Mon, Apr 22, 2019 MATH 655, Midterm 2 : Prof. V. Panferov

Name: (print)

CSUN ID No. : j‘” Lo Toag .

This test contains 8 questions, on 8 pages. The perfects score is 44 points, the last question
is a bonus worth an extra 6 points. The duration of the test is 1 hour 15 minutes.

Your scores: (do not enter answers here)

1 2 3 4 5 6 7 8 total

Important: The test is closed books/notes. No electronic devices; all cellphones must be
turned off and put away for the duration of the test. -Show all your work. ‘

1. (6 points) If C'is a closed simple contour such that {—1,0,1} ¢ C determine all possible
values of the integral "
. / zdz
c 1—22

depending on the location of C and its orientation. Give examples of contours corre-

sponding to each value.
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2. (8 points) (a) Prove Morera’s Theorem: If f is continuous in a region U C C and '
the contour integral [, f(2) dz vanishes for every closed simple contour in U then fis

analytic in U. Civew 22 €
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(b) Suppose that a series > #4(2), where each f, is analytic over a region U, converges

uniformly on U. Prove th?;othe sum of the series f(z) is analytic in U.
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3. (6 points) Let f(z) be an entire function, with |#(2)| < Cle| for all z, where C is a
constant. Show that f(z) = Az, where A is a constant.
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4. (6 points) Let f(z) be an analytic function defined for |z] < 1 and let

u(,y) =Re(f(2), z=z+iy.

Prove thét '
/ uy dz — Uz dy = 0,
c

where C is the positively oriented unit circle 2+t =1
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5. (6 points) Evaluate the integrals:
dz for the contour oriented counterclockwise;
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6. (6 points) Determine all singularities of the functions in CU{co}, classify them, and find
principal parts of Laurent series about each singularity that admits a Laurent expansion:
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7. (6 points) Given the function element (f, D)

1 1
f(z)=1+z+—2-z2+—3-z3+..., D={z:]2| <1}
find the Taylor series for its analytic continuation into the region B = {z: |z —1| <1}.

Is this analytic continuation unique?
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8. (bonus: 6 fqints) Let ¢ > 0, and D, = {z : 0 < |2] <¢, 1/2 # mn, n'e Z} and
f(z) =csc p Show that f(D,) is dense in C. '
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