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Solution to Midterm Exam
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The picture at the right is a Fluent plot of y+ for the first grid node from the wall along a two-dimensional wall (in the x-z plane).  The different curves represent different z locations and the “Position” axis represents the x direction.  The plot was made for a converged solution using the Reynolds Stress Model of turbulence with the boundary conditions determined using wall functions.
Is the grid used appropriate for the turbulence model/wall function combination?  Explain your answer.

When using wall functions we should insure that the first grid node from the wall is placed at a h+ values that is greater than 30.  This condition is satisfied for all the grid nodes shown in this plot.  Therefore, conclude that the grid is appropriate in this case.
2.
An engineer is trying to determine the appropriate grid size to get a desired error in computing a wall heat flux by analyzing a similar problem for which an analytical solution is known to give a value of 5.641896 for the wall gradient, dT/dx|x=0..  The program is run twice, once with a grid size of h = 0.01 and the second time with h = 0.005 and the results shown in the table below.
	x
	0
	0.005
	0.01
	0.015
	0.02

	T (h = .01)
	0
	
	0.05637198
	
	0.1124629

	T (h = .005)
	0
	0.02820360
	0.05637198
	0.08447003
	0.1124629


(a) Use a second-order accurate expression to compute the gradient at x = 0 for the two step sizes.
We would use a forward difference expression in this case since we want the gradient at x = 0 and we have data at x = 0 and two other locations with x > 0 (i.e., x values forward of x = 0).  The appropriate equation is equation [2-25 in the course notes:
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We compute the following numerical gradients for the two step sizes.
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(b) Show that your results for part (a) are consistent with the second-order error of the expression that you used.

The error for h = 0.01 is |5.6512498 – 5.641896| = 0.009354; the error for h = 0.005 is  |5.6442435 – 5.641896| = 0.002348.  The ratio of these two errors is  0.002342 /  0.009354 = 0.251 ≈1/4 = 1/22.  Thus, the error decreases by a factor of 4 = 22 when the step size is decreased by a factor of 2 indicating a second order error.
(c) What grid size should be used to get a gradient error that is 10-4 times the true gradient?
The questions asks for an error of (10-4)(5.641896) = 5.64X10-4.  We can use the result that the error is proportional to the step size squared for the second order error to get the step size for this desired error.  We can write the following relation ship between the desired error, 5.64X10-4, and the desired step size for this error, h, and the error of 0.002348 for a step size of 0.005 to determine the desired step size.
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h = 0.0049
3.
The table below shows data on a central node, P, and its surrounding nodes for a steady air flow with no source terms.  The mean pressure for the flow is 287 kPa.  Since the gas constant for air is 0.287 kPa·m3/kg·K, the density in kg/m3 can be found from the ideal gas law at the given pressure as  = 1000/(T in kelvins).  The transport coefficient, , for temperature is the ratio of thermal conductivity to heat capacity.  For air, in the temperatures of this computation, the k/cp ratio, in units of kg/m/s may be computed from the following equation k/cp = 4.13x10-7(T in kelvins)0.73.

	Node NW

x = 0 m, y = 0.0022 m

u = 0.13 m/s, v = 0.012 m/s

T = 340 K
	Node N

x = 0.0012 m, y = 0.0022 m

u = 0.12 m/s, v = 0.011 m/s

T = 380 K
	Node NE

x = 0.0024 m, y = 0.0022 m

u = 0.1 m/s, v = 0.01 m/s

T = 440 K

	Node W

x = 0 m, y = 0.0011 m

u = 0.12 m/s, v = 0.011 m/s

T = 320 K
	Node P

x = 0.0012 m, y = 0.0011 m

u = 0.11 m/s, v = 0.01 m/s

T = 355 K
	Node E

x = 0.0024 m, y = 0.0011 m

u = 0.098 m/s, v = 0.009 m/s

T = 400 K

	Node SW

x = 0 m, y = 0 m

u = 0.11 m/s, v = 0.01 m/s

T = 300 K
	Node S

x = 0.0012 m, y = 0 m

u = 0.1 m/s, v = 0.009 m/s

T = 330 K
	Node SE

x = 0.0024 m, y = 0 m

u = 0.095 m/s, v = 0.008 m/s

T = 370 K


(a)
Compute the coefficients aN and aW for the finite-volume equation for temperature at node P, using central differences.
The first step is the computation of the density and the transport coefficient at the nodal locations P, N, S, E, and W; these values are necessary to compute the aK coefficients from the equations given.  These calculations give the results shown in the table below

