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Abstract

We study the distribution of the least common multiple of positive integers
in NN [1, ] and related problems. We refine some results of Hilberdink and Téth
(2016). We also give a partial result toward a conjecture of Hilberdink, Luca,
and Téth (2020).

1 Introduction

Let N={1,2,3,...} be the set of positive integers and P = {2,3,5,...} be the set of
prime numbers. Let (ny,...,n;) = ged(ng,...,ng) and [ny,...,ng] = lem(ny, ..., ng)
be the greatest common divisor (ged) and the least common multiple (lem) of k-tuple
of positive integers ny, ..., ny respectively. A well known result is that the probability
of (ny1,n2) = 1 for randomly chosen positive integers n; < z and ny, < z tends to
1/¢(2) = 6/7% as = tends to co. This can be made more precise by providing an
asymptotic formula with an error term. Further, it is possible to write the probability
distribution of the ged of k-tuples of positive integers for £ > 2. This is studied in [FF1,
Theorem A’]. For any integer x > 2, let (Xi(z)) be sequence of independent discrete
uniform distribution (iid) on the set {1,...,z}. For 1 <m < x and k > 3,

P(ged(X] >,...,X£>>—m>—m+0(m)-

We are interested in achieving a similar result for the distribution of the lem of
tuples. This also has been extensively studied in the literature. P. Diaconis and P.
Erdés [DE, Theorem 1] provided a distribution function with an error term in the case
k=2 Forany 0 <t <1,

i, .
- 1 1 —jt(1 —log(jt)) log
P(lem(X", X7y <ta?) =1 — > , +0 .
( ( 1 2 ) ) C(Q) = ]2 t X

For k > 3, the distributions of lcm are more intricate. The case k = 3 is handled
by J. Fernandez, P. Ferndndez [FF1, Theorem 3]. For 0 < ¢ <1,

L1 = Ty(m)3@im ,
: (@) y(2) 3 (2) 3y _ 3 2
lim P(lem(X;", X5, X57) <ta®) =1—-1T; ]E_l 7 5_1 e, (1 —Qs(tjm)),

T—r00

2
where T3 = Hp (1 — %) (1 + %) is the probability that three random positive integers

1+1/p
plm 14+2/p’

are pairwise coprime, Y3(m) = [] w(m) is the number of distinct prime

1



divisors of m, and (s), 0 < s < 1 is the volume of {(zy,...,2%) € [0,1]: 21+ 23 <
s}. Note that this result does not provide an error term in the asymptotic formula.
For k > 3, J. Ferndndez, P. Fernandez [FF1, Theorem 1] proved that

> 1— Qk k— 1)
P (lem (X ) > tz*) =<
(lem( 2_; T
j_
T. Hilberdink, L. T6th [HT, Corollary 1] computed the moments of the distributions
of lem. Let k£ > 3 and r > —1. Then for every € > 0,

E [Xl(x)’ . 7Xl£$)]7' _ i [nl, . ,TLk]T _ Cr,k + 10 x—%min(r—i—l,l)—l—e )
xk‘r (T’ + 1)k’

This result combined with the method of moments [D, Lemma 3|, prove that there

@  x@
is a limiting distribution of X ’;,;’X’“ Las 2 = . However, an expression of the
limiting distribution using the method of moments is quite complicated and it conveys
no arithmetical information.

A. Bostan, A. Marynych, K. Raschel [BMR, Theorem 2.3] used the probabilistic
method to find the limiting distribution of lem. They proved that for k£ > 2,

converges in distribution to

ﬁ H max ;)= T 6,(»)

j=1  peP

where (U;) is a sequence uniform distribution on (0, 1) and for each prime p, (G;(p)) is
a sequence of random variables such that G;(p) is has a geometric distribution with

1\ 1
G;(p) = m with probability (1 - —) — for m > 0.
p) p"

All distributions here are independent.
We write

max G > Gi(p)
R _pr<’“ oA € 1/N.

Then we must have for any 0 <t < 1,
X® L x ) logx yh-1 1
P( :I:k >t —>Z dx P Rk:ﬁ as r —oo. (1)

To see this, we have for each n € N, fnlt(—log 2)k¥1/(k — 1)! dz is the conditional
probability that Ry [[;., U; > t given that By = 1/n. Note that the integral is
1 — Qg(nt) in the notation of J. Ferndndez and P. Ferndndez [FF1]. This conditional
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probability is 0 if n > 1/¢. This is the reason that the sum ranges up ton < 1/t. A
detailed account of the probability of Ry = 1/n will be described in section 3. We write
pe(n) = P(R, = 1/n). Note that py(n) = 1/(n*¢(2)). We remark that this expression
in (1) agrees with r = 3 result of [FF1]. To see this, we have for any positive integer n,

w(m)
min =10 30 5

j2m=n

This paper brings improvements to the current literature in the following aspects.

