ! R 3 ¡ f (0; 0; 0)g is continuous.

Pr oof Let

f (x1; x2; x3) = (x2
1; x1x2; x1x3; x2x1; x2

2; x2x3; x3x1; x3x2; x2
3)

Clearly, f is smooth. The Jacobian matrix,

D f =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

2x1 0 0
x2 x1 0
x3 0 x1

x2 x1 0
0 2x2 0
0 x3 x2

x3 0 x1

0 x3 x2

0 0 2x3

3

7
7
7
7
7
7
7
7
7
7
7
7
5
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has maximum rank 3, since (x1; x2; x3) 6= (0; 0; 0) and so at least one x i is not
null.

In order to prove (3), we supposex1 6= 0 and consider the projection

p : R 9 ¡ ! R 3

(x1; x2; ¢¢¢; x9) 7! (x1; x2; x3)

We know that p is continuous and observethat

g = p ± f : R 3 ¡ f (0; 0; 0)g ¡ ! R 3

(x1; x2; x3) 7! (x2
1; x1x2; x1x3)

has the Jacobian matrix

Dg =

2

4
2x1 0 0
x2 x1 0
x3 0 x1

3

5

Since rank Dg = 3, the Inverse Function theorem implies that for every point
(x1; x2; x3) 2 R 3 ¡ f (0; 0; 0)g there exists an open ball B containing (x1; x2; x3)
such that gjB is a di®eomorphism onto its image g(B ). This means that g¡ 1 :
g(B ) ! R 3 ¡ f (0; 0; 0)g is continuous. Since g(B ) = p(f (B )) , if q 2 f (B ) we can
¯nd a small ball B r (q) such that V = (B r (q)\ Imf ) ½ f (B ).
Now observethat p(V ) ½ g(B ) and f ¡ 1 : V ! R 3 ¡ f (0; 0; 0)g is such that

f ¡ 1(q) = g¡ 1(p(q)) , in other words, on V , f ¡ 1 = g¡ 1 ± p. Since both g¡ 1 and p
are continuous, so is f ¡ 1. ¤

Corollary 5.2. There exists a map ~f : S2 ! R 9 with the following properties:
(1) ~f is smooth.
(2) ~f has maximal rank 2.
(3) For every point q 2 Im ~f , there exists an open ball B r (q) in R 9 such that if
V = B r (q)\ Im ~f , thus ~f ¡ 1 : V ¡ ! R 3 ¡ f (0; 0; 0)g is continuous.

Pro of Such a map is the restriction of function f above to the sphere S2. To
verify smoothness and maximal rank property, for each point (x1; x2; x3) 2 S2

compose ~f with a parametrization around (x1; x2; x3) (see De¯nition 1 on page52
of do Carmo [1]). ¤
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Notice that the function ~f of the corollary is not injective, since (x1; x2; x3)
and ¡ (x1; x2; x3) havethe sameimage. However, if we identify (x1; x2; x3) and
(¡ x1; ¡ x2; ¡ x3), the map induced on the quocient space is 1 ¡ 1.

Observethat
S2

»
= R P2 Where » means (x1; x2; x3) » (¡ x1; ¡ x2; ¡ x3).

Therefore we can state

Prop osition 5.3. There existsa map f : R P 2 ! R 9 with the following properties:
(1) f is continuous;
(2) f is 1 ¡ 1;
(3) D f has maximal rank;
(4) For every point q 2 f (R P 2), there exist an open ball B r (q) in R 9 such that if
V = B r (q) \ f (R P 2), thus f ¡ 1 : V ¡ ! R P 2 is continuous.

P

f

f

R9 R4

RP2

S2

A map with properties (1), (2), (3) and (4) is called an embedding.
We claim now that f (R P 2) actually lives in an a±ne subspace V (a translated

subspace) of dimension 5 in R 9. In fact, think of f (x1; x2; x3) asa 3£ 3 symmetric
matrix given by

A =

2

4
x2

1 x1x2 x1x3

x2x1 x2
2 x2x3

x3x1 x3x2 x2
3

3

5 such that x2
1 + x2

2 + x2
3 = 1

The subspace of symmetric matrices has dimension 6 and since our matrices
have trace 1 we haveour claim.
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Moreover, taking the dot product of A with itself, we obtain

jjAjj2 = A ¢A
= (x1)4 + (x2)4 + (x3)4 + 2(x1)2(x2)2 + 2(x2)2(x3)2 + 2(x1)2(x3)2

= ((x1)2 + (x2)2 + (x3)2)2

= 1

which implies that ¹f (RP 2) is on the unit sphere of V . We then obtain the embed-
ding of RP 2 in R 4 composing ¹f with the stereographic projection.

