THE AVERAGE NUMBER OF DIVISORS OF THE EULER FUNCTION

KIM, SUNGJIN

ABSTRACT. The upper bound and the lower bound of average numbers of divisors of Euler Phi function and
Carmichael Lambda function are obtained by Luca and Pomerance (see [LP]). We improve the lower bound
and provide a heuristic argument which suggests that the upper bound given by [LP] is indeed close to the
truth.

1. INTRODUCTION

1 Let n > 1 be an integer. Denote by ¢(n), A(n), the Euler Phi function and the Carmichael Lambda
function, which output the order and the exponent of the group (Z/nZ)* respectively. We use p(or p;),
g(or ¢;) to denote the prime divisors of n and ¢(n) respectively. Then it is clear that A(n)|¢(n) and the
set of prime divisors ¢ of ¢(n) and that of A(n) are identical. Let n = p{* ---p&" be a prime factorization
of n. Then we can compute ¢(n) and A(n) as follows:

o(n) = H(Z)(pf"), and A(n) = lem (A(p7*), ..., A(p"))
i=1

where ¢(pf*) = p&i ™ (p; — 1) and A(pS*) = ¢(pS) if p; > 2 0or p; = 2 and ¢; = 1,2, and \(2¢) = 2¢ 2 if ¢ > 3.
From the work of Hardy and Ramanujan [HR], it is well known that the normal order of 7(n) is
(logn)te2te(l) " On the other hand, the average order 1 %" 7(n) is known to be logz + O(1) which is

n<x
somewhat larger than the normal order. For 7(A(n)) and 7(¢(n)), the normal orders of these follows

from [EP] that they are 9(z+e(1))(oglogn)? "0y, the contrary, the work of Luca and Pomerance [LP] showed
that their average order is significantly larger than the normal order. Define F(x) = exp (, / log)i gg”w)
In [LP, Theorem 1,2], they proved that

F(x)b1+o(1) < ézq-()\(n)) < 1 ZT(¢(n)) < F(x)b2+o(1)

X
n<lx n<lx

as x — 00, where by = %6_7/2 and by = 2¢/2¢77/2.

In this paper we are able to raise the constant b; so that it is almost by, differing only by a factor v/2.
Here, we take advantage of the inequalities of Bombieri-Vinogradov type regarding primes in arithmetic
progression (see [BFI, Theorem 9], also [F, Theorem 2.1]). In this paper, we apply the following version
which can be obtained from [F, Theorem 2.1]: For (a,n) = 1, we write E(x;n,a) := w(z;n,a) — % Let
0 < A< 1/10. Let R < 2*. For some B = B(A) >0, M =logPz, and Q = z/M,

Z Z E(x;qr,a)| <ax zlog™ .
r<R <9
(r,a)=1 (ga)=1
In fact, [F, Theorem 2.1] builds on [BFI, Theorem 9] and obtains a more accurate estimate, but we only
need the above form for our purpose. Note that one of the important differences between [BFI, Theorem
9] and [F, Theorem 2.1] is the presence of % in the inner sum. This will be essential in the proof of our

lemmas (see Lemma 2.2 and 2.3).
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It is interesting to note that one of these improvements is related to a Poisson distribution that we can
obtain from prime numbers. Another point of improvement comes from the idea in the proof of Gauss’
Circle Problem.

Theorem 1.1. As x — oo, we have

3 7)) = S r(A(n) = wexp <2e—¥,/ blgﬂizxu +o<1>>> .

It is clear from A(n)|¢(n) that > . 7(A(n)) < >, ., 7(#(n)). A natural question to ask is how large
is the latter compared to the former. Luca and Pomerance proved in [LP, Theorem 2] that

=3 ) = o [ max 3 r(e(n)

n<lz n<y

Moreover, they mentioned that a stronger statement

1
= Z T(A(n)) =o Z Z T(¢(n))
n<x n<x
is probably true, but they did not have the proof. Here, we prove that this statement is indeed true. As in
the proof of [LP, Theorem 2], we take advantage of the fact that prime 2 appears rarely in the factorization

of A(n) than in the factorization of ¢(n).

Theorem 1.2. As x — oo, we have

YorAm) =o| Y T(é(n)

n<x n<lx

Finally, we give a heuristic argument suggests that the constant in the upper bound is indeed optimal.
Here, we try to extend the method in the proof of Theorem 1.1 by devising a binomial distribution model.
However, we were unable to prove it. The main difficulty is due to the short range of u (u < logt x) in
the lemmas (see Lemma 2.1, 2.3, Corollary 2.1, and 2.2).

Conjecture 1.1. As x — oo, we have

1
3 T(A) = zexp | 2v2e7F | 2T (14 0(1)) | -
loglog x

n<x

Throughout this paper, x is a positive real number, n, k are positive integers, and p, g are prime
numbers. We use Landau symbols O and o. Also, we write f(x) < g(z) for positive functions f and g,
if f(z) = O(g(x)) and g(x) = O(f(z)). We will also use Vinogradov symbols < and >. We write the
iterated logarithms as log, z = loglog x and logs x = logloglog z. The notations (a,b) and [a, b] mean the
greatest common divisor and the least common multiple of a and b respectively. We write P, = HpS 2

We also use the following restricted divisor functions:

T(n) = H 7(p°), Tew(n) = H 7(p%), and 7.l(n):= H T(p°).
P°lIn pelin peln
p>z z<plw p<z
Moreover, for n > 1, denote by p(n) the smallest prime factor of n.
Acknowledgement. The author would like to thank Carl Pomerance for encouraging him to work on
this problem, and numerous valuable comments and conversations.