1. Providing an error term to (1) in accordance with [DE Theorem 1].
(x) (ac) x(@  x (@)
] ]

2. Improving the error terms of the moments of L and [1@)—@) from [HT,

Corollary 1].
3. Improving [HLT, Theorem 4.1] and thereby giving a partial result toward [HLT,
Remark 4.2].

All three improvements are based on the probability that k positive integers nq, ..., ng
are pairwise relatively prime (for any i # j, (n;,n;) = 1). L. Téth [To] proved that
such probability tends to

00 ()

peEP

An error term of O(z*'1og" ™! z) is provided in his asymptotic formula for the counting
function of such & tuples. His result was successively extended by J. Huin [H1] and [H2].
See also [RH] for an improved error term O(z*~!log® z) where d is the maximum degree
of the vertices of a given graph GG. However, this improvement does not affect the error
terms of our problems. We apply a modified version of [H2, Theorem 1] which counts
the number of k-tuples of pairwise coprime positive integers up to x such that the i-th
component is coprime to u;. See section 2 for details.

On the first aspect, we provide an error term to (1) in accordance with [DE, The-
orem 1]. The following theorem gives a quantitative description of the distribution
function of lem as mentioned in [FF3, Page 26]. We prove this in section 5. Our
method is completely elementary.

Theorem 1.1. Let k > 2 be an integer. For any 0 <t <1, we have

XX (—1
P<[ 1 ’xk’ k2>t Z/ ng d - pr(n) + Oz logh ™ ).

On the second aspect, we prove the following in section 6.

Theorem 1.2. Let k > 2 be an integer. For any r > —1, we have

XX ]\ G
E( =u 2 ) S e




and

BRI ¢ 1 1, ]\ .
E @ @y | T ok > | = Ot EL(2).
(X x ) x Ny

ni,...,NE<T

Here, C,. is the constant given in [HT, Corollary 1]. We have an expression in a
convergent Dirichlet series.

Cri = Zn_rpk(n), r > —1.
n=1

The error terms E,x(x) and E},(x) are both

Or(x_vél 10gmax(2’°—k¢—l,2k’2—k’—2) r)if —1<r<1,
Oy(z 7 log" ' @) if r > 1.

A significance of Theorem 1.2 lies in realizing that the constant C,.;, gives a function
of a single variable 7 defined as a Dirichlet series. However, the series defining C,
diverges at » = —1. Thus, the case r = —1 should be dealt with special care. We treat
this case in section 7.

On the third aspect, we prove the following in section 7.

Theorem 1.3. Let k > 2 be an integer. We have

Xl(f”) . lef)
XX

long*k*1 < FE ( ) < logzkfkf1 T.

P

T. Hilberdink, F. Luca, L. T6th [HLT, Theorem 4.1] proved that

Ny Ny k_
l‘k < Vk(l’) = Z m < l‘k logQ 2$.

ni,...,ngp<T
They also conjectured in [HLT, Remark 4.2] that there is a positive constant A\ such
that Vi(z) ~ Az log? 'z as 2 — 0o. Our theorem shows that

Vi(z) < 2" log? * 1z,

Thus, we obtain the same order of magnitude as the conjecture.

After the author’s initial submission of this paper, D. Essouabri, C. Salinas Zavala,
L. Téth [EST] provided a proof of [HLT, Remark 4.2] with a full asymptotic formula.
They used methods from complex analysis such as multivariable Perron’s formula,
whereas the methods of this paper are elementary. The author provided elementary
proofs of the main terms and improved the error terms by a different version of multi-
variable Perron’s formula in [K].