5.2. The Tubular Neigh borho od.
It is clear that R P 2 is not a domain of R 4, since a domain is an open set and

R P2, being compact, is closed in R 4. Howevera domain can be constructed around
R P2. Consider the following construction of a domain ­ in known as the tubular
neighborhood.
De¯ne E = f (x; »)jx 2 R P 2 and » 2 T?

x R P2g, where T ?
x R P2 denotesthe plane

orthogonal to the tangent plane at x.
De¯ne the map

f : E ! R 4

(x; ») 7! x + »

��

manifold

TxM
x

e TxM

ex+

Note that a point x 2 R P 2 is (x; 0) 2 E . Also, the Jacobian Matrix of f at points
(x; 0) has rank 4, since it is the identity.
In fact, if v is tangent to R P 2, there exists a curve c(t) in R P 2 such that c0(0) =

v. The curve c(t) in E is (c(t); 0) and f (c(t)) = c(t), i.e.,

Df ¢v = c0(0) = v
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Likewise, if » is orthogonal to R P 2 at point x, there exist a curve b(t) in the or-
thogonal plane suchthat b0(0) = ». The curve b(t) in E is (x; b(t)) and f (x; b(t)) =
x + b(t),

Df ¢» = b0(0) = »

Since Df ¢v = v for all tangent vectors and Df ¢» = » for all orthogonal vectors,
we get that Df is the identity matrix.
Therefore, the Inverse Function theorem implies that there exists an open ball

B " x (x) around (x; 0) such that

f jB " x (x ) : B " x (x) ! f (B " x (x))

is a di®eomorphism. It follows that Vx = f (B " x (x)) is an open set in R 4.
Let ­ =

[

x 2 R P 2

Vx . The set ­ is open becauseit is the union of open sets.

Remark We actually do not need that all Vx have the same " although we can
have an ­ where " = minf " 1; ¢¢¢; "n g by taking a ¯nite subcover of R P 2, since it
is compact.

���

���

�� �

��

�

 

 !

!

"�"

"�"

"�"

"�"

#�#

#�#

#�#

#�#

$�$

$�$

$�$

%�%

%�%

%�%

&�&

&�&

&�&

'�'

'�'

'�'

(�(

(�(

)�)

)�)

*�* +

,

,-

-

e

W

RP
2

5.3. ­ is Not Simply Connected. First observethat there is a map r : ­ !
R P2 given by r (x + ») = x. It is clear that r is continuous and that r ±i : R P 2 !
R P2 is the identity, where i : RP 2 ! ­ denotesthe inclusion map i (x) = x. Such
a map is called a Retraction. It also has the following property:

Lemma 5.4. Let c be a loop in ­ with basepoint p0. Then c is freely homotopic
(see below) to loop ~c = r (c) with basepoint x0 = r (p0).

Pr oof De¯ne H (t; s) = (1¡ s)r (c(t)) + sc(t). Observethat H (t; 0) = r (c(t)) and
H (t; 1) = c(t). Observealso that for any ¯xed s0, H (t; s0) = (1¡ s0)r (c(t)) + s0c(t)
is a loop with basepoint (1 ¡ s0)x0 + sp0. ¤

Roughly speaking, we say that two loops not having the same base point are
freely homotopic if one can be continuously deformed onto another but the loops
given by the Homotopy H (t; s0) don't have the samebasepoint.
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Prop osition 5.5. The tubular neighborhood ­ of R P 2 is not simply connected.

Pr oof Each point in ­ can be represented as x + » for somepoint x 2 R P 2 (as
described in subsection 3), which creates a line segment conecting x to x + ». We
know that there exists a retraction map r : ­ ! M such that r : (x + ») 7! x along
the line segment de¯ned above for x 2 M . Also, let us consider the identity map
i : R P2 ! ­ such that x 7! x +

¡!
0 . Then, r ± i is the identity map of R P 2

Let us de¯ne r # : ¦ 1(­) ! ¦ 1(M ), meaning that r # takes the equivalent class
[c] and ¯nds the equivalence class of [r ± c], that is, r # ([c]) = [r ± c]. Likewise,
we de¯ne i # : ¦ 1(R P2) ! ¦ 1(­) and I ­ : ¦ 1(x) ! ¦ 1(x). According to the
de¯nition above, (r ± i )# must be the identity map, which in turn is given by
r # ± i # . Therefore, i # has to be injective, otherwise composing it with r # we
would not obtain the identity map.

Now if ¦ 1(R P2) is not trivial and i # is injective, then ­ is not simply con-
nected. ¤

5.4. Ev ery closed 1-form de¯ned on ­ is exact. For that we ¯rst recall that
a 1-form ! on ­ is given by

! =
4X

i =1

ai (x1; ¢¢¢; x4)dxi

Now we consider a closed form ! de¯ned on ­ and restrict it to R P 2. We wil l
show that, as 1-form on R P 2, it is also exact. Since R P 2 is a regular surface,
every point p 2 R P 2 has a neighborhood U of p such that x1; x2; x3; x4 in U are
di®erentiable functions of x and y, for (x; y) in an open set in R 2.

