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Abstract. Let E be an elliptic curve defined over Q and with complex
multiplication by OK , the ring of integers in an imaginary quadratic
field K. Let p be a prime of good reduction for E. It is known that
E(Fp) has a structure

(1) E(Fp) ' Z/dpZ⊕ Z/epZ
with uniquely determined dp|ep. We give an asymptotic formula for the
average order of ep over primes p ≤ x of good reduction, with improved
error term O(x2/ logA x) for any positive number A, which previously

O(x2/ log1/8 x) by [W]. Further, we obtain an upper bound estimate for
the average of dp, and a lower bound estimate conditionally on nonex-
istence of Siegel-zeros for Hecke L-functions.

1. Introduction

Let E be an elliptic curve over Q, and p be a prime of good reduction.
Denote by E(Fp) the group of Fp-rational points of E. It is known that
E(Fp) has a structure

(2) E(Fp) ' Z/dpZ⊕ Z/epZ

with uniquely determined dp|ep. By Hasse’s bound, we have

(3) |E(Fp)| = p+ 1− ap

with |ap| < 2
√
p. We fix some notation before stating results. Let Q be the

algebraic closure of Q. Let E[k] be the k-torsion points of the group E(Q).
Denote by Q(E[k]) the k-th division field of E, which is obtained by adjoin-
ing the coordinates of E[k] to Q. Denote by nk the field extension degree
[Q(E[k]) : Q]. Let Li(x) be the logarithmic integral defined by

∫ x
2

1
log tdt.

We use the notation F = O(G) if F (x) ≤ CG(x) holds for sufficiently large
x and a positive constant C.

Recently, T. Freiberg and P. Kurlberg [FK] started investigating the av-
erage order of ep. They obtained that for any x ≥ 2, there exists a constant
cE ∈ (0, 1) such that

(4)
∑
p≤x

ep = cELi(x2) +O(x19/10(log x)6/5)

under the Generalized Riemann Hypothesis(GRH), and

(5)
∑
p≤x

ep = cELi(x2)

(
1 +O

(
log log x

log1/8 x

))
unconditionally when E has a complex multiplication(CM). Here, the im-
plied constants depend at most on E, and the GRH is for the Dedekind zeta
functions of the field extensions Q(E[k]) over Q. (In the summation, we
take 0 in place of ep when E has a bad reduction at p.) More recently, J.
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Wu [W] improved their error terms in both cases

(6)
∑
p≤x

ep = cELi(x2) +O(x11/6(log x)1/3)

under GRH, and

(7)
∑
p≤x

ep = cELi(x2) +O(x2/(log x)9/8)

unconditionally when E has CM.
In this paper, we improve the unconditional error term in the CM case

by using a number field analogue of the Bombieri-Vinogradov theorem due
to [H, Theorem 1]. Also, the result is uniform in the conductor of the elliptic
curves under consideration.

Theorem 1.1. Let E be an elliptic curve defined over Q and with complex
multiplication by OK , the ring of integers in an imaginary quadratic field
K. Let N be the conductor of E. Let A,B > 0, and N ≤ (log x)A. Then
we have ∑

p≤x,p-N

ep = cELi(x2) +OA,B(x2/(log x)B)

where

cE =
∞∑
k=1

1

nk

∑
dm=k

µ(d)

m
.

We are also interested in the average behavior of dp. In [K, Corollary
5.33], E. Kowalski proposed several problems concerning the structure of
Mordell-Weil groups of elliptic curve over finite fields, and obtained

(8)
∑
p≤x

dp �E x
√

log x

by applying the number field analogue of the Brun-Titchmarsh inequal-
ity(see [HL, Theorem 4]). (In the summation, we take 0 in place of dp when
E has a bad reduction at p.) In fact, this is true for any CM elliptic curve
over any field containing its CM field. In this paper, we improve this upper
bound.

Theorem 1.2. Let E be an elliptic curve defined over Q and with complex
multiplication by OK , the ring of integers in an imaginary quadratic field
K. Let N be the conductor of E. Let A > 0, and N ≤ (log x)A. Then we
have ∑

p≤x,p-N

dp � x log log x

where the implied constant depends at most on K and A.

Again, if we only consider a fixed CM elliptic curve over a field containing
its CM field. The result is also uniform in the conductor of the elliptic curves
under consideration.
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Getting a lower bound for the average of dp is much more difficult than
getting an upper bound. Thus, we present those in a separate section. (see
section 5.)

