Thu. Oct 18, 2012 MATH 480, Midterm 1 Prof. V. Panferov
Solections.

This test includes 5 questions in the main part (64 points in total) and one bonus question
(worth an extra 6 points), on 10 pages. The duration of the test is 1 hour 15 minutes.

Name: (print)

Your scores: (do not enter answers here)

1 2 3 4 ) 6 total

Important: The test is closed books/notes. Graphing calculators are not permitted. Show

all your work.

1. (8 points) Consider the PDE wu,, —uy; = 0.
(a) Show that u(z,t) = f(x +t) + g(x — ¢) is a solution for any f and g smooth.

Uy = /’/x+ <) -f‘j/a't)
Uy = f”[x;-t) P 7 (x-2)
‘@ = flor g et
Upe = £ ctE)F G (x-¢)

> Uy — Uy = O |

(b) Show that wu(z,t) = cos az sin at is a solution for any a € R.
U, = — QSin aX Sinat
Uy = — a” catox Sinat
U = a Cotax eSS o
Upp = — a® eos ax Sinart

ﬂxx—l{f—f = O -
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2. (8 points) Find the t-independent (steady-state) solution of the equation us — Uz = u,
0 < z < m with the boundary conditions u(0,t) = 0, u,(r,t) = 1.

L= incleptaclend =D e = 2 ()
— AUy = L Uy + U=O

uly) = Aco x + 53X

amle) = A -1 4+ B0 =0 =2 A =0

2 (*) = [RBcoeasX

X
— 1 = =2

@,(x} = —SinX .

3. (16 points) Consider the PDE u;; —ug —u =20.

(a) Show that the ODEs satisfied by the functions X (z) and Y (¢) in a complex separated
solution u(z,t) = X (z) Y (¢) take the form X" —AX =0,Y"—(A—-1)Y =0, e C.

X//Y~ X)/U— YY =0

I

g My — Ugp —H4
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(b) Show that all complex separated solutions for A ¢ {0,1} are linear combinations of
the functions e**** for some a,b € C. Find the relation satisfied by a and b.

T/ A# 61 Hlew
VA~ —Va

Xey= Ge " rge 17

- Y-~

Vo) = Cgeme+cue ot

Vo t —x +at

w €)= XY = AT sl
—Va-7 A x—-Vaat
+A3 e V' i_Ay,e ’ .
7; léwol € le aelatiom, Sudbst Fete e

-2 a)(‘f'(é__
ints tt PDE =) (@>-8%))e€ —o
= a®~ -7 =2,

ox+ét’

(c) Find all complex separated solutions with A ¢ {0,1} which are bounded for each
z € R in the form |u(z,t)| < M,, for a certain constant M, and all ¢, —oco < t < co.

oX r &t
Cote bor rea 7 Oud % ) & WJ‘%

Tlee & = cw” ) a’=7-c )
a = //-—aﬂ— 5 et % Je) < 1

Vimw* K+t 1w x + (WL
ube)= A e + A e
V1—e™ X —(W € _fimaot'X — T
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(d) Are there nontrivial (non-zero) separated solutions which are bounded by the same
constant for all z and ¢? Are there solutions which satisfy |u(z,0)] — oo as z — Fo0?

I/ a = F Vi—w?* /Dwrc{/
(‘q,wo,f,,;ua”/ (/w/ >/)

7&_ A éq/¢7 golwrrou £ /OM'ZL (C)

7 /0&(%0/@/ 7&-,/ A —ow & X ¢ X

._gaé—tCO& ~

I/ a =+ V- g reel (/'AJ/4’)

e CTeie FPoluTions O4F
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4. (16 points — theoretical question) Let (¢,)2; be an orthogonal set of functions on (a, b)
(such that [|¢n|| # 0), and let f be a square-integrable function on (a, b).

(a) Write the definition of the Fourier coefficients ¢, of f.

R
Lﬂh,‘ﬁ«?