THE AVERAGE NUMBER OF DIVISORS OF THE EULER FUNCTION 3

2. LEMMAS

The following lemma is [LP, Lemma3] with a slightly relaxed z, and it is essential toward proving the
theorem. This is stated and proved with the Chebyshev functions ¢ (z) := > A(n) and ¢(z;q,a) :=

n<x
> A(n) in [LP2]. Here, we use the prime counting functions 7(z) := > 1 and n(x;q,a) =
n<z, n=a mod ¢ p<lz
> 1 instead. We are allowed to do these replacements by applying the partial summation.

p<z, p=a mod q

Lemma 2.1. Let 0 < A < 1—10. Assume that z < Xlogx. Then for any A > 0, there is B = B(A) > 0 such
that for M = log® z, and Q = R

(1) E,.(z) := Z,u(r) Z <7T(£L’;n, 1) — ;;Ei;) <A

T|Pz TLSQ
rin

logA z

Let 0 < X\ < ;5. Assume that u is a positive integer with p(u) > z, u < (logz)?* and 7(u) < Ay. Then
for any A >0, there is B = B(A, A1) > 0 such that for M = logP z, and Q = 7
m(x) x
2 B, .(x):= T m(x;|u,nl,l) — —— | K _
) )= Y ut) S (st 1) = ZE0S ) <ann

r|P, n<Q
rln

Proof of (1). For (a,n) = 1, we write E(z;n,a) := 7(x;n,a) — % If 7| P,, we have by the Prime Number
Theorem, 7 < R := P, = exp(z + 0(z)) < 2 with 0 < X' < 1/10. By partial summation and diadically
applying [F, Theorem 2.1], we have for B = B(A) > 0, M =logBz, and Q = /M,

(3) Y1 Elwgra)| <an A
r<R QSQ og T
(re)=1{(ga)=1
Taking a = 1 and |u(r)| < 1, (1) follows. O

Proof of (2). Let d < z¢ so that dR < 2 with 0 < N < 1/10. By (3), there exist B = B(A) > 0 such
that we have for M = log® z and Q = z/M,

xT
(4) D |2 Blasdar )l = > |} Blwar ) < ) |} Bl@sar )| <ax o
r<R|,<Q r<dR |,<Q r<dR |,<Q 08 T
-r r=0 mod d! "~ " -

By (u,r) = 1, we have [u,n| = [u,qr] = r[u,q] = rug/(u,q). We partition the set of g < g as Ud|u Ay,
where ¢ € Ay if and only if (u,q) = d. Let Bgq = {q < % : ¢ =0 mod d}. By inclusion-exclusion, we

ZE<m;%’1):ZM(S) Z E(x;%:(],l).

have for any d|u,

q€A, sy 9€BQ,ds
It is clear that rug
Z E(x;7,1> = Z E(x;qr,1).
9€BQ,ds qu%,us

Since r < R:= P, < 2 with X < %0, # < Qlog™ z, and us < log?t x < ¢, we have by (4),

xr
Dol X E@wanl)| <aan i
log

r<R|q¢€Buo z
g us
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with a suitable choice of B = B(A, A1). Then

SIY B ()| =X a8 ()

r<R |q€Aq r<R 3|u qEBQ ds

YT Y B

5|4 T<R |q€BQ,ds

< (u) x
T(=) ——.
AdA T g log4

Thus, summing over d|u, we have

ZM(T)ZE( [u, qr], <ZZ Z ( Tuq,l)

7| P: << dlu T<R |q€Aq
—_Tr

AALLN A A AL A .
9 1’ l b 17 l

Thus, we have the result (2). O
The following is [LP, Lemma 5] with a slightly relaxed z.

Lemma 2.2. Let 0 < A < and 1 < z < Alogx. Let c; = e~ 7. Then we have

10’

x T
(5) R, (x) ZZZTz(p—l)ch —l—O( 5 ),
= log z log” 2z
and for 1 < z < llooggx
o m.(p—1)  logx log =
(6) Sa(z) =) b = Clogs T 0, oeZz )

p<z

Proof of (5). Take A = 2 and the corresponding B(A) and M in Lemma 2.1(1). Then by inclusion-
exclusion,

Ri(z)= Y w(ad )= Y w(id,1)+> p(r) Y w(x;qr,1) = Ri+ Ry, say.
deD-(z) deD- (%) r|P. SI<g<e
By [LP, Lemma 4] and Lemma 2.1(1),

Ri= Y E+Z )Y E xqr,1)=cllo";z+o< ° >+0( ? >

log? = log?
deD:(45) IS5 8 8

By divisor-switching technique and Brun-Titchmarsh inequality as in [LP2], we have

Ros XY wlwirk ) « 30 Y st « SRS <

1 .
r|P. k<M r|P. k<M 08 %

Therefore, (5) follows. 0
Proof of (6). By partial summation,

We split the integral at z = Alogt. Then by (4),

R.(t r t t dt 1 I
/ 22( )dt:/ <Cl +O<2>>2201 ng+0( Ong).
z<Xlogt t ez/A log z log z t log z ]og z




THE AVERAGE NUMBER OF DIVISORS OF THE EULER FUNCTION 5

On the other hand, by the trivial bound R, (t) < t,

ez/ A

R,(T dt
/ ZZ()dt<</ t5 <z
z>Alogt t 2 t
Since zlog? z < log x, (6) follows. d
The following is [LP, Lemma 6] with a wider range of z. This relaxes the rather severe restriction
log x
z < Vogz,
logy x