2. Preliminaries

We use the same notations dp, ep, E[k], and Q(E[k]) as in the previous
section, and let K(E[k]) be the field extension obtained by adjoining coor-
dinates of E[k] to K. Here, K is an imaginary quadratic field otherwise
stated, and OK is the ring of integers of K.

Lemma 2.1. Let E be an elliptic curve defined over Q and with complex
multiplication by the ring of integers OK of an imaginary quadratic field K.
Then for k > 2,

φ(k)2 � nk � k2

where φ is the Euler’s totient function, and the implied constants depend
only on K.

Proof. One way is to use the Kronecker’s Jugendtraum. The proof is out-
lined in [CM, page 611, Proposition 3.8]. Another way is to use Deuring’s
theorem on the Galois representation for the CM elliptic curves over Q.
(see [Se, Section 4.5].) �

Lemma 2.2. Let E be an elliptic curve over Q, and p be a prime of good
reduction. Then

k|dp ⇔ p splits completely in Q(E[k]).

Proof. This is done by considering Galois theory on residue fields of the
division fields Q(E[k]) over Q. The proof is given in detail in [M, page 159,
Lemma 2]. �

Let N be the conductor of E, and let

πE(x; k) = #{p ≤ x : p - N, p splits completely in Q(E[k])}.

Lemma 2.3. For 2 ≤ k ≤ 2
√
x, we have

πE(x; k)� x

k2

where the implied constant is absolute.

Proof. The main idea is to identify each endomorphisms of a CM elliptic
curve as a member of the ring of integers OK of K. The proof is given
in detail in [M, page 163, Lemma 5], and note that there are only nine
possibilities for K. (as known as the class number 1 problem for imaginary
quadratic fields, see [S].) �

We state some results from the class field theory. For the proofs, see [AM,
Lemma 2.6, 2.7].

Lemma 2.4. If k ≥ 3 then Q(E[k]) = K(E[k]).
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Lemma 2.5. Let E/Q have CM by OK and k ≥ 1 be an integer. Then
there is an ideal f of OK and t(k) ideal classes mod kf with the following
property:

If p is a prime ideal of OK with p - kf, then

p splits completely in K(E[k])⇔ p ∼ m1, or m2, or · · · , or mt(k) mod kf.

Moreover
t(k)[K(E[k]) : K] = h(kf),

where

t(k) ≤ cφ(f)
∏
p|f

(
1 +

1

N(p)− 1

)
.

Here c is an absolute constant and φ(f) is the number field analogue of the
Euler function.

Denote by πK(x; q, a) = #{p : prime ideal of OK ; N(p) ≤ x, and p ∼
a mod q}. Let q be an integral ideal of K. Define a q-ideal class group by
an abelian group of equivalence classes of ideals in the following relation:

a ∼ b (mod q),

if ab−1 = (α), α ∈ K, α ≡ 1 (mod q), and α is totally positive. Let α, β ∈ K.
Denote by α ≡ β (mod* q) if vp(q) ≤ vp(α− β) for all primes p and αβ−1 is
totally positive. Then we can rewrite the equivalence relation ∼ by

ab−1 ∈ P q
K = {(α) : α ≡ 1 (mod* q)}.

Denote by h(q) the number of the equivalence classes for this equivalence
relation ∼. Denote by T (q) the cardinality of the image of the unit group
U(K) of K in (OK/qOK)×. Thus, T (q) ≤ 6 for imaginary quadratic fields,
since there are at most 6 units in them. We will use the following is a num-
ber field analogue of the Bombieri-Vinogradov theorem due to Huxley [H,
Theorem 1].

Lemma 2.6. For each positive constant B, there is a positive constant C =
C(B) such that∑

N(q)≤Q

max
(a,q)=1

max
y≤x

1

T (q)

∣∣∣∣πK(y; q, a)− Li(y)

h(q)

∣∣∣∣� x

(log x)B

where Q = x1/2(log x)−C . The implied constant depends only on B and on
the field K.

We will also use a number field analogue of the Brun-Titchmarsh inequal-
ity due to J. Hinz and M. Lodemann [HL, Theorem 4].

Lemma 2.7. Let H denote any of the h(q) elements of the group of ideal-
classes mod q in the narrow sense. If 1 ≤ Nq < X, then∑

Np<X
p∈H

1 ≤ 2
X

h(q) log X
Nq

{
1 +O

(
log log 3 X

Nq

log X
Nq

)}
.
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We are now ready to prove Theorem 1.1. From now on, E is an elliptic
curve over Q that has CM by OK , where K is one of the nine imaginary
quadratic fields with class number 1. Let N be the conductor of E.

