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A statistical mechanical problem in Schwar zschild space-
time

Peter Collad] and David Kleird

Abstract We use Fermi coordinates to calculate the canonical partftinc-
tion for an ideal gas in a circular geodesic orbit in Schwelndd spacetime.
To test the validity of the results we prove theorems for fiing cases. We
recover the Newtonian gas law subject only to tidal forcethan Newtonian
limit. Additionally we recover the special relativistic éaw as the radius of
the orbit increases to infinity. We also discuss how the ntbttam be extended
to the non ideal gas case.

Keywords Ideal gas; Schwarzschild spacetime; Fermi coordinatesisStal
mechanics

PACS04.20.Cv; 05.20.-y; 05.90.+m

1 Introduction

Contributions to the development of a theory of relaticigiatistical mechanics, in-
cluding attempts to find a fully covariant theory, date baxkhe early part of the 20th
century. A useful summary of contributions up to 1967 is giby Hakim [1]. Since
that time distinct proposals for a general framework foatigistic statistical mechan-
ics have continued to emerge. For example, Horwitz, SclaaddPiron[[2] constructed
classical and quantum Gibbs ensembles in the context ofadpelativity using “his-
torical time” and a statistics of events off the mass shellleMand Karschl[3] applied
the constraint formalism to many-particle special relatie systems in statistical me-
chanics in order to include two-particle interactions. Dkincent [4] considered a
statistics of orbits consistent with Hakim’s approachunithg a tentative definition of
equilibrium. More recently, Montesinos and Rovelli [5] pased a theory of statistical

1Department of Physics and Astronomy, California State hsity, Northridge, Northridge, CA 91330-
8268. Email: peter.collas@csun.edu.

2Department of Mathematics, California State UniversityriKridge, Northridge, CA 91330-8313.
Email: david.klein@csun.edu.


http://arxiv.org/abs/gr-qc/0603086v3

mechanics that is not necessarily tied to the notion of gner@ preferred time axis
and which is consequently not necessarily governed by ttiemof temperature.

In this paper, we consider an ideal gas enclosed in a comtairebit around the
central mass in Schwarzschild spacetime. It is assumedhbajas particles, along
with the container, do not significantly alter the backgm&thwarzschild metric.We
develop a statistical mechanical formalism that yieldsrapimnations of the canoni-
cal Helmholtz free energy for the volume of ideal gas. Thegaa@imations involve
cross terms between space coordinates, momentum co@sliaaid Riemann curva-
ture tensor components, but the expressions are still ctatipoally accessible enough
to allow comparision to their special relativistic and Newnian analogs. We test the
validity of these expressions by proving rigorous resutts special relativistic and
Newtonian limits. Technical issues related to the existesfche thermodynamic limit
are discussed in Remark 1 below.

Our method begins with the calculation of the Schwarzsahidric in Fermi coor-
dinates along the circular geodesic orbit. For that purpeseaise the results af|[7] and
[8]. The choice of a circular orbit in the spherically symne&chwarzschild space-
time makes it plausible on physical grounds that the gasagfiieve equilibrium. Since
Fermi coordinates are Minkowskian to first order near thé aitie statistical mechan-
ical partition function should closely resemble the analogwell-known expression
in special relativity (see e.gl1[9]), but with correctiomssecond order. We note that
the term “ideal gas” is somewhat misleading in the contexasferal relativity. This is
because a volume of gas subject to no forces is still affdngdtie curvature of space-
time, and this corresponds to a Newtonian gas subject tb fidees, but otherwise
“ideal.” We elaborate on this correspondence in Sec. 4.

