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Equivalent Fractions
When do two fractions represent the same
amount? Or, when do they represent the same
point or number on a number line?

Fold a piece of paper in half:

We now have 2 equal regions:

The shaded part represents % of the paper.

Fold again, the same way.
We now have four equal regions:
the shaded part remains the same,

but now represents % of the paper.

Both representations are the same part of the
whole paper.

NI =
|
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More Equivalent Fractions

Now fold the paper across.
We now have 8 regions of the paper, and the

shaded region now represents g of the paper.

. 1 .
Notice that 5 can be written in more than one way.

All of these fractions are located at the same
point on the number line. Therefore, they
represent the same number.
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Paper Folding to Symbols

From the paper folding exercises we see that
Increasing both numerator and denominator of a
fraction by the same factor gives an equivalent or
equal fraction.

It isacrucial step to move toward the use of
mathematical symbolsto expresstheseidess....
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More Equivalent Fractions

In symbolic form,

2 .
3 can be rewritten as

2Kk .
for any integer k.
3ok y Integ
2_2:2_4 1_1-2_2
3 32 6 3 32 6
2_2:3_6 1_1-3_3
3 33 9 3 33 9
2_2-4_8 }_1-4_4
3 34 12 3 34 12
Leading to:
g:ﬂ:§:§:etc_ 1':g::—gziZGtC.
3 6 9 12 3 6 9 12

© 1999, CISC: Curriculum and Instruction Steering Committee The WINNING EQUATION



PRIMARY CONTENT MODULE V NUMBER SENSE: Rational Numbers T-15

More Equivaent Fractions

The numerator and denominator
can be divided, or multiplied,
by the same factor to get an equivalent fraction.

6_6,3_2
9 9 3 3
12_12,3_4
15 15 3 5

1 14100 _ 100
10 10+100 1,000

4 _ 44 _ 16

0O 9+4 36

But not all equivalent fractions are related in this
way. For example:
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More Equivaent Fractions

3 4 1
— and - each equal -,
6an 8ea(: equ >

But no whole number multiple of 3 gives 4
and
no whole number multiple of 6 gives 8

Similarly
91 _ 143
119 187

because they both reduce to 1—3

But it is not easy to see that they are equal.
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Question

|s there a simple way to tell when any two
fractions are equal ?

Yes! It'scalled "cross multiplication."

Twofractionsil and ¢ areequal If and only if

b d
ad = bc.
For example,
:—3 = ﬂ because38=6+4
6 8
1 = 143 because 91 « 187 = 119« 143
119 187

But why does this rule work?
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Explanation for Cross Multiplication
To determine whether

a_=c 3 4
b d 6 8
find a common denominator for each fraction.
bd 68
IS a common denominator for both
% and g g and g
Multiply:
. a 3
numerator and denominator of b by d 6 by 8
a_ad 3 3-8
b bd 6 68
. C 4
numerator and denominator of q by b a by 6
c _ bc 4 4.6
d bd 8 86
when ad =D, (38)=(4°6)

the two fractions are equal.
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Cross Multiplication

Perspective: different fractions Iike% and %

represent the same point on a number line and
therefore, they represent the same number. We
need asimple criterion to decide when two
fractions represent the same number.

Definition 2 Twofractions.%1 and g are equal,

that Is, they represent the same number, if and
only if
ad = bc
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The explanation leading to cross multiplication
shows away to compare unequal fractions.

Proposition: g < g if and only if ad < bc.

Ordering Fractions

Isﬁl larger thang’?
7 5

Since4-5<7-3thenﬂ<§
7 5
Isg<§? 204733
3 4
since 8<9
2 3
< —
3 4
Alternatively,
2 8 3 9
_:_and_:_
3 12 4 12

Therefore, Z <§’r .

3
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Determine Which Fraction is Larger

Worksheet

Which rational number islarger?

1§ or 1§’?
4 8
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More Equivaent Fractions

Definition 2 includes the cases where some or
al of a, b, c, and d are negative.

