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Background

There aretwo AP Calculuscourses, CalculusAB and CaculusBC. The College Boad
recommendstha both betaughtas a college-level courses. CalculusAB isintended to
correspondto 2/3 of ayear longcollege calculus sequence, and CalculusBC isintendel
to subdgitute for afull year of collegecalculus There are separate exams for each of these
courses, butthe gradefor the BC exam indudes a subscore based on the portion of the
exam devoted to Calculus AB topics, approximately 60% of thetest. By designthe
overlapping topics are not covered in any greater depth than onthe AB exam. According
to the College Boad, therdliability of the CalculusAB subscoreis nearly equd to the
reliabilities of the CalculusAB and BC exams.

Thefocusof thisreport is on Calculus AB, andthegrades are for Calculus AB only.
However, some discussion of CalculusBC is also induded because of the overlap of
topics, and to set a broader context for thefirst course.

The AP Calculusexams are graded on afive point scale:



AP Grade | Qudification

Extremely well qudified
Well qudified

Qudified

Possibly Qudified

No recommendaion
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Theduration of each AB and BC Calculusexaminaionis 3 hous and 15 minutes.
Section | of each exam congsts of multiple choice questions and Section Il congsts of
free respon® questions Thetwo sectionsreceive equd weightin the grading, and each
of thetwo sectionsis further divided into a Part A and a Part B.

Part A of Section| has 28 multiple choice questions to be completed in 55 minutes, and
does notalow studentsto use calculators. Part B of Section | requires a graphing
calculator and congsts of 17 questionsto be completed in 50 minutes.

Each of Parts A and B of Section Il lasts 45 minutes and each consst of 3 free response
problems. Calculators are allowed only for Part A. Duringthetime allotted for Part B,
students may continueto work onPart A questions butwithouta calculator. Not al of
thequestions in the parts of thetest tha alow calculators necessarily require thar use,
but some do.

Each college and university setsits own AP credit and placement policies, but many
inditutionsoffer at least a semester of credit for high grades onthe AB exam, and a year
of credit for high scores onthe BC exam.

The Teachea's Guide explainsthe philosophy, themes, and gods of the AP Calculus
COUISES:

"CalculusAB and CalculusBC are primarily concerned with developing the
students undestanding of conaepts of calculus and providing experience with its
methodsand applications The courses emphasize a multirepresentationd
approach to calculus with concepts, results, and problems being expressed
geometricaly, numerically, andytically, and verbdly."

Working with fundionsgeometrically, numerically, andytically, and verbdly, and
undestanding theinterconnectionsis thefirst listed god of AP Calculus It isreferred to
as "therule of four," which the Teache's Guide describes asa "ralying cry for the
calculusreform movement,” in contrast to "the earlier paradigm of doing almos
everything andytically."

Technology plays a central role in AP Calculus Oneof thelisted godsis "the
incorporation of technology into thecourse." The Guide recommendstha "students
should be comfortable usng machines to solve problems, experiment, interpret results,



and verify condusons” and further explainstha, "The mog naura way to achieve this
god isto let the students use thar own technology at all times, except perhgpsfor certain
targeted 'no-calculator' assessments (which should berare, and never at the exploratory
phase of student learning).”

The Teacha's Guide presents AP Calculusas an extenson of theK-12 mathematics
reform movement led by the Nationd Counal of Teachers of Mathematics or NCTM, as
explained in this passage

"Teachers familiar with the NCTM Standardsand/or with variouseduction
reform doauments will recognize many of these gods as beng part of a broader
blueprint for educationd change Adoping them for our students has necessitated
(for many of ug) achangein theway we teach, and for the AP Calculus
Committee the Standards have suggested some significant changesin whatwe
will teach in theimmediate future.”

Content

The AP Calculuscurriculum has noteworthy strengths Oneistheemphasisonthe
definite integral as alimit of Riemann sumsto counter thetendency of students to think
of integrals only as anti-derivatives. Theexplicit incluson of theMean Vaue Theorem
alongwith geometric coneequences (for bath AB and BC) is a'so commendable, dueto
its theoretical importancein calculus Also of value for students who will apply calculus
to scientific and engineering problemsis afocuson correct unitsto answers to word
problems, and an emphasis within the curriculum on verbd descriptionsof mathematical
conaepts ugng correct terminology. Thevaueof thisemphasisis two-fold: it hdps
students to undestand the meaningsof word problems and therefore isafirst step to
problem-solving, and it hd ps students communicate thar solutionsto others.