	
	Node N

x = 0.0012 m, y = 0.0022 m

u = 0.12 m/s, v = 0.011 m/s

T = 380 K,  = 2.6316 kg/m3
 = k/cp = 3.156x10-5 kg/m·s
	

	Node W

x = 0 m, y = 0.0011 m

u = 0.12 m/s, v = 0.011 m/s

T = 320 K,  = 3.1250 kg/m3
 = k/cp = 2.784x10-5 kg/m·s
	Node P

x = 0.0012 m, y = 0.0011 m

u = 0.11 m/s, v = 0.01 m/s

T = 355 K,  = 2.8169 kg/m3
 = k/cp = 3.003x10-5 kg/m·s
	Node E

x = 0.0024 m, y = 0.0011 m

u = 0.098 m/s, v = 0.009 m/s

T = 400 K,  = 2.500 kg/m3
 = k/cp = 3.277x10-5 kg/m·s

	
	Node S

x = 0.0012 m, y = 0 m

u = 0.1 m/s, v = 0.009 m/s

T = 330 K,  = 3.0303 kg/m3
 = k/cp = 2.848x10-5 kg/m·s
	


We see that the grid spacing is uniform so that all x terms will be 0.0012 m and all y terms will be 0.0011 m.  We can take a unit length in the z direction (z = 1 m) for computing the areas in this two-dimensional (x-y) flow.  This gives the following cell areas: 

Ae = Aw = yz = (0.0011 m)(1 m) = 0.0011 m2   An = As = xz = (0.0012 m)(1 m) = 0.0012 m2
We have to average the nodal values to obtain the values at the cell faces in order to compute the coefficients.  If we assume that the cell faces are chosen to be midway between the nodes, the required interpolated values are simply the arithmetic averages of the nodal values on each side of the face.  Since the grid spacing is uniform in each direction, we can use a simple arithmetic mean for this computation.
	
	n face
x = 0.0012 m, y = 0.00165 m

u = 0.115 m/s, v = 0.0105 m/s

 = 2.7242 kg/m3
 = k/cp = 3.080x10-5 kg/m·s
	

	w face
x = 0.0006 m, y = 0.0011 m

u = 0.1115 m/s, v = 0.0105 m/s

 = 2.9710 kg/m3
 = k/cp = 2.894x10-5 kg/m·s
	
	e face
x = 0.0018 m, y = 0.0011 m

u = 0.104 m/s, v = 0.0095 m/s

 = 2.6585 kg/m3
 = k/cp = 3.140x10-5 kg/m·s

	
	s face
x = 0.0012 m, y = 0.00055 m

u = 0.105 m/s, v = 0.0095 m/s

 = 2.9236 kg/m3
 = k/cp = 2.925x10-5 kg/m·s
	


We use these average values to compute the aN and aW coefficients in the finite-volume equation.  The coefficients for central differences, based on equations (5.6), (5.8), and (5.14) in the text are shown below.

Fn = (vA)n
Fw = (uA)w
Dn = Ann/yPN
Dw = Aww/xWP

Substituting numerical values gives
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Using equation 5.14 for the central difference components gives the following results.
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(b)
Compute the coefficients aS and aE for the finite-volume equation for temperature at node P, using upwind differences.

We use the same average values found above to compute the aS and aE coefficients in the finite-volume equation.  The coefficients for central differences, based on equations (5.6), (5.8), and (5.31) in the text are shown below.

Fs = (vA)s
Fe = (uA)e
Ds = Ass/ySP
De = Aee/xPE
Substituting numerical values gives
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Using equation 5.31 for the upwind difference components gives the following results.
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Note: due to an error the exam asked for you to compute the central difference coefficients.  These answers are shown below.
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(c) Assume that the can use the coefficients aN, aE, aS, and aW that you computed above in a single finite difference equation for TP.  Determine the coefficient aP in the finite-volume equation and the new value of TP that you would compute from the given values of the other temperatures.
The equation for aP can be found at the top of page 155 of the text with the definition of F in that aP equation is given a the bottom of the table on page 155.  (Here we use the values for the central difference calculations for all coefficients.)
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Solving the general finite volume equation for TP gives the following result.
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