	

	College of Engineering and Computer Science

Mechanical Engineering Department
ME 692 – Computational Fluid Dynamics

	
	January 19, 2008         Larry Caretto


One – Equations of Computational Fluid Dynamics

Deriving the Basic Equations

Computational fluid dynamics deals with equations that represent a balance process for mass, momentum, energy and chemical species.  Many students have seen these differential equations before in advanced courses in fluid dynamics or in convective heat and mass transfer.  These notes review the derivation process for the basic balance equations with a view to their eventual conversion to numerical methods in computational fluid dynamics.

One of the useful facts about the various balance equations for various quantities is their similar form.  This means that a numerical algorithm developed from one particular balance quantity, say momentum, can be applied to another balance quantity, say energy.  With this goal in mind, the derivation of the basic differential equations provided in these notes is aimed at demonstrating the similarity of the various quantities for which we derive a balance equation.  We represent the various quantities such a mass, momentum, energy and mass of an individual chemical species by the general symbol, .  We then derive a “balance equation” for , which is valid for any quantity.  We then have to consider the particular physics of the different quantities in the balance equations.
We use simple laws.  Mass is conserved.  Newton’s second law tells us that the rate of change of momentum equals the applied force.  The first law of thermodynamics says that the rate of energy change equals the heat added plus the work done on a system.  Chemical balances tell us that changes in the mass of individual chemical species are related to sources or sinks provided by chemical reactions.  All of these simple laws, applied to a flow system, can be stated in terms of a simple balance equation


Storage + Outflow - Inflow = Source
[1-1]
We apply this general balance equation (remembering that the symbol,  can represent mass, momentum or energy) to a variety of physical quantities such as mass, energy, momentum, and chemical species.  It is convenient to talk about the values of these quantities divided by the mass.  The lower case symbol,  is defined as  /m to represent the per-unit-mass quantity.

For example, if  is the kinetic energy, mV2/2, then , the kinetic energy per unit mass is V2/2.  The various quantities that we will be concerned with are shown in Table 1-1.

	Table 1-1 – Examples of Quantities that Satisfy a Balance Equation

	Quantity
	mass
	x momentum
	y momentum
	z momentum
	Energy
	Species

	
	m
	mu
	mv
	mw
	E + mV2/2
	m(K)

	
	1
	u
	v
	w
	e + V2/2
	W(K)

	In this table, u, v, and w are the x, y and z velocity components, E is the total thermodynamic internal energy, e is the thermodynamic internal energy per unit mass, and m(K) is the mass of a chemical species, K, W(K) is the mass fraction of species K.  The other energy term, mV2/2, is the kinetic energy.


We will derive the general balance equation for a differential volume in three-dimensional Cartesian coordinate space.  The velocity components in the (x, y, z) coordinate directions are denoted as (u, v, w).
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The volume of the differential element is Δx Δy Δz.  If the density of the fluid is denoted by the symbol ρ, the mass, m, inside this volume is ρ Δx Δy Δz   The rate at which the quantity, Φ, is stored (or accumulates) in this volume over time is then given by the following equation.
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The mass flow across a control volume face is the product of velocity, density and cross sectional area.  For example, the x direction flow, with a velocity component u, enters and exits the control volume through an area given by the product the Δy Δz.  Thus, the mass flow in the x direction is given by the product (ρ u Δy Δz).  

If the flowing mass has a particular per-unit-mass property, , then the flow of the total quantity, Φ, across the boundary is given by the product of the per-unit-mass property, , times the mass flow rate.  This means that the flow of  across a control volume face is the product of four factors: density, ρ, the per-unit-mass value of the quantity considered, , the cross sectional area of the face, and the velocity normal to the face.  Note that this product has the same dimensions as the storage term, the dimensions of  divided by dimensions of time.

For the coordinate system shown, we define inflows as occurring at a particular face designated as x, y or z.  The outflows then occur at the face in the increasing coordinate direction.  These faces are denoted as x+ Δx, y + Δy, and z + Δz.  The  inflow in the x direction would be given by the following expression: ρ u  |x Δy Δz.  Similar terms apply in the y and z directions.  Summing the terms for each coordinate direction gives the total inflow.
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[1-3]

The expression for the outflow is similar.  The only difference is the subscript indicating that the outflow occurs at a different face of the control volume.
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[1-4]

The source term, Sφ, must be defined for each individual physical quantity that satisfies a balance equation.  For the mass balance, the source term is zero.  In the balance equation for the ith chemical species, the source term is the chemical production of species i.  The dimensions of Sφ are (phi dimensions) per unit volume, per unit time.  This source term in the balance equation, with dimensions of (phi dimensions) per unit time, is written as follows.
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All the terms in the equations [1-2] to [1-5] are to be substituted into equation [1-1] where they will be added to each other or subtracted from each other.  In this case, each term must have the same dimensions.  The storage term in equation [1-2] obviously has the dimensions of -dimensions per unit time.  In order to have consistent dimensions when equations [1-2] to [1-5] are substituted into equation [1-1], all the terms in equations [1-2] to [1-5] must have these dimensions.