3. Proof of the theorem 1.1

By Hasse’s bound, we have

(9)
∑

p≤x,p-N

ep =
∑

p≤x,p-N

p

dp
+O

∑
p≤x

√
p

 ,

where the error term is O(
√
x
∑

n≤x 1) = O(x3/2). As done in both [FK]

and [W], we use the following elementary identity

(10)
1

k
=
∑
dm|k

µ(d)

m
.

Thus we obtain ∑
p≤x,p-N

p

dp
=

∑
p≤x,p-N

p
∑
dm|dp

µ(d)

m

=
∑

k≤
√
x+1

∑
dm=k

µ(d)

m

∑
p≤x,p-N,k|dp

p.

We split the sum into two parts as in [W]:

S1 =
∑
k≤y

∑
dm=k

µ(d)

m

∑
p≤x,p-N,k|dp

p,

S2 =
∑

y<k≤
√
x+1

∑
dm=k

µ(d)

m

∑
p≤x,p-N,k|dp

p.

Here y is a parameter satisfying 3 ≤ y ≤ 2
√
x, and which will be chosen

optimally later. We treat S2 using trivial estimate

(11)

∣∣∣∣∣ ∑
dm=k

µ(d)

m

∣∣∣∣∣ ≤ 1

and Lemma 2.3, obtaining

(12) |S2| �
∑

y<k≤
√
x+1

x · x
k2
� x2

y
.

Let Ek(x) be defined by the relation πE(x; k) = Li(x)
nk

+Ek(x). Our goal for

treating S1 is making use of Lemma 2.6. First, we take care of the inner
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sum by partial summation. Thus,∑
p≤x,p-N,k|dp

p =

∫ x

2−
tdπE(t; k)

=
1

nk
Li(x2) +O

(
xmax
t≤x
|Ek(t)|

)
.

Next, we combine this with the trivial estimate (11) and Lemma 2.1, ob-
taining
(13)

S1 = cELi(x2) +O

(
xmax
t≤x
|E2(t)|

)
+O

 x2

y log x
+
∑

3≤k≤y
xmax
t≤x
|Ek(t)|


where

cE =
∞∑
k=1

1

nk

∑
dm=k

µ(d)

m
.

The series defining cE is convergent by (11) and Lemma 2.1, and positive
due to [FK]. Here, Lemma 2.1 is used in bounding

∑
y<k

1
nk

Li(x2).

Let f be a nonzero integral ideal of K which appears in Lemma 2.5. Let
π̃E(x; k) = #{p : N(p) ≤ x, p - kf, p splits completely in K(E[k])}. By
Lemma 2.4 and [AM, (3.2)], we have

(14) πE(x; k) =
1

2
π̃E(x; k) +O

(
x1/2

log x

)
+O(logN) uniformly for k ≥ 3.

The factor 1/2 comes from rational prime p which splits in K, and the first
error term comes from counting rational primes p ≤ x of degree 2 in K,
while the second error term comes from possible primes dividing N . For a
detailed explanation, we refer to [AM, page 9]. By Lemma 2.5, we have

(15) π̃E(x; k)− Li(x)

[K(E[k]) : K]
=

t(k)∑
i=1

(
πK(x, kf,mi)−

Li(x)

h(kf)

)
for a fixed nonzero integral ideal f of K. Again using Lemma 2.5 to bound
t(k) and applying Lemma 2.6 as in [AM, page 10],
(16) ∑
3≤k≤ x1/4

N(f)(log x)C/2

max
t≤x

∣∣∣∣π̃E(t; k)− Li(t)

[K(E[k]) : K]

∣∣∣∣�A,B N logN
x

(log x)A+B+1
,

where C = C(A,B) is the corresponding positive constant in Lemma 2.6 for
the positive constant A+B + 1.

Note that T (q) ≤ 6. Writing Ẽk(x) = π̃E(x; k) − Li(x)
[K(E[k]):K] , and using a
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bound maxt≤x |E2(t)| � x/ logB x (see [AM, Lemma 2.3]), we have
(17)

S1 = cELi(x2)+OA,B

(
x2

(log x)B

)
+O

 x2

y log x
+
∑

3≤k≤y
xmax
t≤x
|Ẽk(t)|+

x3/2y logN

log x


Now, taking y = x1/4

N(f)(log x)C/2 , we obtain

(18)

S1 = cELi(x2)+OA,B

(
x2

(log x)B
+ x7/4N(f)(log x)C/2−1 +

x2N logN

(log x)A+B+1
+

x7/4 logN

N(f)(log x)1+C/2

)
.