3 -3
47 4

using cross multiplication

3+4=(-3)* (-4)
12=12

or by multiplying the top and bottom of one
fraction by -1

3 _ 3(-1) _-3
-4 -4e(-1) 4
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More Equivaent Fractions
Another example

using cross multiplication
3e(-4)=(-3)+4
-12=-12

or by multiplying the top and bottom of one
fraction by -1
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Fractions are Rational Numbers

Definition 3: A rational number is any number
which can be expressed in the form g where a

and b are integers; b does not equal zero.

Fractionsrepresent rational numbers.

More than one fraction represents the same
rational number,

e
2 4 6

Rational numbers may be thought of as points
on the number line and fractions are the names
we call them.
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SETS of NUMBERS

Rational Numbers

any number that can be expressed in
the form of a/b, b' O, whereaand b are
Integers.

Integers
..-3,-2,-1,0,1, 2, 3...

Whole Numbers
0

Counting Numbers
1,23, ...
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Addition and Subtraction of Fractions

Casel

Two fractions which are to be added or
subtracted with the same denominator.

1,1 1412 4.1 _4-1_3

3 3 3 3 55 5 5
In generd

a,c_atc a_c_a-c

b b Db b b Db
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Adding and Subtracting Fractions

Case 2
Two fractions which are to be added or subtracted

with different denominators.

An important formulafor all cases:
a c _(ad+Dbc)

b d  bd

Justification:
C
+ — =
d
_a@ do af bo

— 0 — + ~_ o —

€b d? ed be

ad cb
" bd db

_ (ad + bc)
bd

§+E:(ad+bc)
b d bd

(@R}

Therefore:

Thisformulais important in algebra.
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Examples

2°5+4‘3 25+ 34
3¢5 5e3 3¢5
10 + 12

15
2_2
15

7

(.
15

6+1+3-1
3+6

9.1

18~ 2

WIN
+
(@ AN

Wl
RN

In practice, common denominators less than bd are
used. The lowest common denominator for the

fractions%1 and g IS the Least Common Multiple

(LCM) of b and d.
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More Equivaent Fractions

. 3 3
Tojustify —— =—
J y 1- 2
-3 3 3+3 0
—+—=— " =_"=0
4 4 4 4
and
_§+§:O
4 4

therefore —_ =
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Mixed Numbers to Improper Fractions

An important definition to remember is:
58 =5+ g
3 3

Converting the mixed number to an improper
fraction can be done using addition of fractions.

15
="+
3

17

52 =5+
3 3

WIN
WIN

a . .
A shortcut to convert WE to an improper fraction isto

multiply the whole number (w) times the denominator
(b) and then add the numerator (a).

a wb+a
Thatis w — =
b b

2 17
Example: 5= =—
3 3

because5¢3+2 =17
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Converting a Mixed Number to an Improper Fraction
Worksheet

Explain why these two ways of converting a
mixed number to an improper fraction are really
the same.

By using addition of fractions we get 5§:S+§ :1—;,

or by multiplying the whole number times the

denominator and then adding the numerator we get

2 17
5= =,
373
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Improper Fractions to Mixed Numbers

17 15 2 2
- = — 4 - = 5 —_
3 3 3 3

Long division tellsus how to do this

3)17 gives
5 with remander 2

or
17=35+2

o 7_3:5+2 _ _ 3,
3 3 3

2

4+ —

3

WIN

5

5 2
3

© 1999, CISC: Curriculum and Instruction Steering Committee The WINNING EQUATION



PRIMARY CONTENT MODULE V NUMBER SENSE: Rational Numbers T-28

Multiplication of Fractions

Definition 4: The product of % and g

for any a, b, ¢, and d (with denominators not
Zero) Isgiven by

‘@gile))
olo
I

o
g[8

Goal: Explain why thisisagood definition.

Case 1: an integer times a unit fraction.
1 1 1 1 1

'575"575"5
C(L+1+1+))

5

(G2 RN

[

N

{ ]
gl =

°
gl =
1

gl

4 =

8
I~ gl

el SN

This matches Definition 4.
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Another way to look at it:

401-:1-04
5 5
or }of4
5
or 4+5

The multiplication symbol “*” represents the
word “of” in word problems.