For example, consider the storage term in the energy balance equation.  In this equation,  represents the energy E, so the  -dimensions would be energy dimensions.  In the SI system, the energy would have units of joules (J), and the units for  would be J/kg.  The ρφ product would have units of J/m3.  The derivative of the ρ product with respect to time would have units of J/m3-s.  Multiplying this term by ΔxΔyΔz gives the final units for the storage term in the energy equation as J/s.

A similar analysis can be done for both the inflow and outflow terms.  The dimensions of ρuΔyΔz are (mass/length3)(length/time)(-dimensions/mass)(length2) which equates to -dimensions divided by time dimensions.  For the energy equation, this would be joules per second, which is consistent with what we found earlier for the storage (or transient) term.  Thus all terms in equation [1-1] to [1-5] will have dimensions of  divided by dimensions of time.  If the source term in equation [1-5] must have dimensions of  divided by dimensions of time, the Sφ term must have dimensions of  divided by dimensions of time and divided by dimensions of volume.  In the energy equation, the Sφ term would then have units of J/s-m3.

Combining all the quantities in equations [1-2] to [1-5], according to the verbal equation [1-1] and dividing by the volume, ΔxΔyΔz, gives the following result.
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[1-6]

Taking the limit as the differentials approach zero gives the definitions of the partial derivative.  This limit results in the following differential equation.
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[1-7]

Where we have defined
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Notation to Simplify Multidimensional Equations

The repetition in the directional terms is simplified by notation known as Cartesian tensor notation (sometimes called the Einstein convention).  In this notation, the coordinate directions and velocity components are given numerical subscripts.  The repetition of an index implies summation over all three coordinate directions (two directions in a two-dimensional problem.)  The usual coordinate system (x, y, z) is written as (x1, x2, x3).  The velocity components that we have written as (u, v, w) could also be written as (ux, uy, uz).  In Cartesian tensor notation, the velocity components are written as (u1, u2, u3).  Using the numerical notation for the spatial coordinates and the velocity components we can rewrite equation [1-7] as follows.
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[1-9]

With a conventional summation notation, we could write the second part of equation [1-9] as follows.
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[1-10]

In the Cartesian tensor notation the summation symbol is not used.  Summation over repeated indices is implied.  This we would write equation [1-10] as follows in this notation.
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[1-11]

Equation [1-11] is the same as equations [1-7] and [1-10]; it is just using a more compact notation to show that there are similar terms in each coordinate direction.

Forces on a Fluid Element – The Source Term for Momentum

The source term for the momentum balance equation comes from Newton’s second law expressed as the statement that the net force is the rate of change of momentum.  Thus, the balance equation for the momentum must have a source term has the dimensions of force.  The analysis of forces on a fluid element considers two kinds of forces.  Forces such as gravity or electromagnetic forces that act over the entire volume of the body are called body forces.  In contrast, forces such as pressure and viscous stresses act on the surfaces of a fluid element.

The main body force that is considered in fluid dynamics problems is gravity.  The general body force is written as ρB.  When written this way, B must have dimensions of acceleration.  This can be seen as follows.  The source term for all balance terms, , must have dimensions of  per unit time, per unit volume.  Since the dimensions of momentum are mass times distance over time, the dimensions of the source term for momentum (momentum per unit volume per unit time) must be (mass times distance over time) per unit volume per unit time.  Thus the source term represented by ρB has dimensions of mass divided by distance-squared and time-squared.  Since the dimensions of ρ are mass over distance-cubed, the resulting dimensions for B must be distance over time-squared or acceleration.  Since the body force has three directional components we will write these components as Bx, By, and Bz.  Alternatively, using the Cartesian tensor notation, we will write these components, in general, as Bi, i= 1, 2, 3.

Surface forces are represented by the notation σij, which denotes the normal or shear stress force on a face of the fluid facing direction i. This force is resolved into a component in each coordinate direction.  The j subscript denotes a particular direction.  For example, σyx denotes a force, acting in the x direction, on a control volume surface, facing the y direction. 

By convention, the force or stress is considered positive when it is exerted by the fluid above an element on the fluid below an element.  The net force on a fluid element due to a single component is the difference between forces on two sides of an element.  For example, the force on the y faces acting in the x direction is shown in the diagram on the next page.

