MATH 350 EXAM #3 Fall 2004
(SAMPLE)

1. Consider the following sequence

" 1 1 1 1 1 1 1
n ey = — o . J— JE— , v E N
! ,;)nJrk n+n+1+n+2+n+3Jr T 1 "
a. Show that (u,) is a convergent sequence. We set [ = lim,,_ o, uy,.

b. Consider f:[0, 1] — R, such that f(0) =0 and f differentiable at 07. We set
a = f'(0%) and we introduce the sequence (6,,) defined by

n 1 1 1 1 1
Prove that
g b = ol

c. Use part (b) with f(z) = log(1 + x) to deduce the value of the limit I.

2. Consider f,g : [a , b] — R. Assume that f and g are continuous on [a , b] and
differentiable on (a , b).
a. For x € [a , b], consider the following function
O(z) = A(f(x) = fla)) + ulg(x) — g(a))
Find A and p such that ®(a) = ®(b).

b. Deduce the existence of ¢ € (a , b) such that

3. Apply the mean value theorem to the function log|log |z|| on a suitable interval to find
the following limit

1 1 1 1
b (210g2+310g3+ +(n—1)log(n—1)+nlogn>



4. For a real number a and h > 0, consider f : [a —h , a+ h] — R. Assume that f is
continuous on (@ — h , a + h] and differentiable on (e —h , a+ h). Prove that

a. 3pue0,1): fla+h)—fla—h) = h[f’(a%—uh)—i—f(a—uh)}

b.30€(0, 1): fla+h)—2f(a)+ fla—h) = h[f(a+0h)— f(a—0h)|

5. Consider f a C' function on interval containing a.

a. Fora e R, f € R, and p € N, find the following limit

Y fP(a+ ah) — fP(a+ Bh)
hlg(l) h

b. Find conditions on f so that the limit in part(a) exists for p € R.
6. a. Show that
1+z<e”; VreR
b. For k € [0, 1), consider the following sequence
u, = (L+k)(1+k)---(1+k"); VneN

Prove that (u,) is a convergent sequence.

7. Consider f : [a, b] — R. Assume that f isa C" function on [a , b], and {ag, ay, -, an_1, an}
a set of n 4+ 1 real numbers such that a = a9 < a; < as <--- < a,_1 < a, =0b and

flag) = flar) = flax) = -+ = flan-1) = fla,) = 0

Show that V¢ € [a , b], 3 ¢ € (a, b) such that

f(n+1)<c)

FO) = (E=a0)(t = a)(t = az) -+ (¢ = an)(t = )

8. Find all C? functions f : R — R such that

30ec0,1],VzeeRandVheR : f(z+h) = f(x)+hf (z+6h)

9. Evaluate the following limits.

2 2

. . sin“x —sin“a . 1 1
a. lim (7 — 2z)tanx b.lim —————— c. lim 2? (ew - ew+1)
x—»% Tr—a $2 — a2 r—00

d. lim Slmg e.xli_)rglo T+ +VT -V