0,
}-4:}of4:4+5.
5 5
Since }-4:ﬂ
5 5

the fraction g may be thought of as

“4+5”
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Fractions may be thought of as the “answers”
to division problems which have no answer if
you only had whole numbers or integers.

Recall that using integers, 25 + 6 hasthe
answerg=4andr = 1.

With fractions, division of whole numbers no
longer need remainders.

Using fractions 25 + 6 simply becomes
25 1
— Or 4—.
6 6
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Justification for the Multiplication Formula

1
Case 2: The product of two unit fractions 2 . é

A one unit square is divided into 4 sections horizontally
and 3 sections vertically.

1
13
r-/H
1
4
: . 1. 1
one subrectangle| |hasdimensions 2 by 3
The area of one subrectanglesis 2 . %

Thereare 3« 4 = 12 subrectangles in this unit square,
each with the same area.

Area of one subrectangle is the area of the square (1 x 1)

dividedby 12, or —. S0, Sel=1
12 4 3 12
o : : a Cc _ ac
Thisisconsistent withtheformula— « — = —.
b d bd
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Last Step in Justifying Multiplication Formula

a c _ ac
W t thef la— ¢ — = —
e are ready to deduce the ormuab 4 b

Case 3. The general case.
Using the associative and commutative properties of

multiplication
a,c
b d
1 1
= (a*—-)e*(-°+c) Casel
(as3)* (5 0)

ae (% . ﬁ) « ¢ Associative Property

= (ae*cC)e (% . g) Communicative &

Associative Prop.
1
= ° ° — C 2
(ae0) ™ ase
ac
= — Casel
o ase

Both Case 1 and Case 2 have been used.
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3+5 _15
47 28

Example: 3.2 -
4 7

Here are the steps we just used for Case 3:

3.95_m.4. 1.
2°7°6 G

—(3e5)(2 2
=(3+5)(; * )
_ 15)(E
= (15

_15
28
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Multiplication of Fractions
Worksheet

H
o Ol
[}
WIN
I
N
oo |l O
[ ]
(e NIEN|
I
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Division of Fractions

Definition 5: For any fractionsil;l and g

a d ad

a.c ad
b d b ¢ bc

An example:
s.f _ 38,3 _2
4 3 4 7 28

Why isthisthe right way to divide fractions?
Why do you invert and multiply?
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Division of Fractions

One way to understand division of fractionsis by
recognizing division as the inverse of
multiplication.

A+-B=C
means the same as
CeB=A
For example, 12+4=3
because3+4 =12

With fractions:

oo
— | D

a.
5

means the same as

E. :9.
f d b

ol Ne)
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Division of Fractions
Solve for ? by multiplying both sides by g:

e co0 d_a_d
gf dg ¢ b c

Since

ol Tl TID

—| D =0
ol Ne

ltfollowsthat 2 =

ol
°

ol e
Ol

To understand more clearly this explanation,
let's try it with actual numbers...
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Division of Fractions
2 5 14

3715

means the same as
14 5 2

15 7 3
14 . . 7
Solvefor 15 by multiplying both sides by E ;

6@450727

€5 76 5 3 5
14 5 75 2 7

15 €7 50 3 5

14.35 2.7

15 35 3 5

14 . _ 2 7

15 35

14 2 7

15 3 5

Since 14_2.3
15 3 7

Therefore 25 > - Z !
3°7 35
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More Insight into Division of Fractions

1+ 1=
A

means

how many one-fourths are in 1 whole?

Each subrectangle is one-
fourth of the unit sguare.
There are 4 of the one-quarter
units in the unit sguare.

So: 1+:=1+224
2~ 1
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Dividing Fractions by
The Common Denominators Approach

Think of

~N O
~N N

as 6 groups of % of something divided by 2 groups

of % of that thing. Thisislike dividing 6 apples
Into groups of 2 apples.

