SOME THEOREMS ON MULTIPLICATIVE ORDERS MODULO p ON AVERAGE

KIM, SUNGJIN

ABSTRACT. Let p be a prime, a > 1, and ¢,(p) be the multiplicative order of a modulo p. We prove various
theorems concerning the averages of £4(p) over p < = and a < y. We prove that these theorems hold for
y > exp((a + €)v/Togx) where o ~ 3.42. This is an improvement over y > exp(c1v/Iogz) with ¢; > 12¢°
given in [S2]. We also provide the average of 7(¢,(p)) over p < x, a <y, and y > exp((a + €)y/log x), where
7(n) is the divisor function 3, 1.

1. INTRODUCTION

Let a > 1 be an integer. We let ¢,(n) be the multiplicative order of a modulo n if (a,n) = 1. For
(a,n) # 1, £y(n) is defined as in [MS, Section 8]: If we write n = nyng with any prime divisors of n; divide
a and (ng2,a) = 1, then we let £,(n) := £4(n2). This way of defining ¢,(n) is called an extended definition of
multiplicative order of @ modulo n where the ordinary definition takes ¢,(n) = 0 if (a,n) # 1. This has an
advantage over the ordinary definition that £,(n)|¢(n) is always true regardless of a and n being coprime.
Let w(n) := >_,, 1 be the number of distinct prime divisors of n and Q(n) := 3_ x|, 1 be the number of
prime power divisors of n, and set w(1) = (1) = 0.

Artin’s Conjecture on Primitive Roots (AC) states that for any non-square integer a # 0, =1, £,(p) = p—1
for infinitely many primes p. Assuming the Generalized Riemann Hypothesis (GRH) for Dedekind zeta
functions for Kummerian extensions, Hooley [H] showed that the set of primes with £,(p) = p — 1 has a
positive density in the set of primes. We may predict that ¢,(p) would be close to p — 1 for many primes
p < z. In [K2], we also observed that the average of 1/¢,(p) is small. Precisely, if = o(y), then
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for some explicit constant K. Due to the fact that 1/¢,(p) is mostly small, the length y of averaging had
to be large. For the multiplicative orders on average, we may apply the large sieve inequality and the
character sums to reduce y significantly. This was carried out by Stephens (see [S2, Theorem 1]) who
showed that if y > exp(c1y/log ) then for any positive constant B > 1,
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where C' is the Stephens’ constant:

and E/ is the sum over primes p < x which are relatively prime to a. Although the value of the positive
constant ¢ is not explicitly given in [S2], we see that c; is at least 12¢°. This is because the proof of [S2,
Lemma 7] requires the constants cg and c; to satisfy cg > 0 and loge; — cg — 2log2 — log3 > 9. The
optimal value for ¢; using Stephens’ method is any positive number greater than 2v/2e ~ 7.6885. See
Section 2 for the proof of this claim. This can be done by applying the best known estimates on the
smooth numbers [HT, Theorem 1.2] and the asymptotic formula [Br, (1.8)] for Dickman’s function p(u).
We prove that ¢; can be further dropped to « + € for any € > 0, where a &~ 3.42 is the unique positive root

of the equation
K 1 K2
K)y=—+—11 —+1 1) =0.
f1(K) 4+K<og<2+)+) 0
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The corresponding second moment result [S2, Theorem 2] and [S1, Theorem 1, 2| can also be improved.

Theorem 1.1. If y > exp((a + €)+/log a:) then for any positive constant B > 1,

(1) (z) + O <1oggj%>'
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Moreover, for any positive constant B > 2,
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Let P,(z) := {p < x|la(p) = p — 1}. Then the following estimates also hold:

(3) y 1S Pu(z) = AL )+0< .l )

e log” x

where A =1T], (1 — ;)(Tl—l)> is the Artin’s constant.
Moreover, for any positive constant B > 2,
2

(4) yT Y (Pa(@) - ALi(2))” < —

logP z
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Stephens also proved in [S2, Theorem 3] that the average number of prime divisors of a — b for p < z
averaged over the pairs (a,b) of integers in the box (0,y]? is also asymptotic to CLi(z), and proved the
corresponding second moment result in [S2, Theorem 4]. The number y is rather large compared to those
n [S2, Theorems 1, 2]. (y > x(logz)? in [S2, Theorem 3], and y > z?(logz)® in [S2, Theorem 4]
respectively.) He mentioned that these could probably be improved by using the large sieve inequality
as in [S2, Theorems 1, 2|. However, he did not carry out the improvement in [S2]. Here, we state the
improvement and prove them.

Theorem 1.2. If y > exp((a + €)v/log ), then for any positive constant B > 1,

(5) 7YY Y 1= LG +o< . )

a<y b<y p<lzx lOg x
In,pla™—b

Moreover, for any positive constant B > 2,
2
2

(6) S Y 1-cli) <<lx—B

a<yb<y \  p<z og- ¥
In,pla™—b

It is well-known by Erdés and Kac [EK] that w(n) and £2(n) follow a normal distribution after a suitable
normalization. More precisely, for any real number u,

o1 g(n) —loglog x
1 — < . < =
300 x#{n_az log log = G(u),

where g(n) = w(n) or Q(n) and G(u) = \/% Y exp (—%) dt.
Let ¢(n) be the Euler Phi function. Erdés and Pomerance [EP] proved that w(¢(n)) and Q(¢p(n)) also

follow a normal distribution after a suitable normalization. Thus, for any real number u,

_1 2
lim l# n<x: 9(¢(n)) — 5(loglog z) <up=G(u).