2 Pairwise coprime k-tuples

Let © > 2 be an integer and u = (uy,...,ux) € N*N[1,00). We are interested in
counting the number of k-tuples (ni,...,n;) € N¥ N [1,2]* such that (n;,n;) = 1
whenever ¢ # j, and (u;,n;) = 1 for each i. These are PC,, tuples in [FF1]. J. Hu [H2,
Theorem 1] states that for any graph G = (V, E) with V' = {1,...,k}, the number
Q&(x) of k-tuples (ny,...,n;) € N*N[1,z]* such that (n;,n;) = 1 whenever (i,j) € E,
and (u;,n;) = 1 for each i, satisfies

Q&(x) = Acfe(u)z” + O(f(u)z* " log" ' z),

where
k 1 k—m 1
Ag = Zm(G) l—- _m>’
I ()
S r g s (G) (P — 1>k-m>
u) = 1-— : )
fotw H( S im(G)p— D
and

O(u) = I?S%X2 (ui)

Given a graph G = (V,E) with V' = {1,... k}, we say that a subset S C V is
independent if no two vertices of S are connected by an edge in G. Here, i,,(G) is the
number of independent sets of cardinality m and 4,, ¢(G) is the number of independent
sets of cardinality m which contains a vertex in S. The set of indices ¢ with 1 <i <k
such that d|u; is denoted by S,4. We apply this theorem in case G = K} is the
complete graph. We have io(G) =1, i1(G) =k, and i;(G) = 0 if j > 2. Thus, we have
Ag = Ty If plugug - - - ug, we have igs,, = 0, i15,, = #{1 < i <k : plu;} = [Supl;
and i;s,, =0if j > 2.

ot =o't T (1= 15 ) oot o),

p\u1u2~--uk
Note that J. Ferndndez, P. Ferndndez [FF2, Theorem 3.1] obtained the main term
in case u is a pairwise coprime (PC) k-tuple. The inductive proof in [H2] readily
generalizes to the counting of tuples in arbitrary cubes. Let a = (ai,...,a;) € N
Denote by Q% (a, ) the tuples in [ [,[1, z/a;] satisfying (n;,n;) = 1 whenever (4, j) € E,
and (u;,n;) = 1 for each i. Then we have

x* [Suyl
" R 1 mwpl E=1100% 1 7).
Ok, (a ) didy - aka | | ( Py 1) + O(f(u)z" " log™ " x)

pluruz--uk

We would like to extend this asymptotic formula where each tuple is weighted by
(n;/(x/a;))" with » > —1, also by the characteristic function of (n;/(z/a;))i<r €
{(s1,...,8,) € [0,1]% : s189-+-8, > t}. Let f(s) = f(s1,...,5:) be one of the fol-
lowing functions

f(s)={(s1---sx)", r>—1 or

f(s) is the characteristic function of {s € [0,1]" : sys5--- s, > t}.
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Lemma 2.1. Let a = (ay,...,a;) € N*, u= (uy,...,u) € N* ands = (s1,...,s) €

0, 1%, Let Q%, ;(a,z) be the sum over pairwise coprime k-tuples (na,...,ng) in
[Li<i(1, z/a;] such that (u;,n;) = 1 for eachi, and each tuple is weighted by f((n;/(x/a;))i<k)-
Then for r >0,

it 11 S
u _ 1 — u,p k—ll k—1 )
Qi (.7) apaz - ag Jpo,1k fls)ds ( p+k— 1> +OB()z™ g™ )
(2)

pluiug--uy,

If =1 < r <0, there is an additional error term

1 1 1
k—1-+]r| oo -
1 2 Ak a1y as ag aq - Qp— 16Lk

Proof. For simplicity of notation, we write z/a; = b; for each i. We follow the inductive
proof given in [H2]. We include the proof for completeness. If k = 1, the desired sum

S fnfh).

n<bi
(n,u1)=1
If f(s) =s", 7 >0, then
= -
n<by dluy n<by 1
()= o
r.r bl r+l 1 bl r
"o b’”zdk ~Xun () ((3) 1o ((G
duy djuy
,LL 1 1 1
—Z [ +O0 > lu(d)] =b1T1/s’“dsH(1__) O(2¢(m).
b
Al djua 0 plur

If f(s) is the characteristic function of (¢, 1], then

S =Y Y1

n<bi d‘u1 tb1 <n<by
(nyu1)=1 dln
n/b1>t
(1 —t 1 =t)b
Y ¥ 1= (2 o
d‘ul tbl <k< d|u1
u(d) 1 L ()
:ZT<1—t)b1+0 dlud) | =0Ty [ ds]] 1—; + O(2¢),
dluy dluy t plu1