Our formulation and results may be compared with [5] and [i§]Section 5 of([5]
it was shown that even for the ideal gas in Minkowski spacetiftihere is no Lorentz-
invariant thermal state: a thermal state is in equilibrivtma preferredLorentz frame
of reference, and therefore breaks Lorentz invariancevak further argued in [5] that
when the gas is enclosed in a box, the coordinate system ichwthé center of mass
of the system is at rest is the preferred Lorentz frame, aactcéimonical distribution
density for an ideal gas in Minkowski spacetime then reduces product of terms
of the form exg@Bpo (Wherepg is the negative of the energy of a particle ghds the
inverse temperature). Analogously, we work in the localipkbwskian Fermi normal
coordinate system of the rest frame of the box of gas in Sctsgaild spacetime. We
expect this to be the preferred reference frame for equilibr In Section 8 of|[5],
Chernikov gave a solution to the kinetic Boltzmann equafimmthe single-particle
equilibrium distribution of an ideal gas in the Schwarz&tkibordinates. In contrast
to the methods of |6], we use statistical mechanical argusem derivation of the
canonical partition function. We make further comparisonSection 5. The time-
dependence of the Fermi metric considered here necesisardguces complications.

In Sec. 2 we introduce notation and compute the Schwarzsoietric in Fermi
coordinates to second order. In Sec. 3 we derive the volumefiar phase space, give
a theorem for coordinate independence, and establish &Jersion of Liouville’'s



Theorem on a B-dimensional phase space fldrparticles. We then find approxima-
tions for the partition function and free energy for the idgas. The proofs of the
main results of this section appear in Appendices A and B.do S we prove that
the non relativistic Newtonian limit of our general relagtic free energy function is
the expected result corresponding to classical tidal foréée also prove that the limit
of our general relativistic estimate of the free energyhasradius of the orbit goes to
infinity, equals the free energy for the special relaticistase found by Pauli[9]. Sec.
5 is devoted to conclusions.

2 Fermi coor dinates

Throughout we use the sign conventions of Misner, ThorneVehdeler [10] and ex-
press the Schwarzschild line element in terms of the usuglhlas as,
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Consider a container of gas molecules in orbit around theaenassM in Schwar-
zschild spacetime. We assume that neither the gas nor th&icensignificantly con-
tribute to the gravitational field, so that the Schwarzsthiletric is effectively unal-
tered by their presence. We assume further that a centerss afighe container of the
gas may be identified, and that it follows (or very nearlydal$) a circular geodesic
orbit ¢ of radiusr > 3M3 with 8 = 71/2; (a discussion of the existence of a center of
mass related to our circumstances is given in [11], see iticpéar p. 209). The four-
velocity tangent vector along is (f,0,0,tdg/dt). In a neighborhood of the circular
orbit ¥, all spacetime points may be charted using Fermi coordinatese origin
is the center of mass of the container of the gas. Parker andri®l [8] calculated
the Fermi normal basis vectors, or tetrad, for a circulardgsea orbit at radius and
gave some of the Riemann tensor components in that tetrdolwBee give the Fermi
basis vectors (after correcting a misprint in Eq. (5.24)8Jf and all of the nonvanish-
ing Riemann tensor components in the Fermi frame. Herebdteed indices refer to
the Schwarzschild coordinates bf (1) while unbarred inslieger to Fermi coordinates
{x0,xt,x%,x3}. As usual Greek indices run over)2,3 and Latin over 12, 3. Let,
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Then a parallel tetrad for Fermi coordinates is,

3Since circular orbits are stable only for- 6M, it may be argued that equilibrium is possible only for
such orbits.
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where,
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¢ is the energy per unit mass of a test particle following thstaf the center of mass
of the container of gas, arlds its angular momentum per unit mass. Thus,

efﬂ and I=r M (8)
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The tetrad vectors may be expressed explicitly in termseptioper time® = 7 of the
Fermi observer. On the circular geodegiave have that

0= ©)

where the dot indicates the derivative with respect to thp@rtime along this geodesic,
namelyt. For the geodesi®, | is given by [8), therefore it follows that

VM
¢ rvr—3m (10)
We now use the relation o
Rapys = Rearmveaes ey'es (11)

to obtain the Riemann tensor components in the Fermi basif8[x
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From [1) and[{I0) we have that
M
ap= r3—\//_2 T. (18)

(@18) expresses the argument of the trigonometric functmpearing in the the curva-
ture componentd, (12)-(IL7), in termswof

In addition to the usual symmetries which connect the varimamponents of the
Riemann tensor we find the following relations

Roz13 = —Ro212 Rozoz= —Ro113, (19)
Ri212 = —Roz03 Ri313= —Ro202, (20)
Ri223 = —Ro1z Rez2z= —Ro1o1 (21)

The metric components in Fermi coordinates to second orgegigen ([7], [10],
and [12]) by,
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1
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g = o+ %Ri|jmx' X"+ O(3)
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whereg = det(gqp).