T—00 I %(log log :c)%
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They also proved that this holds with ¢(n) replaced by the Carmichael Lambda function A(n) [C, Section
4.6]. Furthermore, they conjectured that for any real number w,

lq(n)) — 3 (loglog z)?
i i A <o () — 1, Oalm) — logloga? L g(a)
T30 L %(log log x)2 a

In [MS, Section 8, Theorem 4’|, Murty and Saidak proved, assuming that the Dedekind zeta function for
Q(y, a'/9) for primes ¢ does not have zeros on R(s) > @ for some 1/2 < 6 < 1 (quasi-Generalized Riemann
Hypothesis, quasi-GRH), that for any real number u,

la(n)) — 3 (loglog x)?
lim l# n<x: 9ta(n)) — 3(log (;gx) <wup = G(u).
T—00 T %(loglogx)E

They used this to prove the conjecture by Erdés and Pomerance conditionally on the quasi-GRH. Through-
out this paper, we will always use the extended definition of £,(n) and index p in the summation will be
always prime. We provide an unconditional average result as an application of [E, Theorem 12.2].

Theorem 1.3. If y > exp((a + €)v/logx), then for any fized real number u,

% ZaSy g(la(n)) — %(IOg log )2

(7) lim 1# n<a: 3 <up=G(u).

Too T %(log log x)

Another interesting series of problems is to consider averages of the divisor function 7(n) = 3 4,1

composed with various arithmetic functions. For the divisor function composed with Euler function and
Carmichael A-function, see [LP2], also [K1]. For the averages of 7(¢4(p)), we have the following result.

Theorem 1.4. If y > exp((a + €)v/logx), then for any B > 1,

(8) ;ZZT(Ea(p)) = K1z + (K1 + K2)Li(z) + O (a:)

B
a<y p<z log™ x

where

1
K, = H <1 + = > ~ 1.231291.

p p°—=p

Theorem 1.1 and 1.2 improve [S2, Theorem 1, 2, 3, and 4] by providing a wider range of y (These
are N in [S2]). The proofs follow closely the method in [S2] where the large sieve inequality and Holder
inequality play crucial roles. The improvements are due to Lemma 3.1 and 3.2 (see §3) which replace [S2,
Lemma 3 through 7]. Let 7,,(a) be the number of ways to write a as an ordered product of r positive
integers, each of which is at most y. Let 7,.(a) be the number of ways to write a as an ordered product of
r positive integers. Lemma 3 through 5 in [S2] treat the second moment divisor sum a<yr(rr7y(a))2 by
replacing one 7, ,(a) with its maximum, and obtaining an upper bound of the first moment divisor sum
> a<yr Try(a) < y". Then Lemma 6 and 7 in [S2] obtain upper bound of the maximum of 7, ,(a) via the
estimates of smooth numbers (see [Br], [HT]). The method presented in this paper follows a different path

to treat the second moment divisor sum. Lemma 3.2 gives a combinatorial inequality giving (Z a<y TT(CL)>

as an upper bound of the second moment divisor sum. Then Lemma 3.1 gives a uniform upper bound for
the first moment divisor sum »_,_, 7,(a). The presence of (r —1)! in the denominator in Lemma 3.1 is a
main contributor for the improvements. Note also that the lemmas in [S2] do not have this denominator.
We may also compare [S2, Lemma 8] and Lemma 3.3, which is applied the proof of Theorems 1.1 through
1.4. The proof of Theorem 1.3 relies on Kubilius-Shapiro Theorem (see §7) and the average estimates for
w(ly(p)) and Q(¢4(p)) (see §6). The proof of Theorem 1.4 is a consequence of a version of Titchmarsh
Divisor Problem proved in [F] (see §8). For an earlier version of Titchmarsh Divisor Problem, see [BFI].
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2. OrPTIMAL CONSTANT IN STEPHENS’ METHOD
We need estimates of smooth numbers in the following form. See [Br, (1.8)] and [HT, Theorem 1.2].
Theorem 2.1 (de Bruijn).

log p(u) = —u [logu + loglogu — 1] + O ( 4 > :
log u

Theorem 2.2 (Hildebrand, Tenenbaum).

log(t4(,9)/2) = {1+ Olexp(~(log u)*/*~)) } 10g p(w),

where max(2, (logz)'7¢) <y < .

Combining the above two theorems, we have

log(¢¥(z,y)/z) = —ulogu — uloglogu + u + O (lo?;u) ,

where max(2, (logz)!7¢) <y < x. We remark that the choice of r is as in [S2].