Lemma 2.3. Let 1 < u < x be any positive integer. Then

7(u) =lp-1) _ 7(w)

7 R, . = 2(p—1 —x, Sy = 1 )
(7) () pg; (p-1) < s S (z) pg; P P
p=1 mod u p=1 mod u

and ¢(u) can be replaced by u if p(u) > z and 7(u) < A;.
Assume that u is a positive integer with p(u) > z, u < (log )" and 7(u) < Ay. Then for z < Alogz,

(8) Rux(2) = Tfu“)Rz(x) <1+o< L ))

log 2z

log ©
<
and for z < gl

() Sun(z) = TW g () <1+0( ! ))

U log 2z

Proof of (7). This is a uniform version of [Pe, Lemma 3.7]. We apply Dirichlet’s hyperbola method as it
was done in [Pe, Lemma 3.7]. First, we see that

Ry Y 1< S 7 <p_ 1) r(w) <2r(w) 3 wlwku,1).

u
p<w psw E< /Z
p=1 mod u p=1 mod u 7\/:

Since the sum is zero for x < u, we may assume that = > u. By Brun-Titchmarsh inequality,

m(x; ku, 1) < 2 < 1z =
¢(ku)log (£) — d(u)p(k)log &

Thus, summing over k gives

87 = p2(d
Z m(x; ku, 1) < —mzu ( )
=N
Therefore, we have the result. The estimate for S, . follows from partial summation.
We remark that for u with p(u) > z,

g~ JL03) =0 () s iI(3) =i (e (),

Therefore, ¢(u) can be replaced by w if p(u) > z and 7(u) < Aj. O
Proof of (8). We begin with

Ryz(x)= Y m(w;[u,d],1).

deD;(x)

Let A > 0 be a positive number that 10;“ <™ _z , and B(A) and M be the corresponding parameters

T u log?x
depending on A in Lemma 2.1(2). By inclusion-exclusion,

Z m(x; [u,d], 1) = Z m(x; [u,d], 1) + Z,u(r) Z m(z;[u,qr],1) = Ry + R, say.

deDx(x) deD. (&) 7| P: T <e<t
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By Lemma 2.1(2), we have

m= Y Y0 ¥ Bwlealy= X w0 (T 5 ),

deDz(i) T‘Pz q—'r]M deDz(i)

The first sum is treated as follows:

deDZ(Jﬁ[) d1€Dz(u“”I) ﬁ(jd)lgﬁ QS(Udl)
pla1)>z
() Na, ( 7(u) logu)
= 0 7(u)logu
dlEDZ(:I ) ¢(uds) i ) ¢(u)log z
— W(x)Ndl T(u) x
_deDz:z) Pluch) +O( u 10g22>’

where Ny, = |{d € D. (&) : [u,d] = ud1}|. Since Ng, < 7(u) and ¢(ud1) > ¢(u)p(d1), by [LP, Lemma 4],

ZI ZEETJZ? = ;EZ; < Nogz <10g Z>)

dleDz(uM)

Thus, we have the upper bound

D e G 9]

dlEDZ(uJ\/I)

On the other hand, Ny, = 7(u) if (u,d;) = 1. Then, we may apply [LP, Lemma 4] since P(u) < log™t
we obtain that

m(x) Ny 7(u) m(x) T

R LIRS (N (e

dieD-(57) ¢ludy) " dieD. () o) <log22>
(u,d1)=1

A (o))

v

Thus, we have the lower bound

D T G 5]

hep-(5)

This shows that




THE AVERAGE NUMBER OF DIVISORS OF THE EULER FUNCTION 7

By divisor-switching technique and Brun-Titchmarsh inequality as in [LP2], we have

CED IR CE )

TP dlu sy Gr<q<#
ds|q

< ZZZ Z 7 (x; rusq, 1)

Pz dlu sl gorar <4< ger

<<ZZZ Z (x;rusk, 1)

r|P; dlu s\“ ng

zlogzlogulogM  7(u) =x
< Z Z Z Z rusk: ) log z <7(u) o(u)log z < 2

u log?z’
r|P; dlu s\ k;<d]\[ &

This completes the proof of (8). O
Proof of (9). We use (7) and (8), and apply partial summation as in (6). O

The following is used with inequality in [LP, Lemma 7]|. Here, we obtain an equality that will be used
frequently in this paper.

Lemma 2.4. Let 0 < A < %. Fiz a > 1 and an integer 0 < B < 0co. We use z = Alogx for the formula
for R and z = ILOgngm for the formula for Sg. Let I,(x) = [z,2%]. Define
2

Up = {u : u is a positive square-free integer consisted of exactly B prime divisors in I,(x)}.

Rp:= ) Ru:(z) = (Qkﬁf)BRz(w) (1 o <1o;z>> ’

Then we have

and

Sp = Z Su,z(z) = (QIOBg!a)BSZ(x) <1 +0 <lo;z>> )

Proof. We apply Lemma 2.3 with v € Up. Note that v € Up satisfies the conditions for v in Lemma 2.3(8),
(9). Then,

Y Rus(@)= > T(u“)Rz@) (HO (1;»

uelUp ueUp
B B—2
1 2 1 4 2 1
el 2] Pl 2 > rw (1+0(55-))
pEly(x) p€Ely(x) p€Ely(x)
B
1 2 1 1
= | — — - » 1
| X 3] o)) me (o (q)
pEla(x)
B

1 \\” 1
=5 <loglogz —loglogz + O (logz)) R.(zx) <1+O (logz)>
_ (2loga)? 1
=2 R.(x)(1+0O ogz))

The result for S can be obtained similarly. O

Although we relaxed z < logz to z < logx , the range is still not enough for further use. We will see

how this range can be relaxed to logA T <z § log?  in Lemma 2.5. A probability mass function of a
Poisson distribution comes up as certain densities.