3 Phase space and the canonical partition function

The Hamiltonian for a system of ideal gas particles is given by

N
1
H =I;H., where H, = >4 piapip, (28)

HereH, is the Hamiltonian for théth particle. For notational simplicity we shall omit
the subscript labeling the particle coordinates and momenta, when itdardhat we
are referring to a one-particle Hamiltonian. The state ahgle particle consists of its
four spacetime coordinates together with its four-momentoordinategx®, pg}. If
the proper massn > 0, of the patrticle is fixed, then the one-particle Hamiltonis.
given by,

1 me
H = égaﬁ PaPp=—— (29)

Eg. (29) allows us to reduce the dimension of the state sgasevien. The energy
of a test particle with four-momentupp according to an observer with four-velocity
u” in Schwarzschild spacetime,4su® py, which is a scalar invariant under coordinate
transformations. In the Fermi coordinates described iptheious section, an observer
with fixed space coordinatds! } and time coordinate, e.g., the observer at any fixed
location in the container of the orbiting gas, with fouragty u” = (1,0,0,0), will
measure energy po of a particle with four-momentunpg at that point. With the
assumptiorpg < 0 we obtain,
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Let P be the sub bundle of the cotangent bundle of spacetime with #aee di-
mensional fiber determined Hy (30).

Proposition 1 The volume 7-fornd on P given by,
~ 1
w:ad)@/\dxl/\dxz/\d)@/\dpl/\dpz/\dpg, (31)

is invariant under all coordinate transformations.

The proof of Proposition | which is analogous to a resuli i8] [(see also[14], p. 264
for generalizations) is given in Appendix A.

We next restrict our attention to the Fermi Observer alomgcircular geodesi@
with fixed 1. Phase space for a single particle is determined by the stiaesrthogo-
nal to the Fermi Observer’s four-velocity, with the asstaiianomentum coordinates,
along with the volume form given by the interior product (4], p. 3)i(d/d1)& of
the vectord /9t with &. Then,

mi(d/01)® = dxAd@AdEAdpiAdpAdps
dxtdx2d>d pid pod ps. (32)

It follows from Proposition 1 that the 6-form given By {32)nsariant under coordinate
changes of the space variables (only), witlixed. Physically this means that the
calculations that follow below are independent of the caaitthe Fermi tetrad[12)-
(€). We note in particular that with fixed, pg is invariant under changes of the space
coordinates.

Liouville’s theorem for the invariance of phase space vaumder the dynamics of
particle motion is one of the foundations of statistical hreacs. In order to establish
a local version of Liouville’s theorem associated with aguat of 6-forms each of the
form given by [32) we return briefly to the cotangent bundlegdicetime and consider
the symplectic form¢og, given by,

Go=dCAndp+dxtAdp+dEAdp+dCAdps. (33)

The HamiltonianH,, governing the dynamics is given Hy {291enceforth, for the
duration of this article, we useyg to represent the second order approximation to the
Fermi metric given by (22)-(24) rather than the exact (uccédted) values. Likewise,
we use only the second order approximations for the compeméhe inverse metric
and ¢fP.



The metric and hencl depend on® only through the Riemann tensor compo-
nents. It follows from[(IR)E(T7) that the Hamiltonian is givto second order in all
four spacetime coordinatgs®, x*, x?,x3} by settingx’ = 0. In fact, expanding to third
order in the spacetime coordinates, it is not difficult towtbat the time derivatives
of the metric tensor elements are much smaller than theatass in the spatial di-
rections at spacetime points close to the geodesic ciroulat (cf. [7], Section IX).
For the purpose of approximating statistical mechanicahtjties we therefore make
a further approximation and st = 0 in (I2)-[17). This amounts to selecting a point
on the circular geodesic orbit and assuming an approximntiteé independent Hamil-
tonian. In light of the comments following Eq._(32), we wouldtain the same final
results from the selection of any other point on the orbitl ae briefly discuss this in
Section 4 below. We therefore identifg = —E < 0, where the energlf of a particle
is positive and constant, and it follows that we can redued@tmension of phase space
by two by eliminatingpg and its conjugate cyclic coordinat@.

