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Solution to Homework Problems for February 1
1.
In the notes for deriving CFD equations, the momentum equation for a Newtonian fluid is given in Cartesian tensor notation in equation [1-31].
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Use this equation to write the momentum equations in the y and z directions, using x, y, and z for the coordinate directions and u, v, and w for the velocity components.  (Hint: see equation [1-32] which is the x momentum equation.)

Equation [1-31] is an equation for the velocity component, uj, with an implied summation for the i index on the right-hand side.  Setting u1 = u, u2 = v, u3 = w, x1 = x, x2 = y, and x3 = z, and performing the implied summation gives the following results for u2 = v and u3 = w.



[image: image2.wmf]ú

û

ù

ê

ë

é

D

-

¶

¶

+

ú

û

ù

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

+

¶

¶

¶

¶

+

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

¶

¶

+

ú

û

ù

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

+

¶

¶

¶

¶

+

¶

¶

-

=

¶

¶

+

¶

¶

+

¶

¶

+

¶

¶

)

3

2

(

2

m

k

m

m

m

r

r

r

r

y

z

v

y

w

z

y

v

y

x

v

y

u

x

y

P

B

z

wv

y

vv

x

uv

t

v

y






[image: image3.wmf]ú

û

ù

ê

ë

é

D

-

¶

¶

+

÷

ø

ö

ç

è

æ

¶

¶

¶

¶

+

ú

û

ù

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

+

¶

¶

¶

¶

+

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

¶

¶

+

¶

¶

¶

¶

+

¶

¶

-

=

¶

¶

+

¶

¶

+

¶

¶

+

¶

¶

)

3

2

(

2

m

k

m

m

m

r

r

r

r

z

x

w

x

y

w

z

v

y

x

w

z

u

x

y

P

B

z

ww

y

vw

x

uw

t

w

z




2.
Equation [1-64] of the notes defines the dissipation term as follows.
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Write the dissipation in terms of the coordinates x, y, z, and the corresponding velocity components u, v, and w, without using the summation convention.

In this problem we have two repeated indices so we have to sum over both i and j.  As in problem one, we set u1 = u, u2 = v, u3 = w, x1 = x, x2 = y, and x3 = z, and perform the implied summation to obtain the following result.
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3.
Construct a dimensionless form of the energy balance in equation [1-70] of the notes.
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Use the following quantities: U∞, ∞, T∞, k∞, ∞, and L as reference values for velocity, density, temperature, thermal conductivity, viscosity, and length to define the following dimensionless variables: dimensionless distance i = xi/L, dimensionless time,  = tU∞,/L, dimensionless velocity component i = ui/U∞, dimensionless density, ’ = ∞, dimensionless thermal conductivity, k’ = k/k∞, dimensionless pressure, P’ = P/∞U∞2, and dimensionless temperature, θ = T/T∞.  Obtain the following dimensionless equation for the ideal gas case there P = 1/T, cp = cv + R = R/( – 1), and a2 = RT∞, where a is the sound speed and  = cp/cv.
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In this equation Re = ∞U∞L/∞ is the Reynolds number, Pe = RePr = cp∞U∞L/k∞, is the Peclet number, Pr = ∞cp/k∞ is the Prandtl number, and Ma is the Mach number: Ma2 = U∞2/a2 = U∞2/(R T∞) and *D = (L2/U∞2∞)D.
Setting PT = 1 for the ideal gas case and substituting the defined dimensionless terms into the energy equation gives the following result.
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Collecting constant terms, which are not affected by the differentiation, gives.
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Dividing both sides of the equation by the factor cp∞U∞/L gives
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The coefficients of the dimensionless terms on the right-hand side can be rearranged as follows.
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Substituting the results of the last three equations into the equation at the top of the page gives the desired result.
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The last two terms will not be significant for flows with low Mach numbers.

4.
Some algorithms for the numerical solution of two-dimensional flows use variables know as the stream function and the vorticity.  These algorithms eliminate the need to solve for the pressure as one of the variables.  In this problem we will consider two dimensional flows with constant properties.