8 KIM, SUNGJIN

Lemma 2.5. Let 0 < A < %. Fix a > 1 and an integer 0 < B < 0co. We use z = Alogx for the formula
for Ry and z = Log%wm for the formula for S%;. Let Io(x) = (z,2%. Define
2

Topa(n) = [ 705, wepe(n) = pln : pe L)},

pelln

1

p€Ely(z)

and ( D
T (p —
Ry = Z m.(p—1), Sz:= Z =W
p<z p<x P
wz,z“(p_l):B wz,za(p_l):B
Then as x — oo, we have
2loga)? 2log a)®

(10) Ry = BBV g @)1 +0w), 5= BBV g )1 +01),
and we have

1 1
(11) R.a(x) = ERz(x)(l +0(1)), Sia(z)= gSz(ac)(l +0(1)).

Proof of (10). We remark that by (7), (8), (9), the contribution of primes p such that p — 1 is divisible by
a square of a prime ¢ > z is negligible. In fact, those contributions to R.(z) and S,(z) are O(R;(z)/z)
and O(S;(x)/z) respectively. Thus, we assume that p — 1 is not divisible by square of any prime ¢ > z.
By Lemma 2.4 and inclusion-exclusion principle,

B+1 B+2 B+3
R/B:RB_< ) >RB+1+< 5 )RB+2_< 3 >RB+3+—"‘

Moreover, for any k > 1,
2k—1 2k

S (7 a7 e

5=0 §=0
Then dividing by R,(z) gives

Sev(® ) s = e (0 )R

=0

By Lemma 2.4, we have

2k—1 ;
(2loga)® (2log a)’ 1 Ry (2 log a)B (2 log a)? 1
—_— 1Y) ——=(1+0 < 1+0 .
B! jz_;)( ) J! * log z - Rz(ac) z;) * log z
Taking  — oo, we have
2k—1 ; 2k
(2loga)? (2loga)? .. . . Rp Ry (2loga)? ;(2loga)
— —1)) =2 < liminf < limsu < 1) — .
B! JZ;( Vo shiminf oS slimsup s < =) j:O( T
Letting k£ — oo, we obtain
/ B
lim Rp (2loga)
T—00 RZ(.CC) B!CL2
The result for S%; can be obtained similarly. O

Proof of (11). As in the proof of (10), we assume that p — 1 is not divisible by square of any prime ¢ > z.
Note that 7,(p — 1) = Toa(p — 1), 2a(p — 1). Let 0 < B < oo be a fixed integer. If w, .a(p — 1) = B then
7,2a(p — 1) = 2B. Then we have by (10),

- _ / oo a)B
Yo - = Y M;B”:;*g:“;ag R.(z)(1 4 o(1)).

p<lz p<lzx
wz,za(pfl):B Wy za(p 1) B
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Then by Lemma 2.4,

oy
I8
Q
—~
8
~—
|
—
—
.| Q
09
S
~—
<
—~
—
+
—
—
~—
~—
_|_
—
| —

. Z T.(p—1)
R.(2) 7% =
Wy, 20 (p_l):j

i1q2
j<B J-a
Thus, both lipyinf T3 and lim oup G775 axe
1 J 1 B
> Ll o (R
i< ¢ B

and the constant implied in O does not depend on B. Therefore, letting B — oo, we obtain

R.a(z) 1

The result for S,«(z) can be obtained similarly. O

Lemma 2.5 allows us to have an extended range of z, and the same method applied to R, .(x), we can
also extend range of z for R, ,(x) and S, ().

Corollary 2.1. Fiz any A > 1. Let log% r<z< logAm. Then as x — o0, we have

T log =
10gz(1 +o(1)), S:(z)=c Tog 2

(12) R.(z) =1 (1+ o(1)).

Assume that u is a positive integer with p(u) > z, u < (log )™ and 7(u) < Ay. Then as x — 0o, we have

7(u)

(13) Rz (@) = T Ro2)(1 + (1)), Sun(z) = T

— Sz(z)(1+o(1)).
We apply Corollary 2.1 to obtain the following uniform distribution result:

-1
Corollary 2.2, Let2 <v <z andr := (U% logwv) . Suppose also that r > log*% z,0<a<p <1, and
B—a>r. Then for z < log 2"

logZ a7’
(14) a<§<;(p’;1) = (8 - 2)S,(x) <1+0 <1o;z>>'

—logx
1
Forlogax < 2 < logA x, we have as x — 00,

(15) > EEED (- a)site) 1+ o(1).

log p
O(S log z <'8
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Assume that u is a positive integer with p(u) > z, u < (logz)™ and 7(u) < Ay. Then we have for

log z"
— log%m”’
T.(p—1 T(u 1
" S D s (10 (L))
a<m<5 p &
—logx
p=1 mod u

1
and forloga x < z < logA x, we have as x — 00,

(1) > D)W@) (14 01)).

p
OC<logp<ﬂ

—logx

p=1 mod u

Proof. By Lemma 2.2(5) and partial summation, we have for § —a > r,
8
X

Z:Tm—n:mm§+/ R.(t)

D t o t2

log 1 1
a Cl(ﬁ_a)logz <1+O <10gz>) +0 <log2z> ’

Clearly, rlogx > 1. Thus, the second O-term can be included in the first O-term. Then (14) follows.