2logx 5 1 c
{logNw ’ exp((Blogz)"), 2 + log(Blogx)’
with 8 > 2 and ¢ > 0 are to be determined.
Here, 3 will replace 9 which appears in (N, 9logz) in [S2]. Note that it is assumed N” < 2® in [S2,
Lemma 5]. If we require N” < 22, then we may use any 3 > 2 in (N, Blog ).
The bound given in Stephens result for the character sum Sy defined in [S2] is

and 8 > 2,

Sy <K xl_%(xQ + NT)TITN%¢(N,ﬁlog:U)%.
Assuming that log N =< /log z, we have

2 2 N

Recall that we try to obtain a nontrivial cancellation on S4 rather than the trivial bound V.
By Theorem 2.2, we are able to write the square of the exponential on the RHS as

1 1 1 1 N, 51
Sy < ¢N~iN3N3 exp [zlogw(N,Blog:c)] < N exp [—4logN+ —log N + flogw

1
exp [ log N — ulogu —uloglogu + u + O (u)} ,
2 log u
log N _ dlogN
log(Blogz) ~ loglog N -
Substituting u and ¢ above, and applying log(1 4+ =) = O(z) for |z| < 1, we obtain

where u =

1
exp [=log N —ulogu — uloglogu +u+ O 4
2 log u

1 dlog N
= exp [2 log N — & (log 6 + loglog N — logloglog N)
dlog N 0log N log N
— ———log(logd + loglog N —logloglogN) + ————— 4+ 0 | ———————=
loglog N 0g (log 0 +loglog ogloglog ) + loglog N + ((loglog N)?
log N clog N log N logloglog N
= o —dlogd -
P [( ©8 )loglogN log(Blog x) ( (loglog N)?

log N log N logloglog N
:exp[(llogéc) o8 O(Og 0808 08 >]

log(S log x) (loglog N)?

To ensure the nontrivial cancellation, we need to require

1—logéd—c<DO.



SOME THEOREMS ON MULTIPLICATIVE ORDERS MODULO p ON AVERAGE 5

Knowing that § can be made arbitrarily close to 1/2, we require ¢ > 1+ log 2. Putting this back in N and
using 8 > 2, we need to require

N =exp |(Blog x)%ﬂog(ﬂclogf)} > exp [\/210ga: ec] = exp [(2\/56 + €)y/log m]

3. LEMMAS
We begin with the following uniform result on divisor sums (see [B, (1.2)]).

Lemma 3.1. Let r > 1 and define 7,(a) to be the number of ways to write a as an ordered product of r
positive integers. If y > 1, then we have

1 r—1
(9) ;/Tr < ﬁy(logy +r—1)

Proof. The proof is by induction. The case r = 1 is trivially true. Suppose that we have proved the
inequality for a fixed » > 1. Then we have

LRSI W 1),d(1ogd+r_1>‘1

asy d<ya<¥ A<y
Y —1 Y1 Y r—1
S(r—l)! <(logy+r—1) +/1 7<log——|—r—1) dt
S%(r(logy—i—r—l) + (logy+r—1)") < (logy—l—r)
Therefore, we have proved the inequality for r 4 1. O

One might wonder if we may use a Well-known asymptotic formula
> mla) = 1),y(log )"+ 0 (y(logy)?).
aly

The above formula holds for fixed » and y — co. For our purpose, we need to control both r and y at the
same time. Thus, Lemma 3.1 in that aspect, will be a better choice than the above formula. Lemma 3.1
has been used in [B] to prove an upper bound of class numbers of number fields.

Corollary 3.1. Let ¢ > 0. If y>1 andr — 1 < clogy, then

(1+c) 1 _
(10) ZTr(a) < Wylogr 'y,
asy
Proof. This follows by applying Lemma 3.1 and replacing » — 1 inside the parenthesis by clogy. O

We define 7, ,(a) to be the number of ways of writing a as ordered product of r positive integers, each
of which does not exceed y.

Lemma 3.2. We have for anyr > 1 and y > 1,

(11) Z(Try ZTr

a<ly” a<ly
Proof. We have

Z (Tr,y(a))z = Z Trylar---ar) < Z Tryla1) - 7rylar)

a<y" at,...,ar <y at,...,ar<y
T T
Yol = > 7l
a<y a<y

Here, the first identity is due to a combinatorial argument. Let a be a positive integer satisfying a < y".
Then 7,4(a) > 0 if and only if a; - - - a, = a has a solution in positive integers a1,...,a, satisfying a; <y
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for each i < r. For each fixed a with 7, ,(a) > 0, the r-fold summation will count the number of solutions
which is exactly 7,4(a). O

Combining Lemma 3.2 and Corollary 3.1, we have the following.

Corollary 3.2. Let ¢ > 0. Ify>1 andr — 1 < clogy, then

(12) S (@) < (%yloy y> .

We use the character sums Sy and Syp in [S2] with a slight modification, and give upper estimates of

(13) =y Y Ord Zx

p<x x(mod p)

asy”

and

(14) S=Y_ > > Z ord(x1) ord o) ZXle

p<z q<z x1(mod p) x2(mod q) a<y

The sum Y_* denotes the sum over non-principal primitive characters and ord(x) denotes the order of the
character x in the corresponding moduli.

Lemma 3.3. If y > exp((a + €)v/1og ), then there is a positive constant co such that

(15) max(zSy, S19) < 2%y exp <—02\/log a;) :

Proof. As in [S2], we apply the Holder’s inequality and the large sieve inequality. Then for any r > 1,

_2r 17% % 2r %
2r—1
= () > Y T
p<xx mod p p<x X(mod p) a<ly
1
< (D rlp-1) (@ + ") | Y (7ry(@)?
p<z a<y"

1 (4ot T_
<zt ry (M(logy) 1) )

where the last inequality is by Corollary 3.2 provided if r — 1 < clogy.