We next consider an ideal gas consistindNoparticles in a one-dimensional box;
the generalization to additional degrees of freedom isgdttiorward and we omit itin
order to keep our indices simple. We label the coordinatenerdum, and proper time
of thelth particle,(I =1,...,N) by q, p;, i, respectively. We assume that= 1,(1),
wheret the proper time of the center of mass of the system (in thevat&etween
collisions). Note that the function (1) may be any smooth function of

We may define the Hamiltonian vector fielg},, as follows

o dat drl dr
) dpl dpl dTl
P1 dr dr; dt
=]  |=| : |= : : (34)

AN d;q\, doN din

dr dry dT
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Liouville’s theorem, which states that the Hamiltonianteys is measure-preserving,
follows from (35):

. o1 Op 3QN opN
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: oq. ' dps gy ' Ipn’
B J [da 0 (dp\|dn dry
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We thus have a local version Liouville’s theorem for our gestricted to a small vol-
ume in circular orbit, that is, we may assert that Liouvdl#ieorem holds to low order
in the spacetime variables.

In order to proceed to the next step and define the thermodgrieee energy cor-
responding tay,g (see(38) below) we will need the following theorem. The ffriso
given in Appendix B.

Theorem 1 There exists a positive functiorfM, r) defined for > 3M > 0 such that:

(a) f(M,r) is a decreasing function of M and an increasing function afidd(M, r) —
0 asr— o or M — 0 when the other variable is held fixed.

(b) If x| < f(M,r) fori=1,2,3, then

Po < —K(|pa|+[p2| + [p3l), (36)

for some positive number k, wherg ip the function of space and momentum coordi-
nates defined by (B0)

The canonical partition function for the gas under consitien depends on temper-
ature. One would expect small variations in the temperafungthin the gas volume
(a) because of pressure variations due to gravity and (kgusecof tidal effects on
the particles in a container in orbit aroult(cf. [15], [16]). These effects, although
very small, would also be present in the nonrelativistieecadfe assume that our sys-
tem is in contact with a ‘heat bath’ and consequently in therequilibrium to a good
approximation. Following the usual convention, we write,

1
B= 37)

whereT is the temperature of the gas in volurdeandk is Boltzmann’s constant.
Turning now to the canonical partition function, we write,

1 ' ' N
. (B3iZ1(Po) gxNgpN
Z N!(2nﬁ)3N./RsN,/VNe 1=1\Poll dx™Ndp™, (38)

dx = dxtdx2dx®, dp = d p1d ppd ps,

dxNdpN = dxddxédx3d pridprodprs. . . dxydxdxgdpnidpnodpns. (39)

whereN is the number of particles, arigh); is given by [30) with the coordinates and
momenta corresponding to thth particle. The volume integrals i (38) have limits
of integration determined by the range of Fermi coordintitesdefines the volume of
the gas.

The following result follows immediately from Theorem 1.



Corollary 1 The partition function given by (88) is finite for any paréichumber N,
any inverse temperatu®, and any volume V for whiclX'| < f(M,r) fori =1,2,3,
where f(M,r) is given by Theorem 1.

Remark IThe physical significance of the bound pf| given by f (M, r), a function
that increases with increasimgor decreasingM, is that the Fermi coordinates of the
volume of the container of the gas may be increased — andftihertde volume itself
may be enlarged — as the orbital radius increases, or the shétss central body de-
creases. Informally, in the limit as— o orM — 0, the volume of the gas may increase
to infinity, and thus the thermodynamic limit may be considwith the bound$ (36)
on the integrand of the partition functidn {38). We leaveffgure investigations the
question of whether or not Theorem 1 can be sufficiently stvagd so as to permit
consideration of thermodynamic limits fdf > 0 and finite radial orbits.

The connection with thermodynamics is given by the equation

F(B,V,N) :—%Inzr, (40)

whereF; is the Helmholtz free energy at radial coordinafer the orbit%” of the gas
for the metricg, g defined by[(2R)E(27).