Since rlogz > log% x, the range log% r<z< logA x can be obtained from taking powers of lzogng;T. We
2

log p
ag log « <B

have by (12), as z — oo,

B8
.(p—1) o R.(t) .8 " R,(1)
> ==l |t

astzzes
— (8- ) BE (11 o(1)) + 0 —
- log z logz )~
Also, by rlogx > 1, the second o-term can be included in the first o-term. Therefore, (15) follows.
Similarly, (16) follows from Lemma 2.3(8) and (17) follows from (13). O
We use p1, pa, ..., py to denote prime numbers. We define the following multiple sums for 2 < v < x:
z -1 z —-1)-- z\WPv — 1
Ty .(1) = Z 7=(p1 — 1)7=(p2 '”) (P )7
pip2-po<z Pip2 - Pe
and for u = (ug,...,uy) with 1 <wu; <z,
(1 — D7e(p2 — 1) 72(py — 1)
Tuesl) =Y ,
P1p2 - Pu<T P1p2: b

iy pi=1 mod wu;
Define Ty, := {(t1,...,ty) : Vi, t; € [0,1], t1+---+t, < 1}. We adopt the idea from Gauss’ Circle Problem.

Recall that r = (U% logv)~!. Consider a covering of T, by v-cubes of side-length r of the form:
Let s1,...,s, be nonnegative integers, let

B, sy i ={(t1,...,ty) Vi, 78; < t; <r(si +1)}.
Let M, be the set of those v-cubes lying completely inside T,. Then the sum ¥, .(z) is over the primes

satisfying:
lo lo
gpl,..., &Py e T,.
log log
Instead of the whole T,, we consider the contribution of the sum over primes satisfying:

1 1
ngl,_“7 08 Py € UM,
log log
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which come from the v-cubes lying completely inside T,. We define

-1 ~-1)--.- -1
Soslr) = Y o Dnebon@-1)
logpy  lomps pip2 - P
(fEm,.. kere)eun,
and similarly for u = (u1, -+ ,u,) with 1 < wu; < x,
1 ~-1)... -1
Guele)i= Y, el m Do)
(logpl IngU)EUM 1P2 v
logz "7 logx v
Vi, pi=1 mod u;
Let v = [c llcf’gg;;J for some positive constant ¢ to be determined. Then v satisfies the conditions in
Corollary 2.2. Then we have:
Lemma 2.6. Let log% r<z< logA x, then as x — 00,
1
(18) Gy2(2) = aSz(x)”(l +0(1))".
Foru = (uj,ug,1,...,1) with 1 <wu; <z,
7(u1)7 (u2) k
19 G} ) K ———F=6, .(x)log" 2,
( ) u:“yz( ) ¢(U1)¢(U2) U7Z( ) g

where 0 < k < 2 is the number of u;’s that are not 1.
Assume that each u;, i = 1,2 is a positive integer with p(u;) > z, u; < (logz)4t and 7(u;) < Ay. Then
as x — oo, we have

(20) Suw,z() =
Proof of (18). 1t is clear that
vol ((1 = rv/v)Ty) < |My|vol(Ba,...0) < vol(Ty).

We have vol(T,) = &, vol(By,_..o) = r¥, and vol ((1 — r\/v)T,) = & (1 —ry/v)". Also, recall that r :=
-1
(v% logv) . Then,

7 (u1)7(u2)
uiLuU

Gy2(x) (14 0(1)).

(- 1) 1
v! (3 vlogv) S\Mng . ol '
(v2logwv)~? (v2logv)~?
On the other hand, by Corollary 2.2(15), the contribution of each v-cube [a1, 81] X - -+ X [aw, By] C [0, 1]Y
of side-length r to the sum is

> T = D2 = 1) (o = 1) _ (H(@. - ai)> S(2)"(1+0(1))" = r’S. ()" (1+0(1))".

p1p2 - P .
log p; =
Vi, ai§%<ﬂi =1

Combining this with the bounds for |M,|, we obtain the result. O
Proof of (19), (20). Let v and r be as defined in Corollary 2.2. We write (15) and (17) in the form of
T.(p—1
(21) > D (5o 0)ue) 1+ faso),
o<lozz g
and
T(p—1 T(u

2 S D 5o )™ ) (14 guse).

o<loE <p

p=1 mod u

We note that there is a function f(z) = o(1) such that uniformly for 0 < a < g <1and f—a>r,
max(|fa,s(z)], [9a,s(2)]) < f(2).
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Then we can write

_ 7(u) (p—1) (1+ gas(®)
_T Z P (1+fa,g(x)>

a<iE<p
-1y o).
<g P<p

Consider any v-cube [y, £1] X -+ X [ay, By] € [0,1]" of side-length r. Then by the above observation,

Z 7.(p1 — D7a(p2— 1) To(py — 1)

pip2 - Po

logp
Vi, ;< Tog = Z<Bz

pi=1 mod wu; for i=1, 2

) g o DR D=1 g )

UU2 v, al,lﬁ)ggpl s, bip2 - P
This proves (20). For the proof of (19), we use instead
(P 1) _ Rus() o 7 Rus(t)
> = [ + S dt
‘ p t s t
asiozr <
p=1 mod u
< T (5~ ) logz + 0(1)) < T (5 - a1
— —a)logx —a)logx
$(u) p(u)
—1
< Lu)(ﬁ —a)S.(z)logz <« () Z 7—Z(pi)log 2,
¢(u) ou) £~ p
Slogac<ﬁ
which follows from Lemma 2.3(7). O
We impose some restrictions on the primes pi, ..., py:

R1. p1,...,p, are distinct.
R2. For each i, ¢> { p; — 1 for any prime ¢ > z.
R3. ¢>1 é(p1---py) for any prime ¢q > 22.