Thus, the results are true for both functions when k£ = 1. Suppose that the result is
true for some k > 1 and f(s) = (s1---sx)", 7 > 0. That is,

bl bg bszkz

T 1F fe() + O(O(u)z"! logh~! x),

QKk f( T) =



where

_ [Suyl
fk(u)_|H (1 p+k—-1)
pluiuz---ug

To prove the result for k£ + 1, we write

. T
) .] ]
Qe @ apsn o) = Y (—) 2 (a,x)

J<bki1 bk+1
(Jrupy1)=1
N /by 0T
= Y ( ok f(Gu) + O(0(ju)zt T og" ! x)
, bit1 (r+1)*
J<bri1
(Jyuk+1)=1
= ¥ J LRk £ Ga) + O(0(w)a log” o).
: ber1)  (r+1)*
J<bry1
(Juk41)=1

Since

k_’SU, |
W w5

dlj pld

we focus on the sum over j. That is,

2 (b:T) %N(d)gk(d)

J<bkt1
(Jrup41)=1

where

| Supl k k(@
d) = < <
9e(d) gp+k—1—|5up|_Hp+k—1_ d

if d is square-free.
Substituting de = j in the double sum, we have

> () wan= ¥ waowa ¥ (G5) ¢

s, NPk d<by i1 e<bpi1/d > Pl
(de,uk+1):1 (d’ukJrl):l (67uk+1):1
b 1
= 3 udg(d) (T fiu) + 029
d r+1
d<bki1
(d,uk+1)=1
b
= Y Hd( &) filt) + O(B(uiin) log* @)
d<byi1
(dug41)=1
b
k+17f:_111k+1 Z M gk O(logkflx)+O(9(uk+1)logkx).

(d uk+1) 1

The sum over d is a convergent Euler product

(-2

PJ(Uk+1



Rearranging the product over primes, we obtain the desired result for k£ + 1 as follows.
biby - bp 1Tk 1
(r + 1)k+1

Suppose that the result is true for k£ with f is the characteristic function of the set
{(s1,...,8%) €[0,1]% | 51+ s > t}. That is, for 0 <t <1,

QK1 gy, (@ A, ) = Frsr (W usr) + OO, ugy)2* log" ).

Qles(@ @) =bibe - biTifi(w) |, ds+O@B(w)z" log" " ).
81828k >t

To prove the result for k 4+ 1, we proceed as before. Denote by f the characteristic

function of the set {(sy,...,sps1) € [0, 1] | 51+ 5441 > t}. Then we have
u,Uk+1
QKkHj(aa A1, :IZ')
- Z by« kak/ - dsfi(ju) + O((ju)z*'log" ' z)
J<bg41 s1-8k>t/(3/br41)
(Juk41)=1
= Z by --- kak/ vi0<s <1 dsfr(ju) + O(8(u)z" log" ).
J<bgi1 518>t/ (5 /bry1)
(Jyuk+1)=1

We obtain by the substitutions de = j and mv = e,

S [ e S @a = Y wdat) Y[ ds

J<bregr Vsi-si >t/ (5 /brs1) d|j d<bg1 o< Bl U s1osp >t/ (de/bry)
(Jup+1)=1 (dyug41)=1 (e 44
e,uk+1)7
= Y sdgld) Y o) X[ ds
d<bp11 mlug41 o<ttt s1esy >t/ (v/ (bya /dm))
(dvuk+l):1 - dm
br+1
= Y uld)geld) Y pm) (ﬁ /W70<8i<1 dsdsy11 + O(1)
d<bpy1 m|ug41 818k Skp1>t
(dyug41)=1

1(d) gi(d)
Vi0<si<1 d(s, sp41) Z —q

518k Sp41>t (dyugy1)=1
+ O(log" ' ) + O(O(upy1) logk z).

Rearranging the product over primes, we obtain the desired result for k£ + 1 as follows.

W, Uk41
=(a, agy1, ) =b1by - - - b1 T
Q7@ arpr, @) =biby - b1 Thp

= b1 i (Uk+1)

Vi,0<s;<1 d(s, skr1) fer1 (W, ugy1)
S1+++SkSk4+1>1

+ 0(0(u, ugy1)z" logh ).
If -1 <r <0, remark that

r 1 r+1 r
;n :mx+ +((—=r) + O(a").

Applying this in the base step and the induction step of the proof, we see that the
additional error term appears. O



3 Divisibility conditions

Recall from [BMR] that for each prime p, (G;(p)) is a sequence of independent random
variables such that G;(p) has a geometric distribution such that

1\ 1
G;(p) = m with probability <1 — —) — form >0,
p) p™

and
max G;(p)— > G;(p)

Ry =[] »™ i<k e 1/N.