We may assume that y = exp(K+/log x) for a function K := K (z) satisfying 0 < K < 44/loglog x by [S1
Theorem 1]. This is to look for a possibility of obtaining K smaller than the constant ¢; obtained in [S2,
Theorem 1]. Also, we want to choose a positive integer r to satisfy y"~! < 2 < y". Then,

1 21 2
logy = K+/logz, loglogyzlogK+§logloga@, andr —1< Ing:?\/logxgr.
o0gy

In view of the last inequality for r, it is reasonable to put ¢ = % for r — 1 < clogy to hold. Moreover, by
y" ! < 2%, we have

and by z? < y" and %\/logac <r, we have

1 1 li ](2
I = K\/logz— | < K+/1 = — .
e exp ( ogm4r) exp ( 0gx8 logx) exp ( S )
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By Stirling’s formula [MV, Theorem C1] and K < 44/loglog x, we have

1 r—1 2 1 r—1
Sy < xyexp <—4logy+ 5 log <1 + K2> — Elog(r -+ loglogy>
K 1 2 1 2log K
< Ty exp (x/log:c<—4+Klog <1+K2) El 2+E+ Oﬁ ) +O(loglogaz)>.
If a+ e < K <4+/loglogz, then we see that
K 1 2 1 1 2logK
——+ =1 14— | —=log2+ — = fi(K
4+Kog<+K2> 82+ -+ — fi(K) <0
This shows that Sy < xyexp(—cy/logx) for some positive constant c.
For Sig, we rearrange the sum as follows:
Y Y OX% 1 Se@ =Y Y o
ord(x1)ord(x2) ord(x1)

p<z q<z x1 (mod p) x2(mod q)

Fix p < z and x; mod p, then the inner sum :S’Z is tre

= Z me

ord

aly p<z x1(mod p)

ated the same way as Sy. We have

g<z x2(mod q)
2r
1 > 2r—1

zz(w

q<x x2(mod gq) (

1,i
< | rlg-1)

q<z
o

1
(2 +y7)7r

+ c)’"*1

(1
(r—1)!

2r

Z > T

<z x2(mod gq) |a<y

> Imy(@xa(a)?

asy”

2r

(log y)H)é :

The same choice of r and ¢ as in the proof of the bound for Sy, yields

1

Sl() < E E xy
=  ord(xa)
p<z x1(mod p)
< E — Dxyexp(—

p<x

cy/log r) < x?yexp(—

exp(—cy/log z)

c/logz).

g

Note that if y > exp(4y/log x loglog x) as in [S1, Theorem 1], then it can be proved by the method in [S1,

(27)] that the result is stronger in this range of y. In

fact, there is a positive constant c3 such that

max (xS, S10) < zyexp (—c;;ﬂlogxlog log a:) .

Thus, we have the result.

4. PROOF OF

THEOREM 1.1

In [S2, Theorem 1], Stephens defined a character sum ¢, () where x is a Dirichlet character modulo p

for r|p — 1 as

(16)

a<p
La(p)= et

T
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From [S2, Lemma 1], we have for any Dirichlet character xy modulo p,

1
ord(x)

ler(X)] <

For the principal character o modulo p, we have

o (%)
):T-

-1

Q(XO
Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. The contribution of a < y for which p|a and p < z is O(loglog x) since £,(p) = 1 in

this case. Then
SOOD LSV 3B Sl Ve

a<ly p<z aly p<lz rlp—1
(a,p)=1 (a,p)=1y,(p)=2=1

=y-1zzzr-1’§:

a<y p<zr|p—1 x(mod p)

=y D> Y a0 x)

p<zr|p—1 x(mod p) a<ly

By Lemma 3.3, the contribution of nonprincipal characters modulo p to this sum is

<y 1Sslogr <« x exp(—cy/logx).

By [S2, Lemma 12], the contribution of principal character modulo p to this sum is

yy! (

p<zx r|p— 1

) (loglogx)—i—O( 10;) = CLi(z) + O (10;4%).

Thus, (1) follows. The proof of (3) follows by a similar argument if we replace 3., 4 7=t by r =1 and

cr(X) by e1(x)-
For (2), it is enough to show that

Y

aly \pZlz

5 Y o)

p p<lz r|p 1

Again, the contribution of a < y for which p|a is O((loglog z)?). Thus, we consider

”ZZZ _1 q_1 'Y Y s Y ctaa Y abe)el)

a<y p<z q<x a<ly p<x rlp—1 x1(mod p) x2(mod q)
q<T 5lg—1
_ . —1 -1_-1
=y D2 s Y ela) ) ale) X ()
p<x rp—1 x1(mod p) x2(mod q) aly
q<z 5|g—1

The contribution of nonprincipal characters modulo p is, by Lemma 3.3,

<y '(logx)2S1p < 2% exp(—cy/log z).

The contribution of principal characters modulo p

p—1 q=1
_Z Z s 1¢(_T1> ¢( : ) +0((loglog z)*) + O (yl (105;96)2) '

—1
p<z r|p—1 q
9= s|g—1
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Then by [S2, Lemma 12], (2) follows. The proof of (4) is by a similar argument if we replace >, , 4 r1

and Zs‘pfl st by r=1and s =1, also ¢,(x1) and cs(x2) by c1(x1) and c;1(x2) respectively. O

5. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. Note that there is some integer n such that a prime p divides o — b if and only if
Lp(p)|€a(p). Thus, we begin with putting ¢,(p) = w, ¢,(p) = wt, and changing the order of summations,

v Y 1=y Y Y Y cwla)ew(xe)xa(a)xa(b)

aly p<z a<y p<z w|p—1 x1,x2(mod p)
b<y £y (p)|€a(p) b<y =
-2
=y > Y cwlx)ewx2) Y xa(@) > xa(b).
P<z w|p—1 x1,x2(mod p) a<y b<y
HEZ