There are d'so deficiendes and controversial featuresin the AP Calculus program.
Amongthem arethefollowing.

1) Calculators vs. Analytic Methods

Of the categories of the"rule of four," andytic methodsreceive theleast emphasisin the
Teacher's Guide Thetopic, "Computation of derivatives," which calls for the ability to
compute deivatives of standard fundions alongwith knowledgeof thechan rule, and
therulesfor finding derivatives of sums, differences, produds, and quotents of
fundions comes at theend of thelist of topics. The Guideexplains

"Perhgpsthe mog significant thing aboutthis topic [computation of derivatives] is
tha it islisted last, congstent with the philosophytha the emphasis of the course
iSnoton manipulation.”



To tha end, the Guide explains, "Logaithmic differentiationis nolonge onthelist of
topics." Thisisamismatch with maindream university calculuscourses, where thisisa
standad topic. Practice with logaithmic differentiation hdpsto develop technical
fluency in computationsinvaving logaithms and exponentials, and it should beinduded
in thecurriculum.

The AP Calculusexams require the use of graphing calculators tha can at minimum
graph fundionswithin an arbitrary viewing window, numerically calculate derivatives
and ddfinite integrals, andfind roots of fundions Theexams also alow calculators with
Computer Algebra Systems (CAS) tha can symbolically calculate limits, derivatives, and
integrals. For the sake of equity, however, theexam questionsare pumposfully crafted in
such away so asto avoid giving advantage to examinees with these more powerful
machines. For example, students are asked only to find definite integrals with numerical
answers, and notinddinite integrals, in those parts of the AB and BC exams tha allow
calculators. Inthisway calculators with CAS provide no direct advantage over what the
other allowed calculators can do. Here and elsewhere, technology determines
mathematical content, a negdive feature.

Oneof thetopicsin the AB and BC coursesisthe Trapezoidd Rule for numerical
integration. Thisisastandad topic in first year calculuscourses. However, Simpon's
Rule, also a standad topic, is notinduded in the AP Calculus curriculum because, the
Teacher's Guide explains "it was viewed by mog students as jus another formulato
memorize...(The Trapezoidd Ruleisalso aformula, but more students can see exactly
where it comesfrom).” Ironically, in Appendix 3, the Teache's Guide provides graphing
calculator programs for Simpson'sRule tha students are invited to enter into thear
calculatorsif they do not aready come equipped with one Students are permitted to use
these programs during the AP Exams, thusadding to the "black box" role played by the
calculator.

Asdescribed above fluency in hand calculationsreceives relatively low emphasisin the
AP Calculuscurriculum, by design, and tha choice is reflected by the exams. Only the
smplest pgoe and pendl calculationsinvolving algebra and calculusare required onthe
AP Calculusexams. This curricular choiceis flawed. Technical fluency in hand
calculationsis essentia for following Bor produang some mathematical proofs, and for
the pumpose of deriving scientific formulae in themathematical sciences. The Calculus
Committee of the College Board was aware of thecontroversial nature of this de-
emphasis. TheTeache's Guideindudesthefollowing passage

"A find concern aboutcalculatorsis theunfortunde fact tha notal teachers at
thecollegelevel approveof thar use. Itistherefore quite posible tha an AP
student will dowell in your course, become comfortable with technology, and
then enter a college mathematics course in which no calculators are allowed."

The Guide neverthdess gives overly optimistic assurances of the appropriateness of the
AP Calculuscurriculum.



2) Definition and Computation of Limits

Themathematical definition of limit is not part of the AP Calculussyllabusandis not
tested. The Teacha's Guideexplains

"Epdlonsand ddtas are gonefrom BC, and should not be missed by anyone
embracing thegods of thecourse. (Ther mog apparent effect on student
undestanding in thefirst calculuscourse in the past, even in college, has been for
some students to undestand that they had better drop the course. After that, wha
will the secondweek belike?) On theothe hand, students will need an intuitive
undestanding of limits that can manifest itself graphically, numerically,
andytically, and verbdly. Thisisanother areain which technology hasreally
trandormed thelandscape, rendeing thetraditiond algebraic approach to finding
[imits almog to the status of last resort.”