Therefore ! is locally written as

! =
P 4

i =1 ai (x1; ¢¢¢; x4)dxi

=
P 4

i =1 ai
@x i

@x
dx +

4X

i =1

ai
@x i

@y
dy

= p(x; y)dx + q(x; y)dy;

whre the second equlaity was implied by the chain rule,

dxi =
@x i

@x
dx +

@x i

@y
dy:
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In order to showthat ! is a closed form of R P 2, weneed to showthat
@p
@y

=
@q
@x

.

In fact,

@p
@y

=
X

i

@ai

@y
@x i

@x
+ ai

@2x i

@y@x

=
X

i

0

@
X

j

@ai

@x j

@x j

@y
@x i

@x

1

A + ai
@2x i

@y@x

@q
@x

=
X

i

@ai

@x
@x i

@y
+ ai

@2x i

@x@y

=
X

i

0

@
X

j

@ai

@x j

@x j

@x
@x i

@y

1

A + ai
@2x i

@x@y

Since ! is closed on ­ , wehavethat
@ai

@x j
=

@aj

@x i
which substituded aboveimplies

@p
@y

=
@q
@x

.

Next we showthat

5.5. ! 2 ­ ¤ is Exact.
Proof: Let c0 be a closed loop in ­ and let r denotes the retraction from ­ to

R P2. As we proved before, such that there is a closed loop c1 = r (c0) in R P2 is
freely homotopic to c0. Then by do Carmo [1], since c0 and c1 are two homotopic
curves, we havethat

R
c0

! =
R

c1
! where ! is a closed 1-form in ­ . As before, for

! 2 ­ ¤ we consider its restriction on R P 2, and we have that it is aclosed 1-form
on R P2, which in turn is exact, by Proposition 4.5.

Therefore

0 =
Z

c1

! =
Z

c0

! :

This implies, by de¯nition, that ! is exact.

5.6. Conclusion.
The above construction showsthat there exists a domain ­ 2 R 4 such that ­ is

not simply connected, yet every closed di®erential 1-form in ­ is exact, which is
a complete counterexampleto the question posed in the intr oduction.
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6. Case n=3 - Classical Counterexample:
The Horned Sphere

Note: This case wil l not be explained with great detail since the detailed proof is
beyondthe scope of the paper's intended audience. For a more intric ate explanation
see Dale Rolfsen's book entitled K nots and Link s.
The domain ­ in R3 is the complementof the Alexander horned sphere, which is

construtucted in the following manner. Begin with a hollow sphere in R 3.

Then, push out two horns in the sphere.

Next, push out two horns from each horn.

This method is continued in an in¯nite fashion until the Alexander horned
sphere be obtained as shownbelow.



20 PATRICIA R. CIRILO y , JOS ¶E REGIS A.V. FILHO z , SHAR ON M. LUTZ ?

The Alexander horned sphere is homeomorphic to the hollow sphere, which is
intuitively obvious by the construction de¯ned above. Due to this homotopy, the
Jordan Alexander Duality theorem applies, which states that H 1, the cohomology
group, is the same for the complements of the de¯ned spaces. The cohomology

group is de¯ned as H 1 =
closed forms
exact forms

.

For example,asshownearlier in the paper the sphere is simply connected. Thus,
by a known result that can be found in several textbooks, for instance do Carmo
[1], every closed 1-form de¯ned on the sphere is exact. Therefore, H 1 equals the
identity. The cohomology group for the complementof the hollow sphere alsoequals
the identity. This is due to the geometry of the complement of the sphere. The
complementof the sphere is composed of two pieces: the ball interior to the sphere
and R3 minus the sphere and its interior. A crosssection of this is shownbelow.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

././././././././././././.

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

0/0/0/0/0/0/0/0/0/0/0/0/0

x-axis

y-axis

interior of the sphere

the sphere

The rest of the rectnagle represents R^3 minus the 
sphere and the interior of the sphere.

The interior of the sphere is a ball which is simply connected, so every closed
loop is homotopic to a point. So the interior of the sphere is simply connected. R3

minus the sphere and its interior is simply connected Therefore, the complement
of the sphere is simply connected, so H 1 equals the identity for the complementof
the sphere. Then by the Jordan AlexanderDuality theorem, H 1 of the complement
of the horned sphere is also equal to the identity. So, for the de¯ned space ­ in R3
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de¯ned as the complementof the Alexanderhorned sphere, everyclosed di®erential
1-form on ­ is exact. Yet ­ is not simply connected since a loop in ­ around the
horned sphere (as shown in the image below) is not homotopic to a point, since
the loop can not be deformed in a point without passingthroughthe horned sphere,
a fact that is not easily proved. (For a detailed proof of this conjecture see Dale
Rolfsen's book entitled Knots and Links as referenced above.)

In conclusion, there is a domain ­ in R3 de¯ned as the complementof the horned
sphere, suchthat every closed di®erential 1-form in ­ is exact, but ­ is not simply
connected. Furthermore, this showsthat if there exists a domain such that every
closed 1-form is exact, that domain is not guaranteed to be simply connected.
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