{ log J
v=|c
logy

for some positive constant ¢ to be determined. Let &, . (z) be the contribution of primes to &, .(z) not
satisfying R1. Note that if R1 is not satisfied, then some primes among p1, ..., p, are repeated. Then by

Recall that we chose
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Lemma 2.6(18),

6%2(1)(@ < <;> Z 7'z(p7;1)2 Gya.(2)

z<p<zx p
ylogd zv(v —1)
z  Sy(x)?
vt log® z

< ——2726,.(1r) <
zlog®x

<Lw Sy 2 ()

log? =

Sy ().

Let &,.@ (z) be the contribution of primes to &, .(z) not satisfying R2. Note that if R2 is not satisfied,
then q2|Pz — 1 for some primes p; and ¢ > z. Let up := (¢%,1,...,1). Suppose that ¢?|p; — 1 for some p;

and ¢ > z2. Then the contribution of those primes to &, 2(2) (x) is by (19),
v v
<<ZQ<1> U2vz <<Z¢ x)logz < qu Gy,z(z)log z < 2—267)73(37).
q>z >z

Suppose that ¢?|p; — 1 for some p; and z < ¢ < 22, then we have by (20),

v v v

< D )Bupec@) < Y 2500 < S Gusl@)
2<q<z? 2<q<z?

Thus, we have

6, (2) <

Sy ().
Let &,.®)(z) be the contribution of primes to &, () satisfying R1 and R2, but not satisfying R3. Note
that if R1, R2 are satisfied and R3 is not satisfied, then there are at least two distinct primes p;, p] such

that g|p; — 1 and ¢|p; — 1. Let ugq := (¢,¢,1,...,1). Suppose first that this happens with ¢ > 2%. Then
by (19), the contribution is

zlog z

2
< Z < ) ug.q0,2(T) K Z @6 J(z)log? 2z < Y iOgZGwz(m).

q>z4 >z

Suppose that this happens with 22 < ¢ < z*. Then by (20), the contribution is

v U2 ’U2
€ X ()o@« T 5000« it

22<q<z? 22<q<z4

Thus, we have
02

S, % () < Sy ().

22log z

We write &, .%)(z) to denote the contribution of those primes to &, ,(z) satisfying all three restrictions
R1, R2, and R3. By the above estimates, we have

Therefore,

(23) G, O@) = 6,.(z) (1 +O <10g3z> +0 < v > +0
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3. PROOF OF THEOREM 1.1

We set

v=uv(z):= \‘c IngJ , z=2z(x) :=/logx,

log, x

y = exp <\/@)

with a positive constant ¢ to be determined.
Consider a subset Q. (z) of primes defined by:

Q=Q.(x):={p:p<=z, ¢*1p—1 for any prime ¢ > z}.
We define N, M by:
N =Ny(z) :=={n <z :n is square-free, pln = p € Q, w(n) = v},
M=My(z):={n<z:neN, ¢>t¢(n) for any prime q > 2*}.

We write (A()
T n
Vi) = 32 0 ) = [[relp - 1)
nem pln
We also write ")
T!(n) T2\
WM::ZT, W/’\,[::Z —
neM neM

By (23), the contribution of those primes satisfying R1, R2, and R3 to &, .(z), which we wrote as
S, (z) satisfies

log? 2 v v
) () — g Ploss
Sy () = Gy 2() <1+O< P >+O<zlogz>+0<z2logz>>.

= 6y.:(2) (1 +0 (10;233)) '

Then by Lemma 2.6(18) and Stirling’s formula,

1 1 enN2v [ logxz\"
Wi > L6, 0@ = L (¢ 1+ o(1))"
M=o () v (v) (Cl logz> ( o(1))

Thus,

log x
log, x

W > exp ( (2¢ + clogep — 2cloge+ clog2 + 0(1))) .

Maximizing 2¢ + clog e — 2¢log ¢ + clog 2 by the first derivative, we have ¢ = v/2e /2, hence

W > exp (2\/56_g log z (1+ 0(1))> .

log, x

For W}, we have by (23), the contribution of those primes satisfying R1, R2, and R3 to &, ,2(z), say

61,722(0/)(:@ satisfies
v v?
) :
<zlogz> * <z210gz)>

: log®
81w = Suate) (110 (M5 0

=6, (x) (1 +0 <1og12:c)> '

Then by Lemma 2.6(18) and Stirling’s formula, as z — oo,

1 / 1 re\2v logz \" v
Wi 2 6,2 0) = - (£) <0110g22> (1+o(1))

v \v
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Thus,
1
Wiy > exp ( 08T (2¢ + clog ey —2clogc—|—0(1))) .
log, x
Maximizing 2¢ + clogc; — 2¢log ¢ by the first derivative, we have ¢ = e~7/2, hence as & — oo,
log
W 2¢”2 1+o0(1) ] .
M>>exp< e 1ngx( + o )))

Therefore, we have just proved the lower bounds of the following:

Theorem 3.1. For z = /logx, as x — o0,

0go T

(24) > MW{T) = exp (M 110g$ (1+ o<1>>) ,

n<x

and

ng(n) - ~7 log
(25) nz;xuz(n)n = exp <2e \/ og, x(l + 0(1))> .

