February 25, 2008 MATH 592A
Homework Assignment 3
Due on Tuesday, Mar. 3, 2008, in class.

1. (Problem 2.6 in the book) Give variational formulations and prove the existence of

solutions of
—u"=f in Q=(0,1)

with the boundary conditions

(b) u(0) = /(1) =0,
(c) —u'(0) +u(0) =u/(1) =0.

2. (Problem 2.7 in the book) Consider the “beam equation”

u¥ =f in Q=(0,1)
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"(0) = u(1) = u'(1) =
() u(0) = /(0) = u/(1) = u"(1) = 0.

Give variational formulations and investigate existence and uniqueness of solutions to

these problems.
3. Prove that the function ®(x) L 2= (z1,12,73) € R3\ {0} satisfies

= 4m|z|?

(2) [P, (2)] < 153, [Py (2)| < 155, 1,7 = 1,2,3.
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(b) (®,A¢) = —9(0), Vi € CF°(R?).
(The function ®(z) is the fundamental solution of Laplace’s equation on R3.)
4. Does the maximum principle hold for smooth solutions of
Au+cu=0, in €,

with ¢ > 0, where 2 C R" is a bounded domain? If yes, give a proof; if no give a

counterexample.

5. (Problem 3.4 from the book) Prove Friedrichs’ inequality

1/2 _
lollzze < C(IV0l3a@) + W3 s for veC'(@),

where 2 is a bounded domain in R™ with (smooth) boundary I'. Hint: Integrate by
parts in the identity [, v?dx = [, v?Apdz, where p(z) = 5-|z|?.



6. (Problem 3.5 from the book) Prove
2y 1/2 _
] gc(uw|2+ (/vdm) ) , for weCY(Q),
Q

where  is the unit square in R2.