4 Special relativistic and Newtonian limits

From [12)421) we see that ti&, 3,5 vanish ag — . Thus, from [2P)[(23),[(25),

(28), and[(3D), . o
g®—-n% ¢"—o0 g3, (41)

po — —1/0pjpx+m?, (42)
as expected.

Let Z, be the partition function as defined [n{38) except withreplaced by its
limiting value —/3p;px+ ¥, asr — . The free energy foZ, is known to be
the Helmholtz free enerdy..(3,V,N) for an ideal gas in special relativity. An explicit
calculation forF(8,V,N) was given, for example, in_[9]. In the next theorem, we
show that whem = =, so that the gas is far from the gravitational souf&€g,V,N)
becomes the free energy of an ideal gas in special relativity

Theorem 2 For any finite volume V,

JmFr(B,V,N):Fm(B,V,N). (43)

Proof Sincef(M,r) — « asr — o, the conditionx | < f(M,r) required by Theorem
1 is satisfied for all sufficiently large The result follows easily from the Lebesgue
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Dominated Convergence theorem for the interchange ofdimnitd integrals because
the integrand in[(38) is dominated uniformlyiirby an integrable function which is a
product ofN terms of the form exp-k(|pz1| +|p2| + |ps|)). T

Remark 2n Theorem 2, the Fermi coordinates for the voluvheelative to the orbital
geodesic of radiusare held constant, independentsee Remark 1). Therefore, the
volume of gas itself depends arin the sense that it is held in orbit at radiysand
its proper volume is a function of converging asymptotically to its special relativistic
volume asr — . Alternatives are also possible. The proper volume of theeaga-
tainer may be held fixed by choosing the limits of integrafiothe volume integrals
in (38) to be suitable functions of

Curvature in relativistic spacetimes corresponds to tidales in Newtonian me-
chanics. For the purpose of identifying relativistic effeave compute here the New-
tonian canonical free energy and pressure of an ideal gagimcw@ar orbit around a
massive body, subject only to tidal forces.

To that end, leV be the volume of the gas orbiting a central body of méss a
circular orbit of radiug. The origin of Cartesian coordinates is located at the cente
of the box with thex!-axis along the radius of the orbit. Thus, at a particulatainsin
time, the coordinates of the center of mass of the centra} boe{r, 0,0). We note that
it would be necessary to use a different coordinate systgmote Theorem 3 below, if
we had chosen a point on the geodesic offjtpther than that correspondingio= 0
because of the dependence of the Newtonian limits of the iRetrad given by Egs.
@) - @) ongp O X°.

Aside from elastic collisions with the wall of the containtire molecules, each of
massm, are in free fall subject only to tidal forces. The tidal fefg(x*,x?,x3) can be
expressed in terms of the gravitational foRggéx®, x2,x3). In our coordinate system,

Ft(xlaxzaxg) = FQ(X13X27X3)_F9(03030)3
_ (Xl =T, X27X3) (r7 07 0)
= —GMm (e (@Bt | (44)
The potential energ® satisfyingd®(0,0,0) = 0 andk = —O® is given by
o(xtxe 3 = —GMm
VOE=T)240@)2+ ()2
1
GMm(x+ r)' (45)

r2
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For the purpose later on of comparifgl(45) with the poteetiargy obtained from the
nonrelativistic limit of our metric, we approximate _{45}a@ing terms to order 2 in
the coordinates,
GMmM(2(x")% — (¥°)* — (x°)%)
2r3 '
For a volumeV of an ideal gas o particles subject to an external fiefe, the
Hamiltonian is given by,

O~ — (46)

H= T (p—'2+d>(x.)), (7)

| 2m

wherex, denotes the positiofx,y,z) of thelth particle. The canonical partition func-
tion is then,

Z(V,B,N) = (Znﬁ)ila\jl\“/[éaN/\;Nexp(—BH)dede,

3N N
m Z 1
— - il —BP(xY.2)
(2 zﬁ) NI (/Ve dxdydz) , (48)

The Helmholtz free energi, (V, B,N), is given by,
—BF(V,B,N) =InZ(V,3,N). (49)
We note that it follows that the equation of state is given lbgcal version of Boyle’s

Law [17],
BP(x) = p(x), (50)

wherep(x)dx is the probability density for finding a particle at positiogiven by,

_ Nexp(—Bo(x))
PR~ T, exi—podx
Integrating both sides df(51) over the volume gives/ = NKT, where(P) = L [, P(x)dx
is the averaged pressure.