Let X ;x) be the discrete uniform distribution over the set {1,...,2}. The distribution
G;(p) is a limiting distribution (as z — 00) of

{P(X ;x) is divisible by p™ and not by p™ ")},

It follows that we also have

1
lim P(X](x) is divisible by p™) = — =P(G,(p) > m).

T—00 pm

Thus, we see that the value of G;(p) yields a p-power divisibility condition on X ;x).
We write p-power divisibility condition on k-tuple (Xfx), o X ,gx)) as a tagged vector
(€1,...,€ T,...,ex)p, €ach component may have a tag 1. The use of uparrow notation
is to indicate the particular number ”or higher”. If we have the tag on a component
i, then it means p=|X™: i.e. Gi(p) > e;. A component i without tag means p% || X\™):
i.e. Gi(p) = e;. For example, a tagged vector (2 1,3,4 1,6); means 72| X\, 73||X2($),
74 X5 and 79| XS (or Gu(7) > 2, Go(7) = 3, G5(7) > 4, and G4(7) = 6). Let S C P
be a subset of prime numbers. We may combine p-power divisibility conditions of
k-tuples for p € S. For such combined divisibility conditions, we write

Npes{eptys - vepi T, oo, epk)p

For example, (2,3 )2 A (4 1,5)3 means 22||X1(x), 23]X2(‘T), 34\X1(x), and 35HX2(I): ie.
Gi1(2) = 2, G2(2) > 3, Gi(3) > 4, and Go(3) = 5. For each prime p with divisibility

condition (ep1, ..., €px), Without 1, consider

ip=max{i < k:e,; = max €pj}-

We call e, ;, a dropped mazimum. This naming is because max G;(p) — > G;(p) drops
I= J<k
the maximum and sums up the remaining £ — 1 numbers. For

ip =max{i < k:e,; = max e,,},
J<k.j#io

we call e, ;, the second mazimum.



Let n € N. We will find P(R; = 1) = py(n) from the definition of Ry. Let pf||n.
Denote by x = (x1,...,x,_1) the (k — 1)-tuple of nonnegative integers with a sum
equals e. Let

i1 =141(x) =max{i <k —1:2;, = max z,}
J<k—1

so that z;, is the maximum entry of x. Note that the second maximum of a valid
divisibility condition is necessarily the maximum of the entries of x. Then the following
table shows all possible divisibility conditions.

’ Divisibility conditions ‘ Dropped position ‘
<x17"'7xi17xi1+17"'7$k—17'xi1 T)p k
<x17'"7m’i17mi1+17"'7xi1 Tal’k—1>p kE—1
<x17"'7xi17x’il T7xi1+17"'7xk71>p Zl+1

(w1, wy oy, (@ 1) 1@, a1, - Tee1)p i1
(1, s (T + 1) D@ 1, Ty T1)p i1 — 1
<(ZL'21+]_) T"'L‘lw"7xi17$i1+17"'axk—l>p 1

The probability that p-part of Ry equals e is

() ()

T1+-trp_1=€
x; >0

By the independence of G;(p) for any prime p and j > 1, we obtain

N1 (k—i(x) i(x
I X (1) S (52ai8). o
pEP T1++Tp_1=€ p p p p
x; >0

Note that if a prime ¢ does not divide n, then e =0, z;, =0, and i1(x) = k — 1, so it

contributes .
1\ k—1
(1 ) ()
q q

Therefore, the product (3) converges. We are able to factor out 7} and rewrite (3) as

l k — ’il(X> il(X>
1+ (k—=1)/p p° p* pT
Tk H )/ Z ( + +1) : (4)

Pl Tty =e
x; >0

We have a single variable function Fy(s) on $ts > —1 defined as a Dirichlet series

= Z n=° pr(n)

1 k—i(x) i1(x)
= Tk H _ 1 /p Z Z p(s+1)e ( px’il + pajil-i-l

pEP e=1 z1++zK_1=¢€
x; >0
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Note that if » > —1, Fy(r) = C,, in [HT, Corollary 1]. Moreover, the p-part of Euler
product can be written in a finite sum. This is [BMR, Corollary 2.7].

- . 1 5em
Z 1 1

) = T pG-DGHDH

Fi(s) =ER; =[] <<1 _ l>

It will be an interesting problem showing the two expressions of Fj(s) are equivalent
directly by means of rearranging sums and products. However, we did not try this
here.