Dividing fractions with the same denominator can
be done by just dividing the numerators.
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Another Way to Understand Division of Fractions

. C
To find = —
d

(@R}

first find a common denominator for both
fractions = bd

.a C
Rewrite — and — as;
b d

Then
a ¢ ad bc

b d bd bd
Since these last two fractions have the same
denominator, just divide the numerators

So, the answer isad = bc or z—g.
Therefore a.c.ad
! b d b c
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Another Explanation for Division of Fractions

1 2_
3" 5
1
may be written: % =
5
and multiplying this by 1 we get:
15
-3 , 2
2 0
5 2
1.3
-3 2
2,2
5 2
> 3
= 6 = 6 :E
10 1 6
10
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Another Explanation for Division of Fractions

a d ad
b.c__b c
c d c¢,d
d C d c
ad  ad
:bC: bC:ad
cd 1 bc
cd
a ¢c a d
S()’ = — — = — e —
b’ d b c
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A special note;

Many students through the years complain about
not understanding fractions. They will often avoid
problems involving fractions. Traditional sequence
of adding, subtracting, multiplying, and dividing
natural numbers, whole numbers, and integers leads
us to do the same with rational numbers. However,
when we get to Algebra, the order is often reversed
when working with polynomialsinvolving rational
expressions.

Teachers might give students greater security when
working with fractions by capitalizing on their
successes. Students tend to find reducing of
fractions an easier task than finding common
denominators when adding or subtracting them.
Some students may find greater success with
fractions by multiplying and dividing them first and
then getting to one of the most difficult conceptsto
learn; addition and subtraction of fractions with
unlike denominators.

Some teachers may wish to teach addition and
subtraction of fractions with Case 1 conditions,
move to multiplication and division of fractions as
an extension of reducing or building fractions, and
then conclude with adding and subtracting fractions
with unlike denominators as in Case 2 conditions
when they are more experienced in working with
fractions.
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A Problem with the Jumbo Inch

aA bB ¢ C dD eE
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A Problem with the Jumbo Inch

aA bB ¢ C dD eE

The approach to solving this problem isto assign

valuesto C and D. For example, C = 1 and D = 4

2 5
then C e D—}-ﬁl 4 2 Slnce2<}(C)and
X 2 5 10 5 5 2

c < g (D), the answer could be A and B; but since

the fractions are positive, the result of A could
never be obtained, and the answer is B.
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Optional Word Problems

1. A box of laundry detergent contains 40 cups.
If your washing machine takes 1% Cups per
load, how many loads of wash can you do?

2. Sandra, her brother, and another partner own a
restaurant. If Sandra ownsé and her brother

owns % , what part does the third partner own?

Answers:
1. 4O+11:4O+§:4Oxﬂ:8x4:32Ioads.
4 4 5
2. 1—(—1+2):1—(1+£):1—E:
3 7 21 21 21
2—1 —E’:éof the restaurant.
21 21 21
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Post Test
1 1.2 0 3.1 3 32224
55 4 3 12 15
4 §+§: 5. 124+31:
12 4
6. Expressgog asasingle 7. Expreﬁzcl+§ asasingle
fraction in terms of aand b. fraction in terms of ¢ and d.
2 C . a b .
8. ExpressB+? asasingle 9. Expreﬁ§+5 asasingle
fraction interms of b and c. fraction in terms of aand b.

10. Convert the following from improper fractions to mixed numbers

or viceversa:
a 1:—3 = b. 3E =
4 12
C. Z = d. 2—5:
2 3

10. Which of the following is the larger rational number?

a 30r1—1’> b. 230r2§’>

4 16 8 12
11. Define the set of rational numbers.
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Post Test Answer Key

3 2 1 3 1>
) 4 20
4 2 5. 35§ 6. @
9 7 Oa
7 @ g 14 + bc 9 ab + 15
20 7b 3b
10. a ! . 4l C. 3—1: d. 8}:
4 12 2 3

11. Which of the following isthe larger rational number?

3.1 b 23 <02
4~ 16 8~ ‘1

12. The set of rational numbersisthe set of all numbers that can be
expressed in the form g, wherea and b areintegers, and b ! O.
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