Theaboveparagraph argues tha thedefinition of limit should notbetaughtbecauseit is
difficult. Tha isnat agoodreason. Not all first year college and university calculus
courses indudetheddinition of limit, and those that do vary in their depth of treatment.
However, there are soundreasonsfor induding it. Students who continuethar studies as
math majors bendit from an early exposure (revisited in depth in later courses) to a
precise definition of this fundanental concept. Induson of precise ddfinitionsis thefirst
step in recognizing that calculus can be developeal rigoroudy with proofs, even thoughan
introdudory course cannotavoid alarge dos of hand waving.

Of thefour exemplary course syllabi provided by the College Board which | examined
for thisreview, only onewent beyondthe AP Calculussyllabusby induding the
definition of thelimit as an optiond topic. But even in thisisolated example, the syllabus
indicated tha "we nolonge dolimit proofs.”

3) Inverse Function Theorem

Thelnverse Fundion Theorem, onae pat of the AP Calculussyllabus now appearsin a
weaker form: "Use implicit differentiation to find the derivative of an inverse fundion.”
The Teache's Guide explains

"Thedeivative of an inverse fundion has always been in the course description,
but note here tha the course description specifies the 'use of implicit
differentiation’to discover thederivative, as oppo®d to the botom+-linerule
fourd in the Inverse Fundion Theorem. Thisis congstent with the philosophy
tha the course should focuson broad conaepts and methodsrather than onthe
memorization of formulas or theorems."

Using implicit differentiation to find thederivative of aninverse fundionis avaluable
exercise, butthelnverse Fundion Theorem goes beyondthat kind of calculation by
guaanteeing thedifferentiability of theinverse function. Science courses make regular
use of itsconduson, that dx/dy isthereciproca of dy/dx, withoutderiving it each time



viaimplicit differentiation, so it is auseful result for students to know. Furthermore, the
Inverse Fundion Theorem for fundionsof onered variable hasimportant
genegdlizationsto higha dimensonsin later courses, and deserves aplacein the
curriculum for tha reason alone

To its credit, the Calculus AB exam does call uponstudentsto find derivatives of inverse
fundionswithoutfirst prompting theuse of implicit differentiation. Thefollowingisa
released exam question fromthe 2003 Calculus AB test, Section |, Part A:

Let f bethefundion defined by f(x) = x® + x. If g(x) = f ®(x) and g(2) = 1, wha
isthevalueof g '(2)?

Thequestionisfollowed by five choices for the correct ansver. Many university
calculusingructors would feel gratified for thar own students to be able to answer such a
question correctly, as would many high school Calculus AB teachers. For the 2003
CalculusAB exam, only 18%of thetest takers correctly answered this question Barate
dightly worse than expected for randomguessing. Moreover, fewer than haf of the
students who received the highest possible grade of 5, for the exam as awhole, correctly
answered it. Certainly it is desirable and even necessary for an exam of thistypeto
indudedifficult questions butresults for this topic might beimproved if the Inverse
Funaion Theorem were an explicit pat of the syllabus

4) Applications of Integrals and Anti-Derivatives

Some standad applicationsof Riemann sums and integrals, such as calculating work
doneby aforce applied throughadisplacement, or volumes by cylindrical shdls, are nat
pat of thesyllabus Ingead thegod isto teach modding more generdly so that students
can apply ther undestanding of Riemann sums to a broad rangeof problems. The
Teacher's Guide explainsthat "there might well bea problem onthe AP Examinaion tha
starts by defining work as force times displacement, then proceedsto a point where my
students could be expected to write theintegral for themselves." However, inlooking
throughreleased test questionsand sample questionsfrom the Course Description, |
foundno such examples, andthere is a sameness of the problem types. Typical problems
involve a necessarily artificia variable rate (for example, rates of traffic, sand, fud or
water flow) that theexaminee is expected integrate with respect to time in order to find a
net accumulation.

Ironically, the BC curriculum takes the opposte approach by requiring specific
knowledgeof thelogistic differential equaion, andusng tha paticular equdionin
modding problems onthe CalculusBC exam. Thisisnota standad topic in many
collegeand university first year calculuscourses, but it appears with regularity onthe
CalculusBC exams tha | examined.