4 Distribution of lcm - main lemma

X@_ x @)

In [BMR], the limiting distribution of [1@—(’;)
x¢

(z) (z)
. XWX 1
lim P [ 1(33) (i) ] = — | = pr(n).
xW . xt n

is proven to be Rj. Thus, we must

have

We would like to have a quantitative asymptotic formula that is uniform on both n
and x. We apply the method of section 3 to prove the following main lemma of this
paper. Denote by ngl)(n) the following item

v Xl(m) . -X,ix) n

We have

Lemma 4.1. Let k > 2. Uniformly forn € N and x > 2, we have
P (n) = pp(n) + O (11 (n)(2k)* ™z logh ' z) . (5)

Proof. Let n = p{'---pSm where p;’s are distinct primes and e; > 1. For each p;, a
solution of x1 + -+ + x,_1 = €; gives rise to k distinct divisibility conditions (see the
table in section 3, each has exactly one 7). The number of solutions of x; + -+ +
Tp—1 = €; 18 T—1(p§"). Thus, each prime factor of n gives rise to 74— (p;")k divisibility
conditions. The number of ways to combine all possible p-power divisibility conditions
is [ [ (Te—1(pi)k) = Te—1(n)k*™ . Denote by B, the set of all combined divisibility
conditions so that |B,| = 74_1(n)k“(™. Let M € B, be written in the following form

’ Divisibility condition \ Tagged (1) entry ‘

<€1,1, i 761,k>p1 €1,51 )
<€2,1, ‘. 762,k‘>p2 €255 )
<em,17 v 76m,k>pm em,jm T
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We count the number of k-tuples with the following conditions.
(n1,...,ng) € [1,2]" and M € B, is satisfied. (%)

Let

ny N
vy =—,..., and vy = —,
ai ag
where a; = pil,lp;&l .. .p%nyl’ ay = pi1,2p§2,2 .. .pfrznﬂ’ el and ap = pil,kp;Zk . _pfr;n,k.
Let I1,..., I be indicator functions with
0 if 5=y
1;(i) = I
L i j # ji.

Let u; = Higmpfj(i), j <k, u= (u,...,u), and a = (ay,...,ar). Then (x) is
equivalent to

(V1,...,0,) € H [1, E} Vi <k, (uj,v;) =1, and (vq,...,v;) is pairwise coprime. (xx)
a;
i<k
By 7 = 0 case of Lemma 2.1, the number of tuples satisfying (k) is
u -k _ _Pupl k=117, k—1
Qk,.1(a,7) = P H (1 P 1) +O0@(u)z" " log™ " x).

plutug--uy,

The set of prime factors of u; - - - u, and that of n are identical. Since each row of M
has only one tagged (1) entry, |Su,| = k — 1 for each ¢ < m. Thus, the number of
tuples (nq,...,ny) satisfying (x) is

kT, k—1
Tk H (1 —) + O(2¢M k=1 1ogh1 ).

a1as -+ - G | _p—l-k—l
pln

Usingl —(k—1)/(p+k—-1)=p/(p+k—1)=1/(1+ (k —1)/p) and summing over

all M € B,,, we obtain the result. O
Define 1
ni\" ne\"
=g 2 (3) ()
Vi<k,n;<z
[ny,..., "k]:l

We adopt notations x, z;,, and i;(x) of section 3. Let gx(n) be the sum of the following
terms arising from each M € B,

1 1 1
] T ot
a; ag---ag a1Gy a3z -+ A Q1 Qp—1Qy,

Applying the functions f(s) given in Lemma 2.1, we have the analogous results.



Lemma 4.2. Uniformly for x > 2 and n € N, for any r > 0, we have

PQEQ)(”) = kpk(n) + O, (kal(n)(Qk)“(")x_l logh~? :U) ) (6)

(r+1)
If =1 <r <0, we have (6) with an additional error term

Or(gr(n)a="*Y).