We now consider the nonrelativistic limit @, (30), which appears in the partition
function [38). We let

(51)

1
A= o (52)
and replacé by GMA2 andm by m/A in 30). Since, in the nonrelativistic limit, we
discard themc® term from the expression for the energy of each particleafreoat
poCc = —E), it is convenient to define for thieh particle the functiotn (A ) by

(Poc+me), = (%+A_”;)| =h(A), (53)

12



and consider for the purpose of taking the nonrelativistitit) instead of [(3B), the
‘reduced’ partition function

o 1 N
N S BN hi(A) gy NqgnN
VAN N! (2rh)3N /]R3N /\/Ne = dxTdp”. (54)
The integrability of the integrand in_(b4) follows from theopf of Theorem 1 and
Corollary 1. As before, The corresponding Helmholtz freergg,F (V, 3,N), is given
by,
—BRA(V,B,N) =InZ,(V,B,N). (55)

The nonrelativistic limit ot (A) is given by

( P2 GMm(2(x1)2 - (x2)2 - (x)?) )

lim hi(A)=—

56
A—0t ( )

2m 2r3
wherep? = p? + p3 + p3. Eq. [56) agrees with (46).
In what follows we letG = 1 again.

Theorem 3 The Newtonian limit of the relativistic free energy given(B%) is the
classical Helmholtz free energy, to second order in the sganordinates, for a gas
subject to Newtonian tidal forces and otherwise ideal. Sipadly, for any,N, and
V!

Alir2+ﬁ)\(V7B7N):F(V7B7N)7 (57)

where the right hand side df(b7) is given byl(49)

Proof In view of (54) and[(5b), it suffices to prove that,

lim / / eﬁh'mdxdp:/ " lim eB" M) dxdp, (58)
A—0t JR3JV R3 JV A—0F

for any indexl, which for convenience of notation we omit for the duratidrttas
proof. Defines(A) = App(A). Factoringh into the square root term in the equation
for pp, it is easy to see that a branch of the square root functionlmaselected so
thats(A) may be extended as an analytic functiomafegarded as a complex variable
within a sufficiently small disk centered at the origin of d@mplex plane (depending
on the mass termrm). We note in particular that the definition sfA ) depends on the
curvature tensor elements given byl(12)}(17). Wjthl T = 0 these expressions all
become rational functions af, except for[[IB) which upon replacing by MA? is,

3A3M3/2(r —2MA2)1/2
(r—3MA2)r3
A branch of this function, analytic in a disk containing zeexists. Thus, all the

nonvanishing curvature elements have extensions to amalyctions ofA in a neigh-
borhood of the origin. We denote the analytic extensios(af) again bys(A). The

Ro113= (59)

13



Taylor expansion fos centered a = 0 yieldss(0) = —m and% (0) = 0. It follows
immediately that the functioh(A) = (s(A) +m)/AZ is an analytic extension d¢f(A)
to the domain o§(A ) with a removable singularity & = 0. We computel%h(O) =0
and,

-
12m3r6% (0)

3r®(pi+ p3+ p3)?
2MPr3p2(6x2 — x5 — x3)
2MPr3p3(8x2 — 3x4 — 7x3)
2MPr3p3(8x2 — 7x3 — 3x3)
2M mzr3[8p2 P3XoX3

= Apuxa(p2X2 + Paxa)]

— 48|T13(M)3/2r5/2p1x1x3
48I’T]3(M)3/2r5/2p2X2X3
48m°(M)*/2r%/2ps (6 —x5)
36(Mr)?m’ (x5 — x3)

— M) (33 + x5 — 2x8)2. (60)