The contribution of all pairs of characters (x1, x2) for which one of x; or x2 is nonprincipal, is

*

<y Y mp-Unp-1) Y Ord Zx

p<x x(mod p

We split this sum into two parts where m3(p — 1)ma(p — 1) < exp(czy/logz) and 73(p — 1)m2(p — 1) >
exp(csy/logx). We take c3 = c2/2 where ¢y is the positive constant in Lemma 3.3. Then the first part
is O(x exp(—cy/Iogx)) by Lemma 3.3. The second part is O(xlog = exp(—c3v/Iogz)) for a fixed N > 0,

since we have

27'3 -5 (p—1) <<Z7'3 n) < zlog™ z,

p<z n<z
by Selberg-Delange method [T, Theorem 5, pp. 191]. Thus, we have for some ¢ > 0,

*

y_lzTS(p—l)Tz(p—l) Z ord ZX < zexp(—cy/logx).

p<z x(mod p)

The contribution of all pairs of characters (x1, x2) for which y; and x2 both are principal is by [S2, Lemma
12] and 3, ¢(d) = n,

— Y Y (pwl)‘z’p(zj) <y+o< >> =>. > = ( 1> <1+O<;>)2

P<z wlp-1 p<eulp1
p—1
e

— CLi(z) + O <1:f4> .

This completes the proof of (5).
For the proof of (6), it is enough to show that

2

=S > 3 (") i
Y 2 1-— m = O <$2 eXp(—C log .'L')) .
a<ly p<z p<z
b<y \l(p)|€a(p) w|p—1

We write the sum on the left y =2 3 (3°, — 37,)? after expanding the inner square as y =2 3 (37 4+ 372 23, 30,).
Then by putting ¢,(p) = w, £,(p) = wt, €y(q) = u, and £,(q) = us respectively, and by changing the order
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of the summations in y=2 3 3%, we have

2D SEDIEEDD

aly by  p<z q<z

& (p)]a(p) Lo(q)]la(q)

Zy_QZZ Z Z Z cw(X1)cwt(X2)cu(X3)cus(Xa ZX1X3 ZX2X4

p<z q<z w|p—1ulg—1 x1,x2(mod p) asy b=y
t]e=L 5] 9=1 x3,x4(mod q)

The contribution of the 4-tuple of characters (x1, x2, X3, x4) such that all four characters are principal is
precisely y=2Y Zg Similarly expanding the sum y=23 Y, ", using the character sums, we see that
those contribution of tuples of all four principal characters is cancelled in y=2 (322432 -23, 37,).
Thus, we consider the contribution of the 4-tuple of characters (x1, X2, X3, Xx4) such that at least one of
these four characters is nonprincipal. Among these, it is easily seen that the contribution of p = ¢ is
O(z/logx). We assume that p # ¢q. Then if one of x; or x3 is nonprincipal, then x1x3 is nonprincipal
mod pq. Similarly, if one of xs or x4 is nonprincipal, then ysx4 is nonprincipal mod pq. Therefore, the
contribution is bounded by

y Y D ml-Un@—Dne-Dn@-1) > Z ord(Xl Ord (x2) ZXU@

p<z q<z x1 (mod p) x2 (mod q) a<y

We split this sum into two parts where 73(p—1)73(¢—1)72(p—1)72(¢—1) < exp(csv/log z) and 73(p—1)13(q—
D7o(p—1)7a(q — 1) > exp(czy/logx) with c3 = c2/2. The first part is O(z? exp(—cy/logx)) by Lemma 3.3.
The second part is O(22?log" 2 exp(—c3+/Togz)) since D op<a Daq<n -3 —DmEq—1)m5(q—-1) =
O(2?1ogN z) for a fixed N > 0. Thus, we have

y! Z 273(]0 = Drs(g = D7e(p — Dr(g —1) Z Z Ofd(Xl Ord (x2) ZX1X2

p<z q<z x1 (mod p) x2 (mod q) asy

< 2 exp(—cy/log z).

This completes the proof of (6). O

6. AVERAGE ESTIMATES FOR ¢({4(p))

The following results are proven in [EP, Lemma 2.1, 2.2]. The function g is either one of Q(n) = Zpk|n 1
orw(n) =3, 1

Lemma 6.1 (Erdds-Pomerance).

(17) Y 9(p—1) = n(z)loglogz + O(n(x)),
(18) Zg(p —1)2 = 7(z)(loglog x)? + O(n(z) loglog ).

Also by partial summation, the following are proven in [EP, Lemma 2.3, 2.4].

Corollary 6.1 (Erd6s-Pomerance).

1
(19) Z 9(p i(log log )% + O(loglog ),
<z
(20) Z 9(p %(log log z)® + O((log log x)?).

p<z
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It is possible to obtain the following results on average by applying Lemma 3.3.