Note that the upper bounds follow from Rankin’s method as in [LP, Theorem 1].

15

We proceed the similar argument as in [LP]. Let M = M,(z) be as above with the choice ¢ = e¢~7/2.

Now, for n € M, we have

7:(0(n)) = 7. .2(0(n)) 7.2 (d(n)) = T.2(4(n)) = T2(n),
7(A(n)) = 7. .2(A(n)) T2 (A(n) = 7,2(A(n)) = 722(n).

_1 [logx
> W, 2¢"%, 1+0(1)].
Vam(z) > Wiy > exp < e logzx( + o( )))

Then as x — oo,

2

The argument proceeds as in [LP]. Let M’ be defined by
M = {np :n € My(zy™t), pisaprime, p<

For those n’ = np € M', we have
T(A(np)) = 7(A(n)) = 7=(A(n)),

and a given n’ € M’ has at most v + 1 decompositions of the form n’ = np with n € M,(zy~ 1), p <

Since n < zy~! for n € M, (zy~!), the number of p in p < Zis

x x
™ (7) > .
n nlogx

Note that logy = v/logx = o(log z). This gives

log x

logy

Vam(zy™) > exp (263
Then

X

> xexp <26_ 2

x
Y orAm) = Y T(An) > Vi(ay )
n<x nemM’ v log r
This completes the proof of Theorem 1.1.

Remarks.

a)

(1+ o(l))) .

log x
Vi, a o<1>>> .
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1. In the proof of Theorem 1.1, we dropped 7, ,2(¢(n)). This is where a prime z < ¢ < 2% can divide
multiple p; — 1 for ¢ = 1,2,--- ,v, and that is the main difficulty in obtaining more precise formulas for

anx 7(¢p(n)) and anx 7(A(n)).

2. We will see a heuristic argument suggesting that as x — oo,

Y T(A(n) = zexp (2\/56—5, / 1?;2(1 + 0(1))> :

Ejmwm—xprJe% hﬁxu+dm>.

log, x

and hence,

n<x

However, we have

Y Ty =0 7(6(n))

n<x n<x

We will prove this in the following section. The prime 2 plays a crucial role in the proof of Theorem 1.2.

4. PROOF OF THEOREM 1.2

We put k£ and w as in [LP]:

k:mb&@,w:{ﬁ%mf

log3 x

Here, A is a positive constant to be determined. Also, define & (z), £2(x) and E3(z) in the same way:
E1(z) == {n < z : 2%|n or there is a prime p|n with p = 1 mod 2¥},

E(z) :={n<z:wn)<w},

and

We need the following lemma.

Lemma 4.1. For any 2 <y < x, we have

T n 051'
3 T LS o)),

Proof. As in the proof of [LP, Theorem 1], we use the square-free kernel k = k(n) (if a prime p divides n,
then p|k, and k is a square-free positive integer which divides n) and the factorization n = mk to rewrite
the sum as

3 T(6(n) w2k S T(m)7(¢(k))

n - mk
n<Z k<Z m<Z
=Yy =y —ky
k

< Z u?(k)T((bli )) 10g2x
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is maximal. Then we have

kg% kg%
w(k)=v

We adopt an idea from the proof of Theorem 1.1. Let M = M, (xy~!) be the set of square-free numbers
k < zy~! with w(k) = v. Define

M = {kp k€ My(xzy™!), pisaprime, p< %} )
For those n’ = kp € M’ with k € M, we have
T(¢(kp)) > T(#(k)),

and any given n’ € M’ has at most v + 1 decompositions of the form n’ = kp with k € M, p < £.
Since the number of p satisfying p < 7 is

x x
W(%) > klogx’
it follows that

ZT((;S(TL)) > Z T(¢(n)) > Z MQ(k)T(gb]Ek)) vljgx'
’I’LSI neM’ kg%
w(k)=v

Since v < log z, we have

k<Z n<x
—Y
w(k)=v
This gives
7(¢(k)  log’=

D k)= < == 7((n))

k<Z n<x
Then the result follows. g

For n € & (x), we have by Lemma 2.3 and Lemma 4.1,

> ramy<e Y A

neéi(x) neéi(x)
(2") (¢(m)) (p—1) (¢(m))
S {ETzk Z T = + 2 Z T . T =
m< - Pz m<E
2 p=1 mod 2F P
< log & (;gi; logxr;xT(qb(n)))

Alog, x
6 2
< log xlogA o2 nE<xT(<Z>(n)).

If we take Alog2 > 7, then we obtain that
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For n € &(x), we use the square-free kernel k = k(n) and the factorization n = mk as before,

> tm) < Y T(6(n)

neés(x) ne€a(x)

« Y r(m)r(6(k))
(kk<)£w ms

< 3 120 loga)r(o(k))

k<x
w(k)<w

-1
< zwlogx ZW

p<z
< z(log x)%(C’log x)¥ < xexp (2 1ng> .
log, =
Thus, by Theorem 1.1,
Y m) =0 (s(n))
ne€s(x) n<z
For n € &(x), we follow the method of [LP]. We have
T(o(n)) > w N \/logg:c'
T(AMn)) ~ k7 logya
Then
log3 x logs
A < .
g:( )T( (n)) < Toss g:( )T(¢(N)) S sz ;T(ﬁﬁ(n))
necz(x necs(x nsr

Therefore, putting these together, we have

lo T
Z 7(A(n) lng Viog x Z

<

and Theorem 1.2 follows.