+ o+ 4+

+ + +

RestrictingA once again to be real and positive, it now follows that

oh
lim — =0 61
AEE+ A ’ (61)
and from [(G0) that
lim d_zh >0 (62)
A—0+ OA2 ’

for any bounded volum¥ > (xq,x2,%3), and allp? = p? + p3 + p3 > K, for any suffi-

ciently large positive constakt(depending o). For suctK defineA= {(p1, p2, p3) €
R3: p? <K} and denote the complementAfin R3 by A°. The left hand side of (58)
may then be rewritten as,

lim / / efM)dxdp -+ lim / / e )dxdp. (63)
A—=0JAJV A—0JAC JV

The integrand in the first term df(63) is continuous in alltefvariables and is therefore
bounded on the compact region of integration and an intéovalll A > 0 sufficiently
small. From the Lebesgue dominated convergence theorelimihenay thus be inter-
changed with the integral. In order to justify the intercharf the limit and integrals

for the second term of (63), we observe t@%} (A) > 0forallA > 0 sufficiently small,
and thusZ (A) > 97(0") = 0 for sufficiently smallA > 0. It follows thath(A) is an

14



increasing function foA > 0 sufficiently small. The interchange of the limit and the
integrals for the second term in_{63) now follows from theegrability of h(Ag) for
fixed Ap > 0 and the Lebesgue dominated convergence theorém.

5 Conclusions

There is a dearth of examples in the scientific literatureabdulations of specific sta-
tistical mechanical ensembles within the broader framkwbgeneral relativity. Even
the simplest statistical ensemble — the canonical ensefobbn ideal gas in a finite
volume — poses special technical problems in the contextoéral relativity, includ-
ing even the existence of finite volume partition functiossiaite integrals, addressed
by the corollary to our Theorem 1.

Our investigation was motivated by a simple physical qoestivhat would be the
gravitational effects on statistical mechanical experitaearried out and observed in
a spaceship in orbit around a large central mass? To tesesuits we found rigorous
proofs of limiting cases: the nonrelativistic, Newtonianit and the special relativistic
limit for infinite radius of the circular orbit.

Our methods apply, with minor changes, to an observer inulgrorbit around a
Reissner-Nordstrom charged mass. Likewise using thétsesfij18] one may consider
the case of an observer in a general timelike equatorial orithe Kerr spacetime. A
further generalization would be to include higher ordem&im the spacetime variables
in the expansion of the metric tensor in Fermi coordinatesstakting point for that
purpose are the results in |20].

The generalization to a gas abnrelativisticparticles with interactions, for the
purpose of studying the effects of the background curvatarstraightforward. This
can be achieved by following the classical formulations emttliding a potential en-
ergy function of the proper distance between particles énBbltzmann factor in the
partition function, [3B). For a more satisfactory treatt@hinteracting particle sys-
tems, it is possible that the approaches taken in the coofesfiecial relativity, such
as in [2] and[[3], could be applied (with second order coioms) to the circumstances
considered in this paper, owing to the locally Minkowskiaoinates employed here.

Returning to the ideal gas case, in Section 8[0f [6], Chernflound a covari-
ant equilibrium single-particle Maxwell-Boltzmann distition function expressed in
Schwarzschild coordinates and constructed with help ofxaeteconstant of the mo-
tion associated with a timelike Killing vector field. Thatlkig field coincides with
our {u?} on the circular geodesic orlif. However, there is no exact transformation
law in closed form from Schwarzschild to the Fermi coordisabnly an approximate
transformation law. So that approach necessarily yielggagmate statistical me-
chanical ensembles, as in this paper. It is also unclear hevKilling field may be
exploited to prove an appropriate Liouville theorem in Fecoordinates, which is the
preferred coordinate system of the observer along the, &bit
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A Invariance of the 7-form.

Proof Consider a change of coordinates,

X* =X (0, xt x2,x°), (64)
and 5 0 )
oX 7} ox

= 2 pg= = pot ——pi. 65

=S Pp= g qPot o op (65)

Denote the Jacobian by,

2(0,x4,32,53, i, P, P3)

J= J(Xa p) = a(X(),Xl,XZaXS’ P1, P2, p3) .