Lemma 6.2. Ify > exp((a + e)\/log x), then

(21) Z > g(tal () loglog z + O(n (),

p<m a<ly

2

(22) Z Z gl = n(x)(loglog )* 4+ O(n(x) loglog x).

p<z a<y
Here, g(n) = w(n) or Q(n).
Proof. We first consider g(n) = w(n). We write the LHS of (21) as

> Yl ZZZZZl

p<x a<ly p<xa<y5@ 1q‘ (p)=

- YYY Y Y o

p<{L’ a<y s|p—1 ql2=t 1 x(mod p)
SEY Y Y aXa
p<acsp 1 ql22t 1 x(mod p) a<y

Note that the sum over p and ¢ are over prime numbers. The contribution of non-principal characters to
the sum is

<L - ZTg Z ord ZX ,

Yp<a X(mod p)

where the sum " denotes the sum over non-principal primitive characters. Splitting the sum into 73(p —
1) < exp( vl1og a:) and 13(p — 1) > exp( vl1og a:), we obtain that the contribution of non-principal

characters is, by Lemma 3.3,
< xexp(—csy/logx),

where c3 is an absolute positive constant.
For the principal character xo modulo p, the contribution is

IDIDY ( )(1+o<)) Sy Y (_1>+o Sy Y <

p<.’Es|p 1 |P 1 p<x5|p 1 |P 1 p<$5‘p 1 |P 1

)

1
=Y I X O X oy 2 ¢ls(s)

p<$ slp—1 p<x slp—1

By the elementary identity and estimate

D p(s)w(s —nz<1—>— n) + O nzf = O(nw(n)),

s|n q*||n ‘1‘”
the contribution of principal character becomes

> wlp —1) + O(n()).

p<z

Then the result (21) for g(n) = w(n) follows by Lemma 6.1.
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For the proof of (22), we write the LHS of (22) for g(n) = w(n) as
2

I EDIECAOI IS B9 D) DA ECATD)

a<ly p<za<ly b<y

S5 IDID DY !

P asy b=y slp—Lg| L 6, ()=t fy(p)="7"

tlp—1 |p 1
= QZZZ >N > eslxa)xala) Y alxa)xa(d)
p<z aly b<y s|p— 1q|P 1 \x1(mod p) x2(mod p)
tlp—1 |p 1
= 22 YooY Y alwabe) Y xi(@)d ] xa(b)
p<z s|p—1 ql22 1 x1(mod p) a<y b<y

tlp—1 r[p=1 ®1 x2(mod p)

Here, the indices p, g, and r are primes.
To find the contribution of pairs (x1, x2) when one of the characters is non-principal, without loss of
generality we assume that x; is non-principal. This case contributes to

*

< - ZTg —1)%r(p—-1) Z ord ZXI

p<a: x1(mod p)

Splitting the sum into 73(p — 1)?7(p — 1) < exp ( V1og ac) and 73(p —1)? T(p— 1) > exp ( vl1og ;U) we see
that the contribution of this case is, by Lemma 3.3,

< wexp(—cy/logx),

where ¢4 is an absolute positive constant.
The contribution of the case in which both characters x1 and xs are principal is treated as

sy B oy s s ) oy

p<$5p 1,/p=1 p<$5p 1,/p=1
ql al

t|p1|p1 t|p1|p1
-3 G X el it (1+0(3))
tlp—1
2
zg p—1)+0 qul <1+O<119>>'

By the Cauchy-Schwarz inequality and (18), the last expression is,

= Zw(p —1)? 4+ O(n(z) loglog x)

p<z
= 7(x)(loglog x)* + O(n(x)loglog x).

Therefore, we have (22) for g(n) = w(n). For g(n) = Q(n), we may use the estimates for g(n) = Q(n) in
Lemma 6.1. Then the proofs of (21) and (22) are complete. O
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Also, by partial summation, the following estimates are immediate.

Corollary 6.2. If y > exp((a + €)+/log x), then

1 <y 9(la
(23) Ax) = > 2 “’pg( ) = %(log log 7)* + O(loglog ),
(1 Sucyatae))”
(24) B(x)? = Z — = g(log log z)® + O((log log x)?).

Here, g(n) = w(n) or Q(n).
7. KUBILIUS-SHAPIRO THEOREM AND PROOF OF THEOREM 1.3

We say that an arithmetic function f(n) is strongly additive if f(mn) = f(m)+ f(n) for any (m,n) =1,
and f(p®) = f(p) for any a > 1. The following result by Kubilius and Shapiro will be essential in this
paper (see [E, Theorem 12.2]).

Lemma 7.1 (Kubilius-Shapiro). Let f(n) be a strongly additive function. Let

2
A(zx) = Z f;p)’ B(J:)2 = Z 1(p) .

p

p<z p<zx

Suppose that for any € > 0,

Then for any fized real number u,

Jim 1#{n§x:‘f(n)_A($)§u}:G(u).

T—00 T B(x)
We define a strongly additive arithmetic function by

F(n) = ;Zzﬂwa@».

a<y pln
As treated in [MS, (38)] and [EP, p. 348], we have for any € > 0,

1 2
s E_ oy (3 Xusy 2alp))
p<w p p<z p
|F(p)|>eB(2) |F(p)|>eB()
Q(p —1)?
< Z Q — O(%(:L‘)Q),
p<z p

|Q2(p—1)|>eB(2)

Therefore, by Kubilius-Shapiro theorem, we have

F(n) — 1(loglog z)? “u

1
lim —#<{n<x:

ir n = G(u).
00 I %(log log )

3
2
In order to prove Theorem 1.3, we need to show that the four functions
1 1 1
F(n), Gn)i=2 3 3 wla(®), oD Qta(n), and - w(la(n)

a<y p|n a<y a<ly

are not very much different. We prove inequalities between the four functions without averaging and
uniform in a.
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Lemma 7.2. For any a > 1, we have

> w(ta(p)) + O(w(n)+0(2(¢(n)) — w(¢(n))) < w(la(n))
pln
n)) <> Ql(p)) + O(Q(n) — w(n)).
pln