5. HEURISTICS
Recall that 7,(A(n)) = 7, ,2(A(n))7,2(A(n)). Let M be the set defined in Section 3 with the choice of
v= [\fe /2 \/@J As in Section 3, we have 7,2(A(n)) = 7/5(n) for n € M. It is important to note that
q* 1 p; — 1 for any primes p;|n and ¢ > 2. Also, we have ¢° { ¢(n) for ¢ > 22. Thus, it is enough to focus on
the sum Vy(z). If we could prove that Vi (z) =", c =00) 5 exp <2fe 3, /A% (1 4 0(1 ))), then

n log, @

the same argument as in Theorem 1.1 would allow 7, 7(A(n)) > zexp (2\@67% 1?523;: 1+ o(l))). We
need the contribution of 7, ,2(A(n)) over n € M. Let &, .(z) be the sum defined in Section 2, and define
uvz(x) — Z T2,22 (lcm(pl -1 yP2 — 1,... yPv — 1)) z(pl - 1)Tz(p2 - 1) o 'Tz(pv - 1)
. TZ,ZQ(pl - 1) Tz 22(]92 - 1) Tz 22( - 1) p1p2 - Pou
( BEL ,...,—lfgp”)equ
ogx ogx
We have also defined in Section 2 that for u = (uy,...,u,) with 1 <wu; <z,
T(p1 —D7(p2 — 1) 72(py — 1)
(G} x) = )
w02 (@) Z P1p2 - Po

<log1’1 M)equ

loga "7 logx

Vi, pi=1 mod u;
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We need to extend Lemma 2.6 to cover all components of u.
Lemma 5.1. Let log% r<z< logA x, then for u = (uy,ug,...,uy) with 1 <wu; <z,
7(u1)7(ug) - - - 7(uo)

P(ur)p(uz) - - - P(uy)

where 0 < k < v is the number of u;’s that are not 1.
Assume that each u;, 1 < i < v is either 1 or a positive integer with p(u;) > z, u; < (logz)™ and
T(ui) < A1. Then

(26) Gup,:(7) K Gy () (1 + o(1))*logh 2,

(ur)7(ug) - - 7(uy)
ULUS - -+ Uy

(27) Sup,e(z) = Sy, (z) (14 o(1)",

where 0 < k < v is the number of u;’s that are not 1.

The same proof as in Lemma 2.6 applies with the need of considering all components of u.

Fix a prime z < ¢ < z2. Consider the number X, of primes pi,...,p, such that ¢ divides p; — 1. By
Lemma 5.1, it is natural to model X, by a binomial distribution with parameters v and %. In fact, Lemma
5.1 implies that

Lemma 5.2. For any 0 <k <wv, as x — o0,

gy L T.(p1 — D)7e(p2 — 1) - 7. (py — 1)
PlXy=h): 2 pip2 - Po

? (Ingl logpv)euMU

loga """ logx

Ezactly k primes p; satisfy q|p;—1

() -y v

Here, the functions implied in 1 4 o(1) only depend on x and do not depend on k.
Denote by A, the contribution of a power of ¢ in

TZ7Z2(1CII1(p1 —Lpp—1,...,py— 1))
T2,22 (pl - 1)7—z,z2 (p2 - 1) T Ty 22 (pv - 1) ‘

Similarly, denote by Ay, ... 4; the contribution of powers of ¢1,--- , g; in the above. Let
B.. — m(p1 — D71(p2— 1) 7(py — 1)
Z0 .
pip2 - Po
We can combine the contributions of finite number of primes ¢z, ..., ¢; in (z, 22]. For these multiple primes,
Lemma 5.2 becomes
Lemma 5.3. For any 0 < ky,...,k; <v, as x — oo,
1 -1 -1)--- -1
P(Xy = 1y Xgy = kj) 1 = 5 mep = Vrelp2 =) 7a(py 1)
Sy, () 1 pip2- - Po
(ngl logpu)equ
loga "7 logx

For each s =1,...,7,
exactly ks primes p; satisfy qs|pi—1

2 ks 2 v—~ks
-1 <:> <> <1 - ) (1+0(1))".
s<j \lUs qs gs
Here, the functions implied in 1 + o(1) only depend on j, x and they do not depend on ks.

This shows that the random variables X,, behave similar as independent binomial distributions. For
2z < q < 22, we have Ay = 2% for k> 1, and A; = 1 for k = 0. Thus, the contribution of this prime ¢ is

E[A,] = (2 (1 - ;) - (1 _ z>> (14 o(1))".
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For distinct primes ¢1,...,¢g; in (z, 22], the contribution of these primes is
11" 2\"
Bln,o) =1 (2(1- ) = (1-2) ) oy
5<j qs qs

where the function implied in 1 + o(1) only depends on j, .
Then, we conjecture that the contribution of all primes in z < ¢ < 22 will be

Conjecture 5.1. As x — oo, we have

@) = ] (2 (1 _ 2) _ (1 _ 2)) Sua(2)(1+ 0(1))".

2<q<z? 1

() ()
GG (2)) v

2<q<z?

It is clear that

Thus, we have as x — oo,

Therefore, we obtain the following heuristic result according to Conjecture 5.1.

Conjecture 5.2. As x — oo, we have
Uy o (z) = G2 (2) (1 + 0(1))".

Then Conjecture 1.1 follows from Lemma 2.6.
Remarks.

We were unable to prove Conjecture 1.1. The main difficulty is due to the short range of u in Corollary
2.1. Because of the range of u, we could not extend Lemma 5.3 to all primes in z < ¢ < 2°.
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