Note that N = N(f)|dK | as in [AM, AM, page 7, Remark 2.8], where dK
is the discriminant of K. Combining with the estimate of |S2| in (12), it
follows that
(19)∑
p≤x,p-N

p

dp
= cELi(x2)+OA,B

(
x2

(log x)B
+

x2N logN

(log x)A+B+1
+ x7/4N(log x)C

)
.

Theorem 1.1 now follows.

4. Proof of Theorem 1.2

Let N be the conductor of a CM elliptic curve E satisfying N ≤ (log x)A.
We use the following elementary identity

k =
∑
dm|k

mµ(d).

We unfold the sum similarly as in the proof of Theorem 1.1:∑
p≤x,p-N

dp =
∑

p≤x,p-N

∑
dm|dp

mµ(d)

=
∑

k≤
√
x+1

∑
dm=k

mµ(d)
∑

p≤x,p-N,k|dp

1.

We introduce a variable y and split the sum as shown in the proof of Theorem
1.1: ∑

p≤x,p-N

dp = πE(x; 2) +
∑

3≤k≤
√
x+1

φ(k)πE(x; k)

≤ 2x

log x
+
∑

3≤k≤y
φ(k)

1

2
π̃E(x; k) +

∑
y<k≤

√
x+1

φ(k)πE(x; k).

The inequality in the last line is due to the primes p in K which lie above
primes p in Q that split completely in K. For each rational prime p that
splits completely in Q(E[k]) = K(E[k]), corresponds to two primes p, p′ in
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K that lie above p. Let S1, S2 denote the second sum and the third term
respectively:

S1 =
∑

3≤k≤y
φ(k)

1

2
π̃E(x; k),

S2 =
∑

y<k≤
√
x+1

φ(k)πE(x; k).

Now, we use Lemma 2.5, and 2.7 to give an upper bound for each π̃E(x; k):

(20) π̃E(x; k) ≤ 2
t(k)x

h(kf) log x
N(kf)

{
1 +O

(
log log 3 x

N(kf)

log x
N(kf)

)}
.

Then we treat S1 by (19), and S2 by the trivial bound (πE(x; k) � x
k2

) in
Lemma 2.3. As a result, we obtain

S1 � x
∑

3≤k≤y

φ(k)

nk log x
k2N(f)

,

S2 � x
∑

y<k≤
√
x+1

φ(k)
1

k2
� x log

√
x

y
,

where the implied constants are absolute. We apply partial summation to
S1 with φ(k)2 � nk, and

∑
k≤t

1
φ(k) = A1 log t + O(1). Note that, we have

3 ≤ y ≤ 2
√
x. Let M = N(f). We use ak = 1

φ(k) , A(t) =
∑

k≤t ak =

A1 log t+O(1), and f(t) = 1
log x

t2M

.

Thus

f ′(t) = − 1

log2 x
t2M

1
x

t2M

(−2)
x

M
t−3 = 2

1

t log2 x
t2M

.

We also restrict y with 3 ≤ x
y2M

. By the way, we have

d

dt

(
log log

x

t2M

)
=

1

log x
t2M

1
x

t2M

x

M
(−2)t−3 = −2

1

t log x
t2M

.

This yields f(t)
t = −1

2
d
dt

(
log log x

t2M

)
.∑

3≤k≤y

1

φ(k) log x
k2M

=
∑

3≤k≤y
akf(k) =

∫ y

3−
f(t)dA(t)

= A(t)f(t)|y3− −
∫ y

3
A(t)f ′(t)dt

=
1

2
A1

(
log log

x

9M
− log log

x

y2M

)
+O(1).

Hence, it follows that

(21) S1 � x log log
x

N(f)
� x log log x,
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provided that 3 ≤ x
y2N(f)

.

Choosing y =
√

x
3N(f) , it follows that

(22) S1 + S2 �A x log log x

Therefore, Theorem 1.2 now follows.
Note that the trivial bound in Theorem 1.2 given by Lemma 2.3 is �

x log x. The number field analogue of Brun-Titchmarsh inequality(Lemma
2.7) contributed to the saving.

5. Lower Bound Results

Let E be a CM elliptic curve over Q with CM field K, and dp, ep as
before. Recall that

(23)
∑

p≤x,p-N

dp =
∑

k≤
√
x+1

φ(k)πE(x; k)

as in the previous section.
In [K], E. Kowalski gives the following unconditional result.∑

p≤x
dp �E

x log log x

log x
.

A. T. Felix, and M. R. Murty(see [FM]) provided a detailed proof of a slightly
stronger version than this,∑

p≤x
dp

 /

(
x log log x

log x

)
→∞

as x → ∞. They also provided a result which is conditional on GRH for
Dedekind zeta functions, ∑

p≤x
dp �E x.