(b) Show that the Fourier coefficients satisfy the inequality |&,| < ||£]1/]l¢xll-

CMC"@‘ _Q/w’aaré

(G| = /ﬂj < //75////%// B //,z///.
i //pn//z = //%//’l = //7&“/

9 N
=717 = D 1eal llenll®
n=1

N
I{ - 2@% //*(7{ 5 G P /’«z o pu 7

N
n=y n=

(c) Show that Hf — i CnPn
n=1

N
+ Z .CnLép'n) 7011)
n=/

2 N Ao 2z ._’i/,\L gt
= JEIT = 25 &% nadlT+ S A al
=/ K=t
d’e{. s/
Fm‘a C‘oef
— 4T Z &R

Continued...



Page 6
(d) Write Bessel’s inequality satisfied by the Fourier coefficients &, and prove it using

part (b).
//%—g/c?%//zz o =

2 %scu/f:_
<4 Z gl = NI - ,W:JS ~-
\/—\f_—ﬁ’ " Jh=y

f—é—e Serer CTonveveed Srites /OO«V'/'/‘a/

Seerrsr @€ mowwo Tcaldly v reay te}

(7

o0 ¢/
2 /

= S~ % /e 1S = [Beseds

’? EEnpdlt g NE s

::/

for (0 )2

(e) Write Parseval’s equality and show that it implies the mean-square convergence of
the partial sum S°N_| é,n.

g — 2 L > pa:lce’va//j'
C. // 'u// = //;P// - 2 ~oh
-, ' f)wvva,&;
N
c=> 5 G rant—> I
U=

N — v
KA
<=> //;/——‘%/c,c,ﬂ,,//——>‘0

( M2 Qs - gyum—e C’Guvégxuu,)
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5. (16 points) (a) Let f(z), —w < z < « be an odd function with f(+r) = 0 and f"(z)
continuous for —m < x < 7. Show that the Fourier coefficients of f satisfy

A,=0, B,=-2%2 " f"(z)sinnzdz.
/T

OO/O/ dd — O -

2 w .
f )f(r) S/ X He Efo %(x)fzwhx ofy

/
Be s @,
(:"vé'n
/

— 2 TP (Gleosnx) ol

it

~

—

X=/¢
1 >7 2/ J
= :%_f(x) ("n cosnX) | + 3 [/&)cwmx X

@,

(n :ow ‘(0) = ©
32 ) Sruece 7£’f odd

e cowlirmneous.

[0 Lok

. =2 1
o 7T N
S
- = l %V(x> SIn ”‘i/ — —,.f' A /f(x}j’zn;x
T T T x=0
- — |

Siu 0o Sihnil=o
g

Z— zf/(x)gmmxp&

| 1
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(b) Let f(z) = z(m — z), 0 < z < 7. Compute the Fourier sine series of f. [Hint: use
part (a) to shorten the computation.]

X=o0
4 (=
= 2 (- %) )
00 - w
%(y} . _74:/5_ S 1 — ('31) Sju nX
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(c) Differentiate the Fourier sine series in part (b) term-by-term. Find the sum S(z) of

the resulting series and sketch a graph of S(z) on the interval —27 < z < 27.

/ ¢ Z —(-1)"
L)~ = = T
“={ n=
’/3 CQS5_X+.'—>

£ (cos x 4;16&53)< * 3
44

—
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6. (bonus: 6 points) Let f(z) = (7 — a:) 0<z<m. Compute the mean square error of the

Fourier sine series, 0% = 2 [ (f(z) ~ XX, B,sin nm) dz and show that 0% = O(3s).

2 o 2 :
=2 B - Ne=
n= N+l -’N*’/
e o< 2. /
2 2 _L S 4
O:;N:G\i/\/"/ - 2z /i_.,w—/ g> CZA"/)g
&Y/
= -_L_ 22 / O/x
=z & — f =
= —_ P - - A X—/
E'J_ 5—’\/1‘—/ =4 I) P4 /\/é )
X = O
32 __,L) /
— 72 /0 (;zx—-/) X=N

The end.



