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2. (b) For the coercivity we need to prove the estimate

a(v, v) =

∫ 1

0

v′′ 2
dx ≥ α(‖v‖2 + ‖v′‖2 + ‖v′′‖2), ∀ v ∈ C2[0, 1], v(0) = v(1) = 0.

First notice that by Poincaré, ‖v‖2 6 ‖v′‖2, since v(0) = v(1) = 0. Further, since

v(x) is smooth, and v(0) = v(1) = 0, we have v′(x0) = 0 for some 0 < x0 < 1

(Right?). But then

v′(x) =

∫ x

x0

v′′(y) dy

so

|v′(x)| 6
∫ x

x0

|v′′(y)| dy 6
∫ 1

0

|v′′(y)| dy 6 ‖v′′‖.

Taking the square and integrating over x ∈ (0, 1) we get ‖v′‖2 6 ‖v′′‖2. Putting the

pieces together we get the coercivity estimate with α = 1
3
.

6. I will prove the equivalent inequality

‖u−
∫

Ω

u dx‖ 6 C‖∇u‖,

where Ω = (0, 1)2 is the unit square in R2. (You will have to show that it is indeed

equivalent.)

First, consider the one-dimensional version,∣∣∣u(x)−
∫ 1

0

u(x0) dx0

∣∣∣ 6 ∫ 1

0

|u′(x0)| dx0, ∀ x ∈ (0, 1).

By the fundamental theorem of calculus,

u(x) = u(x0) +

∫ x

x0

u′(y) dy,

for any pair of numbers x, x0 ∈ (0, 1). Therefore,

u(x0)−
∫ x

x0

|u′(y)| dy 6 u(x) 6 u(x0) +

∫ x

x0

|u′(y)| dy,

1



or, since
∫ x

x0
|u′(y)| dy 6

∫ 1

0
|u′(y)| dy,

u(x0)−
∫ 1

0

|u′(y)| dy 6 u(x) 6 u(x0) +

∫ 1

0

|u′(y)| dy

Since x0 is arbitrary we may integrate over x0 ∈ (0, 1);∫ 1

0

u(x0) dx0 −
∫ 1

0

|u′(y)| dy 6 u(x) 6
∫ 1

0

u(x0) dx0 +

∫ 1

0

|u′(y)| dy.

Subtracting
∫ 1

0
u(x0) dx0 we obtain

∣∣∣u(x)−
∫ 1

0

u(x0) dx0

∣∣∣ 6 ∫ 1

0

|u′(y)| dy.

Now, in two dimensions, we have

u(x, y) =

∫ 1

0

u(x, y0) dy0 + ε1(x, y)

where |ε1(x, y)| 6
∫ 1

0
|uy(x, y0)| dy0 and

u(x, y0) =

∫ 1

0

u(x0, y0) dx0 + ε2(x, y0)

where |ε2(x, y0)| 6
∫ 1

0
|ux(x0, y0)| dx0. Thus,

u(x, y) =

∫ 1

0

∫ 1

0

u(x0, y0) dx0 dy0 + ε1(x, y) +

∫ 1

0

ε2(x, y0) dy0

and ∣∣∣u(x, y)−
∫ 1

0

∫ 1

0

u(x0, y0) dx0 dy0

∣∣∣2 6 2 ε1(x, y)2 + 2
(∫ 1

0

ε2(x, y0) dy0

)2

6 2

∫ 1

0

|uy(x, y0)|2 dy0 + 2

∫ 1

0

∫ 1

0

|ux(x0, y0)|2 dx0 dy0.

(We used the Cauchy-Schwarz.) Integrating over (x, y) we obtain

∥∥∥u− ∫ 1

0

∫ 1

0

u(x0, y0) dx0 dy0

∥∥∥2

6 2‖∇u‖2,

which is the desired inequality, with C =
√

2.
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