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1. INTRODUCTION

Let x > 2 and p be a prime number. Let (%) be the Legendre symbol. We
investigate some character sums of the type

(1) > Y i (2).

p<zn<logp

where f is a function satisfying f(z) — 0 as © — co. We expect nontrivial can-
cellations in these sums. Since, the length of the inner sum is short compared to
p, we do not have enough techniques to detect the cancellations in the inner sums.
Instead, we change the order of summation

(1) > ¥ (k).

n<logz er<p<z

Then we can apply Siegel-Walfisz theorem(See [2], page 124) and partial summation
to the inner sums.
The first application of this technique is the following theorem.

Theorem 1.1. Let N be the number of square-free quadratic nonresidues n modulo
p such that 0 < n <logp, and S, be the number of square-free integers in 0 < n <

logp. Then we have

w2 (1) T ()

p<z

. . . N}
This result can be interpreted as "The variance of ¥ over p < z approaches
p

to 0 as & — o0”. The following corollary can be obtained directly by P. Erdos [1],
however it can also be followed from Theorem 1.1.

Corollary 1.1. Let n, be the first quadratic nonresidue modulo p, and let N, be
the number of primes p < x such that n, > logp. Then

(1.4) N, =0 (@) .

Proof. 1f nj, > logp then N = 0. Hence,

(1.5) iNr§Z<g§ ;)Q_O(aogxx)z)'

p<z
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Now, we drop the square-free conditions in Theorem 1.1. It contributes to a
bigger error term.

Theorem 1.2. Let N, be the number of quadratic nonresidues n modulo p such
that 0 < n < logp. Then we have

N, 1\? 3z loglog x x
1. P ) = _
(16) 5 (g5~ 3) = 2300g7 +© (o)

p<z

NP
logp
to 0 as x — o0”. As a corollary, we have the following asymptotic equidistribution

result.

This result can also be interpreted as ” The variance of over p < x approaches

Corollary 1.2. Given any 0 < € < 1, define ES by the set of primes p < x such
that | 2z — %‘ > (logp)~Y/?+</2. Then

logp

(1.7) IES| =0 (:cloglogx)

(log )1+
Proof. We use Theorem 1.2 with N = |E¢|,

PEES pEES

2. PROOF OF THE MAIN THEOREM

Throughout this paper, >." is the sum over square-free integers, and Z' is the
sum over non-square integers.
Note that Ny — $S5 = =33, clogp (ﬂ) The left-hand side of the equation

2 P
(1.1) is then

S (%3) -T2 (2)

p<z p p<z n<logp
Yo > (M
- 4(S* 2 .
p<z ( p) ni,ne<logp p

We divide into two cases, first we consider the case nino is not a square. In fact,
ning is square if and only if ny = ng since they are square-free. By changing the
order of summation

N e R e

p<z P’ ni,ma<logp ni,n2<logz max(em1,e"2)<p<z

If niny is not a square, (M) is a nontrivial real character modulo niny. We

can find a primitive real character (2) such that (%) = (%) for all p in
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max(e™,e") < p < x. Define A(t) = Ep<t( ) then by Siegel-Walfisz theo-

rem, we have the estimate A(t) = O (n—5x © gt) ) for any A > 0.

1 n 1

p<z ‘P 3<t<z
A(x) ( 1 )
(55)? s Z S (S

Ax) _ A@2) _ z T _
It is clear that (§ B &7 = O (n(logx)AH), and note that GRE (SHI)Q =

(St+1 S:)(St+l+s
(S¢ S1+1)
the interval logt < n < log(t 4+ 1). Since there are only ~ % log x square free

integers in 0 < n < logz, it follows that S7,, — S; = 1 for only ~ 5 logz times,
and = 0 otherwise. Thus,

1 t
2 Aa ( S7)? (sz;l)?):O nd (GgpAe

3<t<z—1 z—logr<t<z—1

~0 (ngs )

. Recall that S, | — S} is the number of square-free integers in

Hence, we have

@ S0l

p<z

Also, changing A if necessary, it follows that

2:2) Sar () o (mar)

p<z > P’ nina<logp
ni#n2

When n; = ng, we see that the character gives 1 always. The sum is in fact,
€z T
23 X X = +0< )
p<z n<logp p<z 4S 24 IOg ,T) (log .’17) 2

Combining (2.2), and (2.3), we obtain Theorem 1.1.

3. REMOVAL OF SQUARE-FREE CONDITIONS

We now prove Theorem 1.2. Notice that IV, can be obtained by IV, = anogp/% (1 — (%))
The proof starts with the same line as in Theorem 1.1.
1 e 2 1 r(n\\ °
3 oy (2) +00) 3 nctons (2) .
2 > 0 ()

logp logp log x)?

p<z

S e, 2 (50 ()

7l17’ﬂ2<10g:0

p<z
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Similarly as before, we have

(3.1) > @ ) / (mpn?) =0 ((1&5:123%4) '

p<z ni,ne<logp
ning is not a square

However, we need a slight modification of the argument. Change the order of
summation, and find a primitive character (2) such that (%) = (%) for primes

in max(e™,e™) < p < x. Then we apply Siegel-Walfisz theorem with integration
by part for inner sums.
Now, we take care of the remaining sum in which nino is a square. In this case,

(”1p"2) is always 1. For, we need the following estimate of the sum

6
(3.2) > 1= —wloga +O(x).

ni,ne<T
ning is a square

We introduce a new variable ng which is the least number that makes n1ng a square.
li

SINED DI

ni,ne<x n1<T not2<x

ning is a square
= / _|_ O

n1<:c
= ( x) +0(z)
o
no<z
_ 0 1 0
=57 ogx + O(x).

Then we have,
(3.3)

| 610glogp 62 loglog = ( z )

> X D D s Z = ez TO 5 )
=e mimaclogp (logp)* = = logp logp 72 (log x) (log x)

ning is a square

Combining (3.1), and (3.3), we obtain Theorem 1.2.
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