E. Kowalski(see [K, Theorem 3.8]) provided an asymptotic formula for shorter
range of k in the sum (23) conditionally on GRH,∑

k≤x1/4

log x

φ(k)πE(x; k) = cx+OE

(
x

log x

)
.

In this section, we derive a stronger lower bound than the unconditional
result, but weaker than the GRH-conditional result, by assuming a weaker
hypotheses than GRH. To this end, we use a classical zero-free region result
for Hecke L-functions. (see [F])

Lemma 5.1. (Fogels, 1962) Let K be a number field, χ be a Grossenchar-
acter of K defined modulo its conductor f. Denote by L(s, χ) the associated
L-function. Let D = |∆|N f = D0 > 1 where ∆ denotes the discriminant of
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the field, and N f the norm of f. Then there is a positive constant c(which
depends only on [K : Q]) such that in the region

(24) σ ≥ 1− c

logD(1 + |t|)
≥ 3

4
(σ = Re s, t = Im s)

there is no zero of L(s, χ) in the case of a complex χ. For at most one real
χ there may be in (24) a simple zero β of L(s, χ)(which we call Siegel-zero).

Here, we use the prime ideal theorem in the following form.

Lemma 5.2. Let K be a number field, m be a nonzero integral ideal , and
a be an integral ideal prime to m. Let

ψ(x,m, a) :=
∑
Nb≤x

b∼a mod m

Λ(b).

Then

(25) ψ(x,m, a) =
x

h(m)
− χ1(a)

h(m)

xβ1

β1
+O

(
xe−c

√
log x

)
for some positive constant c depending only on K. The term involving Siegal-
zero only occurs if it exists.

A direct consequence of this lemma is as follows
(26)

π(x,m, a) := #{Np ≤ x | p ∼ a mod m} =
Li(x)

h(m)
−χ1(a)

h(m)
Li(xβ1)+O

(
xe−c

′√log x
)

for some positive constants c, c′ depending only on K. Here, χ1 is a real
character having a Siegel-zero β1, and the implied O-constant depends only
on K. The term involving Siegel-zero only occurs if it exists.

Theorem 5.1. Let E be a CM elliptic curve over Q with quadratic imagi-
nary CM field K. Let χ be a Grossencharacter of K defined modulo its con-
ductor f. Suppose that there is no zero of L(s, χ) in the region (24)(which
we will abbreviate it as NSZC-nonexistence of Siegel-zero condition). Then

(27)
∑
p≤x

dp �E
x√

log x
.
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Proof. We begin with the same method as in [FM, page 23], and use (14),
(15):∑
p≤x

dp =
∑

k≤
√
x+1

φ(k)πE(x; k)

�
∑

3≤k≤y
φ(k)

(
Li(x)

[K(E[k]) : K]
+ π̃E(x; k)− Li(x)

[K(E[k]) : K]

)
+O

(
y2
√
x

log x

)

� x log y

log x
+
∑

3≤k≤y
φ(k)

(
π̃E(x; k)− Li(x)

[K(E[k]) : K]

)
+O

(
y2
√
x

log x

)

=
x log y

log x
+
∑

3≤k≤y
φ(k)

t(k)∑
i=1

(
πK(x, kf,mi)−

Li(x)

h(kf)

)
+O

(
y2
√
x

log x

)
.

Here, an important point is that the O-term in Lemma 5.2 does not depend
on m.

Applying this to our lower bound, and using the bound of t(k) (see Lemma
2.5), we deduce under NSZC,

(28)
∑
p≤x

dp �E
x log y

log x
+O

(
xy2e−c

′√log x
)

+O

(
y2
√
x

log x

)
.

Choosing y = ec
′′√log x where 2c′′ < c′, the lower bound becomes∑
p≤x

dp �E
x√

log x
+O

(
xe(2c

′′−c′)
√
log x

)
.

Theorem 5.1 now follows. �

6. Remarks

The author investigated a possibility of obtaining Theorem 5.1 uncon-
ditionally. However, Siegel-zero can occur for some modulus q1 satisfying
Nq1 <

√
x + 1 and multiples of q1. Although Siegel-zero only occur for

sparse set of modulus, the set of exceptional modulus indeed consists of the
modulus giving primitive characters. Thus, this was a barrier in removing
NSZC.

Acknowledgements The author thanks William Duke for helpful com-
ments and guidance. The author also thanks Tristan Freiberg and Jie Wu
for helpful discussions.
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