Moreover, if 0 < t <1, we have

e Z 1= (1= Q(t))pe(n) + O (11 (n) (2k)* ™Mz log" ' ) . (7)

ny--np>te
Proof. In the proof of Lemma 4.1, replace Q%, ;(a,r) by Q¥%, ((a,z). We have
f(s) = (s1---sx)" for (6) and

f(s) is the characteristic function of the set {(s1,...,s;) € [0,1]F : 51 -5 > t}

for (7). Then apply Lemma 2.1. The additional error term in case —1 < r < 0 is due
to the error term in Lemma 2.1. U

Recall that Q(t), 0 <t <1 is the volume of the set

{(s1,...,8,) €[0,1]F 57+ -5, <t}

This volume can be written as

P (—log z)k1 > yktleu t(—logt)’
S e TR I VU Vi i

j<k

The first identity is because (—logz)¥~1/(k — 1)! is the probability density function
of [[,<; U;j where (Uj) is a sequence of the independent uniform distribution on (0, 1).
The second identity is obtained by the change of variable — log z = u. The last identity
is due to the relation between Erlang distribution and Poisson distribution.

We study the Dirichlet series Y, n~*py(n). To prove Theorem 1.2 and 1.3, we
need to study the behavior of the series at s = —1. In the following theorem, we prove
results of Tauberian type. Let gi(n) = T}, 'pi(n) [1.(1+(k=1)/p).

Lemma 4.3. The Dirichlet series Fi(s) =Y ", n *pi(n) is convergent if R(s) > —1.
Its Fuler product is

1 k—i(x) i1(x)
Tk; H o 1 /p Z Z p(s+1)e ( pgjil + pxil-i-l

peP e=1 x1+-+zp_1=€
x; >0

13



Similarly, we define G(s) = > -, n *gi(n). This series is convergent if R(s) > —1
with an Fuler product

- 1 E—i(x)  di(x
Gils) = H 1+ Z Z p+De ( ) - pl'i(1+)1)

pr
pEP e=1 x1++x)_1=€
x; >0

We have x;; > 1 and

o) k-ix)=2"—k-1L (8)

e=1 x1++T)_1=¢€
x; >0, Tiy =1

Consequently, for some constants 0 < ¢ < dy,

ank(n) ~ i log? "z and Z nge(n) ~ djlog® * 1 z. (9)
n<lx n<lx
Proof. The Euler product of Fy(s) is obtained in section 3 and that of Gi(s) is clear
from the definition of gx(n). It is clear that z;, > 1 and iy < k — 1. If x;, = 1, then
the sum (8) is restricted to a finite sum over e < k — 1. For each i; < k — 1, we have
Tiy41 = =1 = 0 and z; € {0,1} for j <4; — 1. Thus, the sum (8) is

S -y =2t 1422 20 (k- 1) =28 — k- 1.

i1<k—1
Consequently, we see that

Hi(s) = Fi(s)C(s +2)" " and I (s) = Ge(s)C(s +2)~ "+

both have convergent Dirichlet series if R(s) > —1 — ﬁ By Selberg-Delange

method [Te, Section 5.5, Theorem 5] or Tauberian theorem [MV, Theorem 5.11], we
have (9) for

Hi(-1)
(2F =k —1)!

I(—1)

and dk = m

C =
We have

| e ) [

pEP e=1 x1+-+zp_1=€
IiZO

and

S k- i) | i) 1y#e
I(-1) = H 1+Z Z o T 1-—-= ,
peP e=1 z1+-+xp_1=€ p p
x; >0
Clearly, Hy(—1) < I;(—1) and
ok _ I —1 1 2k —f—1
Hy(—=1) > 1) 14— ) (1—- _
o= ) (1)

Therefore, 0 < ¢, < dj. O

14



7 X

-----

The values of n € N in o = % are within 1 < n < %=1, Usually the lem is
@

large and n is small, but the large values of n around z*~! require careful control. These
large values contribute to a large error term especially when n > z and —1 < r < 1.
In this regard, we would like to have uniform upper bounds in the direction of Lemma
4.1 and 4.2. The upper bounds will be useful in the proof of Theorem 1.2 and 1.3. To
this end, we modify the proof of Lemma 4.1.

Lemma 4.4. Let k > 2. Uniformly forn € N and x > 2, we have
P(n) < gi(n) (10)

Proof. In the proof of Lemma 4.1, we drop the coprimality conditions and trivially
bound it by the number of tuples (vy,...,vg) in [T, [1, Gﬂ That is

e .Tk
o)<
lgk al alnuuak

Then we sum over all M € B,, to obtain the result. O

We also have similar upper bounds for weighted sums.
Lemma 4.5. Uniformly for x > 2 and n € N, we have
PP(n) < gi(n) if r > 0. (11)

On the other hand, if —1 <r <0,

p(2)<n) <

xz

W;l)k gr(n). (12)