(a)
Show that the continuity and momentum equations for two-dimensional, constant property flows with no body forces are given by the equations below, where  = / is the kinematic viscosity.
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 Equation [1-24] in the notes gives the continuity equation for constant density as
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. In two-dimensional flows we apply the summation convention only for index values of 1 and 2.  Doing this gives the desired result that 
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The constant property momentum equations can be found, starting from equation [1-31] in the notes.
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For constant density flows the dilatation,  = 0, and for no body forces Bj = 0.  Furthermore, If the density and viscosity are constant, we can remove them from the derivative operations, divide the equation through by the density and use the definition of  = / as the kinematic viscosity.  These steps give the following equation.
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The terms multiplied by the kinematic viscosity may be rearranged as follows to show the incompressible continuity equation and an unmixed second derivative..
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Substituting this result into the equation above gives the general constant-property momentum equation as follows.
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For two-dimensional flows we set u1 = u, u2 = v, x1 = x, and x2 = y, and perform the implied summation over the repeated i index to get the following results which were to be shown.
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(b)
The stream function, , is defined as follows.
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The vorticity vector, , is defined as the curl of the velocity:  = curl V.  For a two-dimensional flow there is only one component of the vorticity, z, which is simply given the symbol  for two-dimensional flows.  It is given by the usual equation for the z-component of the curl of a vector.
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Show that the definitions of stream function and vorticity lead to the following Poisson equation for the stream function.
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We can obtain the desired Poisson equation for vorticity by substituting the definitions of the velocity components in terms of the stream function into the definition of vorticity, 
[image: image30.wmf]y
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.  This gives the desired result.
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(c)
Derive the differential equations for the vorticity from the x and y momentum equations for constant-property flow from part (a).  Take (/(y of the x-momentum equation, (/(x of the y momentum equation and subtract the first result from the second.  Manipulate the result, using the continuity equation to eliminate some terms, to obtain the following equation
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We start by taking the derivatives suggested at the end of the problem statement and reverse the order of differentiation for some of the mixed partial derivatives.
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Subtracting the first equation from the second gives the following result, where we identify the vorticity in the time derivative and on the right-hand side of the equation.
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In the second equation we have used the symbol F to represent the four terms on the left side of the equation that do not apparently contain the vorticity.  These terms can be manipulated as follows.
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We can apply the continuity equation for incompressible flows,
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, to simplify terms like the following.
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With this result our expression for F can be written as shown below, where we can use additional rearrangements of terms to obtain the continuity equation that gives zero.
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Thus the only two terms that are left are convection terms for vorticity.  This gives us the desired final result.
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5.
Get a copy of the following article from the CSUN library online journal collection: Forrester T. Johnson *, Edward N. Tinoco, N. Jong Yu, “Thirty years of development and application of CFD at Boeing Commercial Airplanes, Seattle,” Computers and Fluids, 34:1115-1151 (2005).  Read the first part of the paper up to section 4.1, headed Linear Potential Flow, on page 1125.  Write a brief summary of what you learned by reading this part of the paper.
There is no “right” answer to this question.  Good answers should note the evolution of codes from initial research codes (Phase I) to codes in which aircraft developers have confidence (Phase V).  Although only briefly mentioned, one key component of CFD is gridding and the ability to use existing CAD codes as geometry and grid inputs to CFD codes.  The end of the section assigned gives a history of the physics modeled in CFD codes at Boeing from codes implementing potential flow theory to codes using the full time-averaged Navier-Stokes equations.  The overall tone of the paper is the need for careful consideration and verification of CFD results that are to be used in design.






Jacaranda (Engineering) 3333
Mail Code
Phone: 818.677.6448

E-mail: lcaretto@csun.edu
8348
Fax: 818.677.7062

_1136877694.unknown

_1326682925.unknown

_1326682967.unknown

_1326683070.unknown

_1326683095.unknown

_1327045395.unknown

_1326683036.unknown

_1326682943.unknown

_1136878279.unknown

_1136902726.unknown

_1136902931.unknown

_1136878364.unknown

_1136877990.unknown

_1136808163.unknown

_1136822497.unknown

_1136830596.unknown

_1136877670.unknown

_1136840391.unknown

_1136838642.unknown

_1136826127.unknown

_1136826372.unknown

_1136830472.unknown

_1136826412.unknown

_1136826273.unknown

_1136826037.unknown

_1136826116.unknown

_1136826004.unknown

_1136822331.unknown

_1136743959.unknown

_1136807899.unknown

_1136808130.unknown

_1136807882.unknown

_1136745429.unknown

_1066621176.unknown

_1136743793.unknown

_1136743293.unknown

_1066572959.unknown

