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2. (b) For the coercivity we need to prove the estimate
1
a(v,v) = / V" de = ool + 17+ 0"P), Ve e C0,1], v(0) = (1) =0.
0
First notice that by Poincaré, ||v[|? < ||¢/||?, since v(0) = v(1) = 0. Further, since

v(x) is smooth, and v(0) = v(1) = 0, we have v'(zg) = 0 for some 0 < zy < 1
(Right?). But then
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Taking the square and integrating over z € (0,1) we get [[v[|* < [[v”||>. Putting the
1

pieces together we get the coercivity estimate with o = 3.

6. I will prove the equivalent inequality
Ju— [ wds] < CYu.

where 0 = (0,1)? is the unit square in R?. (You will have to show that it is indeed

equivalent.)

First, consider the one-dimensional version,

‘u(x) — /Olu(xo) d:c()’ < /01 |u'(z0)| dxg, ¥V x € (0,1).

By the fundamental theorem of calculus,

ule) = ulaw) + | " (y) dy,

Zo

for any pair of numbers z, zq € (0,1). Therefore,

w(zo) /\u ) dy < w(o) /ru )] dy,



or, since f; |u/(y)| dy < fo [u/(y)| dy,

(o) /|u Jdy < w(o) /|u )| dy

Since xq is arbitrary we may integrate over zq € (0, 1);

/01 u<x0)dx0—/01|u'(y)|dygu(x) </01u(x0) dx0+/01|u’(y)|dy.

Subtracting fo u(xg) dxrg we obtain

)~ [t don| < [ W

Now, in two dimensions, we have

1

u(z,y) =/ u(®, yo) dyo + €1(z,y)

0
where |g(z,y)| < fol luy (2, Y0)| dyo and

1

u(z,yo) = / u(o, yo) dzo + €2(, Yo)

0

where |e2(z, yo)| < fol |uy (20, Yo)| dxo. Thus,

1 1 1
U(JS,?J)Z/O /0 U($o,yo)d$0dyo+€1(93>y)+/ 52(x,y0)dyo
0

and

1,1 9 1 2
‘U(fv,y)—/o /0 U(xoayo)dl'odyo‘ <261(fv,y)2+2</0 s2(fv,yo)dyo>

1 1 1
2/ luy (2, yo)|” dyo + 2/ / |z (20, Yo)|? dzo dyo.
0 o Jo

(We used the Cauchy-Schwarz.) Integrating over (z,y) we obtain

1,1 9
u= [ [ wteo.w) doodun| < 2070l
0 0

which is the desired inequality, with C' = v/2.