Proof. In the proof of Lemma 4.1, we drop the coprimality conditions and trivially
bound it by the weighted sum of tuples (vy, ..., vx) in [];; [1, Cﬂ If r >0,

T r &
SR e R A V(F
Vi<k,v;<z/a; x/al .T/Clk <k a; ap - - ag

In case —1 < r < 0, the function s + s" is decreasing, hence

r r k 1 k k
> (aw) ) semm () o
x/ay x/ay ay---ap \Jo ar-ap (r + 1)F

Vi<k,v;<z/a;

Then we sum over all M € B,, to obtain the result. O
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5 Distribution of lcm - proof of Theorem 1.1

We have the equivalence of events

D¢ I D LR
k T @ W =, and k
x X7 X n x

g e ey

Since the event

is null whenever nt > 1, we may write

X X}gm) n

BRI ¢ X oxP e xWe x|
P( > >t :ZP =~ and Sk
<1

By Lemma 4.2 (7), the sum on the right-hand side is

D (1 = Qu(nt))pr(n) + O (151 (n)(2k)* Mz logh ™ z))

ngl

= Z 1 — Qi(nt))pe(n) + Oy(x~ logh ! )

n<i
—log z)k1
-y /! (kff), dz - pu(n) + Oy(a log" ™' z)
’r7,<l nt

This completes the proof of Theorem 1.1.

6 Moments of lcm - proof of Theorem 1.2

Let 1 <n < 2F7! be an integer and r > —1 be a real number. we have

xX® L xE)r (D)
E ( (X( > X(I Z n P ) and

n<gk-1

X(x) X(ﬂf)r
E([ 1 > k? k ] _ Z nfrpg£2)<n).
rkr

ngmk—l

Suppose that » > 1. By Lemma 4.3, 4.4, and 4.5, we have

—r ] —r 1 z
Z n""PY(n) < Z n gk(n>§xr+1 Z ngi(n )<<

r<n<gh—1 r<n<gh—1 n<ghk—1

Also, >, n "pg(n) is convergent and

Zn—rpk(n) < ZL‘_(T+1)+€.

16
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By Lemma 4.1, 4.2, and the convergence of Y_°>"  n™"7;_1(n)(2k)“™, we have the result
of Theorem 1.2 for r > 1.
Suppose that —1 < r < 1. Again by Lemma 4.3, 4.4, and 4.5, we have

Z n~"PY(n) < T Z ngr(n) < o log? F g for j=1,2.

Vz<n<gk-1 n<gk—1

Also, >~ n "pk(n) is convergent and

Z" p(n) < o~ F log? 1z

The sum of the error terms of Lemma 4.1 and 4.2 over n < \/x is
Z n- Tk: 1 2]{;) -1 logk T & x 2 -1 10g2k2—2k—1+k—1 R T+1 10g2k2_k_2 .
n<yz

and the extra error term in case —1 < r < 0 contributes

Z n- Qk —(r+1)

If =1 < r <0, the Dirichlet series > n~*qx(n) absolutely convergent on s > r. Thus,
we have

Z n*qu(n —(r+1) < Z n r_qk (r+1) <<$—(r+1)+e
n<\a n<yVz

which is < 27> IOng_k_l x. Therefore, we have the result of Theorem 1.2 with the
error x—rzj 1Ogma><(2’“—k—1,2k2—k—2) .

7 Inverse moment of lcm - proof of Theorem 1.3

We begin with

E 1 k _ P 1
([Xl@, ) E Y ey

[N ni,...,nE<T n<gh—1

For the lower bound, we add the terms up to /279 for § > 0. Then

Z ”Pagl)(”): Z npr(n) + O z ogh Z N7 ( Qk)w(n)

nSzl/Q—é n§x1/2_5 ?’LS:El/Q S

By Lemma 4.3,



The error term is O(x~2°%€) for any € < 26 and it is negligible. Thus, letting § — 0,

we obtain )
n .. .n C
lmif Ly A

k_J._ — k_J._1"
T—00 xk‘logQ k lfL’ [nla"'7nk] 22 k=1

For the upper bound, we apply Lemma 4.4. Then we have

Z nPM(n) < Z ngg(n).

n§$k—1 ngxkfl

Thus, by Lemma 4.3, we have

Z ngg(n) ~ dy logzk*kfl(g;kfl) = dy(k — 1)2’“%—1 log? 1 1.

ngxk—l

Hence, we obtain

. 1 ny-- Ny ok __1

z—oo ¥ log x
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