Proof. The inequality in the middle is clear. The last inequality is by

() = LOM. £,(s1).

pklin

which implies
n)| H Ea(pk)

p*lin
Note that £, (p*) < €4(p) + k — 1 for any a and p. If (a,p) # 1, then £,(p*) = La(p) = £4(1)
extended definition of £4(p). If (a,p) = 1, then a’® =1 (mod p). This gives att " Ha®) =
follows that £, (p*)|p*~14,(p). Thus, the claim follows. Then

1)< 00l £ 3 (UWealp)) + k1) = 30 0lalp)) + n) — w(n).

plin p*lin pln

1 due to the
(

1 (mod p). It

Thus, the third inequality follows.
For the first inequality, we use the following again

la(n) = LCM £, (p%).

p*lIn
This shows that

w(la(n)) = w(fa(rad(n))) + O(w(n)) = w@gy ta(p)) + O(w(n)).

Note that by £,(p)|p — 1, we have

3 w(talp) — w(LCM £a(p) = > (k—1) < > k-
pln ? aLOM La(p) alLOM p—1
ql¢a(p) for k > 2 primes p|n q|lp—1 for k > 2 primes p|n
That is,
0< ) wltalp)) —w LC|M la(p)) <D wlp—1) —w(A(rad(n))) < Q(¢(n)) — w(b(n)) + O(w(n)).
pn o pn

Here, A(n) is the Carmichael’s lambda function and rad(n) is the largest square-free divisor of n. Thus,

w(ta(n)) = w(la(p)) = O(2(e(n)) — w($(n))) + O(w(n)).
pln

This proves the first inequality. U
Lemma 7.3. We have

Proof. Note that

0< > (Qtalp) —w(ta(p) = Yok=D<Y > (E-1)=) (Qp—-1)-wp-1).

pln pln g*||¢a(p) pIn ¢f||p—1 pin
£>2 >2

We have
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and

Y wlp—1) > w(A(rad(n)) = w(g(n)) + O(w(n)).
pn
Thus,

Y Q=1 —w(p—1)) = 0(Qd(n)) — w(@(n) + O(w(n)).

pln

As a consequence, the differences between any two members of the set

Q(la(n)),w(ta(n)), > Qla(p), Y w(la(p))

pln pln
are, uniformly for a,
O((¢(n)) — w(e(n))) + O((n)).
Now, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Applying the average over a < y, the differences between any two members of the
set

;Zwa(n»,;waamnézzﬂwa@»,;Zzwwa(p))
a<y a<y a<y pln a<y pln

are also

O(Q2(¢(n)) — w(d(n))) + O((n)).
By the Hardy-Ramanujan theorem [MV, Corollary 2.13], it is well-known that ©(n) = O(loglog x) for all
but o(x) integers n < z. By [EP, (3.5)], we have Q(¢(n)) — w(é(n)) = O((loglog x)(loglogloglog x)) for
all but o(x) integers n < x. Thus, except possibly for o(z) integers n < z, we have
3
O(g(n)) — w(B(n))) + O(n)) = O((log log z)(log logloglog )) = o((loglog 2)3).

Therefore, we also have (7) for the functions

LS 0y, and =3 w(ta(n)).

Y azy asy

This completes the proof of Theorem 1.3. U

8. PROOF OF THEOREM 1.4

We prove that ¢(n)7(n)/n can be written as a Dirichlet convolution identity. This identity is used in
proving a result (see Lemma 8.5) similar to the Titchmarsh Divisor Problem.

Lemma 8.1. We have

o) .\ _ n
(25) Er(n) = %j r@)f (%)
where
= f(n) I < 2 1 >
o= -t
n . pstL T p2stl
is absolutely convergent on (s) > 0.
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Proof. We begin with

Then we have

= + 5 -
— nS p pS p S pS
(5 ) <TI0 om)
= H 11— (2 =)= H ).
S 2s s+1 2s+1
» b \pP p p p p
This Dirichlet series is absolutely convergent on R(s) > 0. O

The numbers Cj(a,r) and Cz(a,r) are defined in [F] as
_ C(2)¢B) R p—1
Gl ="re) H<1 p2—p+1>H<1+p2—p+1>’

pla plr
B log p p*logp (p—1)plogp
Ca(a,r) = Cifa,7) | v zp:pZ—p+1+z|:(p—1)(p2—p+1) z|: pP-p+l
pla pir

Here, v is the Euler’s constant. We write C := Ci(1,1). Denote by ¢’ the largest positive square-free
divisor of ¢q. The following is Theorem 2.4 in [F].

Lemma 8.2 (Titchmarsh Divisor Problem-Fiorilli). Let 1 < ¢ < 2* with A < 1/10. Then we have for any
A >0,

€q

. T N\ 2 CL'§+€
(26) Y 7 (z?ql> logp =+ [Cl(lm log 2 +2C5(1,q) + C1(1,q) log ) ] + Ey(x) +0< . ) )

p<z
p=1(q)

where

> IE@l =0 (5 ).

A
oot log” z
Applying this lemma, we prove the following that will play a central role in estimating error terms.