The AP Calculuscurriculum would achieve a better fit with college programs by
reversing these choices. Tha is, by not specifying particular differential equaionsto be



andyzed at the BC level, and by requiring more standad, and important, applicationsof
theintegral a the AB level.

5) Techniques of Integration

Aswith deivatives, hand calculation of antiderivatives receives low emphasis. For
Calculus AB students, integration techniques are limited to knowing antiderivatives of
basic fundionsand throughsimple subdgitution (including changeof limits of
integration). Integration by partsis aBC topic, and there expoaure to patial fractionsis
limited to the case of nonrepesating linear factors, jus enoughto handle thelogistic
differentia equaion. The Teacher's Guideexplains, "Agan theimpeusfor this change
stems ultimately from technology, but tha is only because calculators are more dramatic
than integral tables in replacing theneed for this skill." Thisisinsufficient. It isnotclear
fromthematerials | reviewed whether trigononetric subgitutionsare induded in the

curriculum. Trigononetric subgitution allows for the evaluaion of 1:6l 1" x*dx sotha

students can see how the nunmber &t arisesin theformulafor thearea of acircle, a
valuable lesson that goes beyondtheinaufficient explanation that a calculator says so.
There are nointegration problems requiring trigorometric subditution in the released
examinaion questionsreviewed for this repott.

Conclusions

The CaculusAB curriculumis clearly written, with little ambiguity. Theexams are well
crafted and closely aligned to the curriculum. They appear to beeffective in measuring
the prescribed content. However, tha content leaves much to bedesired.

Asindicated in the Teache's Guide, the AP Calculus Committee looksto theNCTM for
guidance. Aswith many NCTM aligned K-12 mathematics programs, the AP Calculus
courses suffer from overuse of calculators and missing or abridged topics of importance.
Theroles should bereversed. University level mathematics programs should give
guidance to K-12 mathematics education, notvice versa.

Technology is the centerpiece of the AP Calculusprogram. Two of thefour parts of each
AP Calculusexaminaion require the use of graphing calculators. It isnotthen surprising
tha the mathematical content and the development of mathematical reasoning within the
curriculum are strongly influenced by tha technology. Onenegaive consequenceisa
de-emphasis of andytica skills and important parts of mathematical reasoning.

A 1997report from atask force formed by the Mathematical Assodation of Americato
advise the Nationd Coundl of Teache's of Mathematicsin itsrevision of the 1989
NCTM Standadsdescribed mathematical reasoning as follows:

[T]hefounddion of mathematics is reasoning. While science verifies through
observation, mathematics verifies throughlogical reasoning. Thusthe essence of
mathematics lies in proofs, and thedistinction among illugrations conjectures
and proofs should beemphasized. . .



The AP Calculuscurriculum emphasizes "real world" applicationsthroughtheuse of
technology, but nat enoughattentionis given to the structural organization by which parts
of calculusare connected to each other. The AP Calculuscurriculum partially fulfills this
obligation, e.qg., throughtheuse of theMean Vaue Theorem to developrelationships
between the graphsof afundionanditsfirst and secondderivatives, and thedefinite
integral as alimit of Riemann sums, as aready noted. But definitionsand prodfs are
largdy swept aside

There are obviousrestrictionsto what can be accomplished aongthese linesin an
introdudory calculuscourse, but some oppatunities avail themselves. For example, a
proof tha differentiability at a pointimplies continuity at tha pointis accessible at this
level, dongwith basic limit proofs, and derivation of the derivative formulas for
trigononetric and other fundions Even the Mean Vaue Theorem could be more fully
exploited within the curriculum by asking for its use in proving the Fundamental

Theorem of Calculus and theMean Vaue Theorem for Integrals. Of course AP Calculus
teachers are free to indudeall of this material in their own syllabi, butthey are aso free
notto, and whether they do or not, thar students will not see questionsaboutsuch topics
onthe AP Calculusexams.

In spite of its shortcomings the Calculus AB program has some postive features, as
identified in this report, especially in the context of high school mathematics at thetime
of thiswriting. Neverthdess, university calculuscourses generally provide a better
foundaionfor students who will continuether studies in the mathematical sciences than
wha AP Calculushasto offer.

Grades

Clarity: B
Content: C
Rigor (Mathematical Reasoning): C
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