(66)

Since the spacetime coordinates do not depend on momentiathgws from a prop-
erty of block triangular determinants that

B (2, x%) 3(pt, p3,p3)
IR = G002 x3) 3(pr, paps) P (©7)

Substituting[(3D) fopg in the right side of[(6b), we find,

apg _ oX  pax
api oxk  poaxk’
Using [68) and the multilinearity of determinants, we majteyr

(68)

Pt P
X0 oxt oax® ax®
ot axt axt
J(p):ﬁdet O ot a2 o |- (69)
F N I N N
X0 oxt oax® ax®
e e e o
Next, using the relationship? = (dx"/dxﬁ) pﬁ, we may rewrite the first row of the
matrix in (69) so that,

B pa Ixa
J(p) = —det[ﬁ} . (70)



Then substituting (70) intd (67), we get,

B p6 oxa Ixa B p6

proving the invariance of the 7-form.[

B Proof of Theorem 1.

The proof of Theorem 1 depends on three Lemmas.

Lemma 1 Let B be a 3-by-3 real symmetric matrix with (necessarily)regenvalues
A1 < A2 < A3. Then for any column vectgi e R3

BTBP > Ai(pf+ p5+ P3) = A1l |PI %, (72)

where T denotes transpose andgthe ith component di.

Proof Let & be the real unitary matrix that diagonaliZgsso that

p'BP = d'0'BOY

M 0 0
a'({ 0 A 0 |g
0 0 A

A02 + 2202 + Asq
Adlld]1?
= M[|OTPI?= AP

Y

whered = ¢ p and where the last equation follows from the fact that upiteansfor-
mations preserve norms[]

Remark 3The quadratic forngjkpj px appearing in[(30) may be expressed in the form
pTBp.

Lemma 2 For anye > 0, there exists a positive functiop(M, r) defined for > 3M > 0
such that:

(a) f:(M,r) is a decreasing function of M and an increasing function of r.
Moreover, £(M,r) — c asr— o or M — 0 when the other variable is held fixed.

(b) [1+¢% < &, g% < 2¢/3,|g| < g/3fori # j, and all eigenvalues of the 3-by-
3 matrix whose(i, j)th component is '§ exceedl — £ wheneverxX| < f.(M,r) for
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k=1,23.

Proof Let & > 0. From [12){(21), it follows that by choosirgf| sufficiently small (for
k= 1,2,3) depending oM andr, |RjjmX x™| < & for all i, j. Let f¢(M,r) be the supre-
mum of such bounds o*|. The monotone and limiting behavior &f(M,r) follows
from the opposite monotone behavior of the Riemann cureatmsor elements and
their zero limits (sed (12]-(21) as— « or M — 0. The bounds on the metric tensor el-
ements, inverse metric tensor elemerits] (23}, (25),[afdn@én|x¥| < f.(M,r). The
lower bound for the eigenvalues follows directly from ther&yorin Circle theorem for
the location of eigenvalues of a square matfrix [19]]

Lemma 3 For any positive real numbersh, and c,
\/a2+b2+c22\i@(a+b+c). (73)
Proof For anyx andy, X2 +y? > 2xy. Thus,
a2+ b?+c? = %(a2+b2)+%(a2+c2)+ %(b2+c2) > ab+ac+ bc.
Multiplying both sides by 23 and rearranging terms gives,
b’ +c%> %(a+ b+c)2 O

Proof of Theorem 1. Proof From Lemmas 1, 2, and 3 with*| < f.(M,r) for k =

1,2,3,
\/(@J"i pi)? — g%k pjp— g%P >\ /—g%gip;py,

> (-2 + 3+ 1)), (74)
1
> —(1-¢ + P2+ .
> \/§( )(Ipl + | P2l + [ ps|)
Adding —g% pi to both sides and applying Lemma 2 yields,
2¢
¢*%po —5 (Pl P2l +ps))
1
+ —(1-¢ + |p2| + . 75
\/§( )(Ipa| + |p2| + [ ps|) (75)
Collecting terms, dividing bg®, and again applying Lemma 2 yields,
Po < —k(|pa| + [p2| + | Pgl), (76)

for some positive numbérprovided that < 3/(3+2+/3). The functionf (M, r) may
be defined to bé.(M,r) for any such value of. O
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