Lemma 8.3. Under the same assumptions as in Lemma 8.2, the term E,(x) also satisfies

(27) > @l ) =0 (5 ).

log”
g<a? g

Proof. Note that there is a fixed N > 0 such that |E,(z)| < % and > 2(q) < logN . We split the

<z q
A+2N A+2N

sum into two parts: 7(q) < log x and 7(q) > log 2. The first part is treated by replacing A by

2A + 2N in Lemma 8.2. The second part is bounded by
7°(q) z7(q) x
> logAten  Fal@)l < > Jlog N g =

1 “log?z’
q<z? 08 g<z* z 08

In the following lemma, we consider two convergent expressions K; and K»s in double sums.

Lemma 8.4. The following double sums over positive integers u, d converge absolutely:

(28) K= 0,0, ua),
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(29) K, Z (202 (1, ud) + C1 (1, ud) log ((“ZZ)2> .

Moreover, K| can be written as an Euler product,

K1:H<1+ 31 )

p p—p

Proof. From the definitions of Ci(a,q) and Ca(a,q) in [F, Section 3|, we see that there is a fixed N > 0
such that |C1(1,q)| + |Ca(1,q)| = O(log" ¢). Thus, the double sums K; and K, converge absolutely. Let

Ch = %. Also, if we write K7 as Euler product, we have

=S TG - Yot 3 5
du=q
_011_[ 1+<1+p_pi1>

- p*pﬂ <1+
I

The following mean value theorem will be useful toward the proof of Theorem 1.4.
Lemma 8.5. There are constants K;’s such that for any A > 0,

1
(30) Z o8P Z lelog:c+K2:c+O( :UA >

p<x d|p | log” =

The constant K1 has an expression

1
K| = H ( = _p) ~ 1.231291.

p

Assuming the result of Lemma 8.5, the following corollary is proved by applying partial summation.

Corollary 8.1. Let K, K2 be the constants in Lemma 8.1. Then we have for any A > 0,

(31) Z DI K1x+(Kl+K2)Li(x)+O< e >

p<a: d|p 1 IOg r

Proof of Lemma 8.5. Interchanging the order of the sums, we have

Zlogpz Zlogpz < ; ) (p;1>

p<x dlp—1 p<x
() ()
)
= 1(d)

o (2L
SDIED E_i>f(pd oz

d<z—1 p<z d

p=1(d)

By Lemma 8.1, the sum is
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By 7 (pu;dl) logp < z¢ and du < z — 1, we have

p— 1 ,Z‘H_E
g T —— |logp < .
ud ud
p<x
p=1 (mod ud)

Thus,

Z ’f(du)\ Z - (Pu—d1> log p < Z ’f(I;)JZCHE < p21/22+e

max(u,d)>x1/22 Plﬁ(zd) max(u,d)>x1/22
p=1(u

We may truncate the sums over d and u. Then we apply Lemma 8.2 to treat the inner sum over p.

S L

d<zl/22 y<g1/22 p<zx
p=1(ud)

((ud)')?

- Z JLEleil [Cl(l,ud)logx—i-?Cé(l,Ud)+Cl(1aUd)10g

Py eud
u<:1cl/22
1
f(u) x3te 21/22+€
+ > = Bualz) +0 > — | to@ ).
d<fL’1/22 d<$1/22
u<al/22 u<zgl/22
By Lemma 8.3 and 8.4, we have
f(u) f(u) ((ud)")?
= mlogm% %Cl(l,ud) + x; Pu 2C3(1,ud) 4+ C1(1, ud) log —d

ro () oty
log? z

:lelog:v+K2$+O( 3,74 )
log” x

0

A similar application of the above method yields an asymptotic formula of an independent interest. For
any A > 1 and an absolute constant K4, we have

rp-1op-1) 6 | .
pgzz b1 —F21+K4L1(m)+O<IOgAx).

Now, we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. The contribution of a < y for which pla and p < x is

1 T
<<Zl-(1+y> < + log log .
v p ylogx
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Then
y YN Tl =y Y Y Y1
aly plzx aly p<z dla(p)
(a.p)=1 (a.p)=1

AP IO DS !

_ -1 —1
asy p<a wlp—14|2=1 ¢, (p)=2

=y ' > > ) x().

p<z w|p—1 x(mod p) a<y
dje=t
w

The contribution of the principal characters modulo p is

sy o ()7 () Sttt

p—1 p—1

)

p<z w|p—1 p<w

which is K1z + (K1 + Ko)Li(z) + O(2log™ 8 2) by Corollary 8.1.
The contribution of non-principal characters to the sum is

*

1 1
< 2mlp-1) >, oaes azgyx(a)

p< x(mod p)

which is < z exp(—c+y/logx) as we have seen in the proof of Lemma 6.2. Then the proof of Theorem 1.4 is
complete. O

9. FURTHER DEVELOPMENTS

The method in this paper applies to several other results relying on Stephens’ method. The result of
Theorem 1.1 can be stated as a special case of [AF2, Theorem 1.4]. If we replace [AF2, Lemma 3.2] by
Lemma 3.1-3.3, the result of [AF2, Theorem 1.4] holds true for y > exp((a + €)y/log x). If we replace [AF,
Lemma 2.5] by Lemma 3.1-3.3, we may be able to determine a lower bound of ¢; in the results of [AF].
Moreover, the results of [PM] rely on [S1]. Thus, we may replace corresponding lemmas in [PM] to obtain
an improved result. Another set of problems we can consider is on the multiplicative order of ¢ modulo n,
and primitive roots in (Z/nZ)*. These are studied in [L], [LP], and they rely on [S1]. The corresponding
improvements of the results by using the idea of Lemma 3.1-3.3 will be carried on in an upcoming paper.
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