Since stress is the force per unit area, the force that results from the stress, σyx,, is σyx times the area Δx Δz.  The net force in the x direction, due to the stress on the y-facing faces of the element is given by [σyx|y+Δy - -σyx|y] Δx Δz.  If we divide this net force (from one face in one direction) by the control element volume, Δx Δy Δz, we get the result shown in equation [1-12] for the net force per unit volume.
                            y, v                   Upper face in the

                                                     y direction.  The             

                                                     stress on this face, 

                                                     acting in the

                                        x, u       x direction is                                           Lower face of element,

                                                     σyx|y+Δy                                                    facing in the y direction.

                                                                    Δy                                            The stress acting on

                                                                                                     Δz           this face by the fluid

              z, w                                                                                                below is -σyx|y in the x
                                                                                Δx                                direction.
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[1-12]

In order to get the correct source term in the differential equation, we have to use the definition in equation [1-8], which requires that we take the limit as the control volume approaches zero.  In this limit, the last term in equation [1-12] becomes the partial derivative.
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[1-13]

There will be similar terms for the net x-direction force from faces in the x and z directions.  Writing out these terms and combining them with the y-face term gives the net force in the x-direction from surface stresses.
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[1-14]

If we repeated the analysis for the net surface-force source term in the y and z coordinate directions, we would obtain similar terms.  These are shown below.
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[1-15]
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[1-16]

Using numerical subscripts we can write each of these terms in the same form.  Further, using the Cartesian tensor notation we can write the net forces in one direction, say direction j, as a single partial derivative with implied summation over repeated indices.  In this manner, equations [1-14] to [1-16] can be written with the following notation.
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[1-17]

In the final term, the repeated index, i, implies summation.  The non-repeated index, j, indicated the direction of the force.  In subsequent equations for the work done by the surface forces we will use a summation over the j index as well.

The Mass Balance Equation

As noted in Table 1-1,  = 1 in the balance equation for mass.  Since mass is neither produced nor destroyed – we are ignoring the effects of relativity here – the source term Sφ = 0.  Thus, equation [1-10] can be written as follows for conservation of mass.
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[1-18]

This equation is simple enough so that we can write the full equation without Cartesian tensor notation in a fairly simple manner as follows:
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[1-19]

This is simply obtained from equation [1-18] by using the definition of the Cartesian tensor notation and switching to the use of (x,y,z) and (u,v,w) for the spatial and velocity coordinate systems, respectively.  It can also be obtained by setting  = 1 and Sφ = 0 in equation [1-7].  Equation [1-18] (or its equivalent form in equation [1-19]) is known as the continuity equation.
Using the product rule for differentiation, equation [1-18] may be rewritten as follows
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[1-20]

Note that both the second and third terms in this equation have repeated indices so that summation over all coordinate directions is implied for each term.  Thus, equation [1-20] may be written as follows
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[1-21]

The four terms with density derivatives in this equation are sometimes written as Dρ/Dt, which is known as the substantive derivative.  For any function, , this derivative is defined as follows:
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[1-22]

In the second definition above, the Cartesian tensor notation is used and summation is assumed over the repeated index, i.  Physically, the substantive derivative represents the change in properties with time, following a fixed element of mass as it moves through the fluid.  This is in contrast to the usual partial derivative (with respect to time) that measures the change in time at a fixed point in space through which the fluid flows.

Using the substantive derivative, the continuity equation may be written as follows.
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[1-23]

Here we have introduced a new term, Δ, that is called the dilatation.  Its definition is shown in the equation below.  For a constant density fluid the continuity equation can be written as follows.
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[1-24]

In a vector definition, the dilatation represents the divergence of velocity.  In a physical sense, the dilatation represents the relative change in density with time as we follow a fixed mass of fluid through the flow.  If there is a change in density, there must be a net inflow or outflow of mass to accommodate this change.

Alternative Form for the General Balance Equation and the Conservation Form

The general balance equation may be written in an alternative form as shown below.  We start with equation [1-11] and apply the chain rule of differentiation to obtain the following result.
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[1-25]

The term in brackets is just the continuity equation as shown in equation [1-18].  Since the right-hand side of this equation is zero, the bracketed term in equation [1-25] is zero, and we may write the general balance equation as follows.
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[1-26]

Equation [1-26] is the starting point for many analyses in fluid dynamics and convective heat and mass transfer.  It is a valid balance equation.  However, researchers in computational fluid dynamics have found that the finite-difference schemes derived from this equation have problems in their solution.  In particular, the finite-difference equations derived from the form of equation [1-26] will not conserve mass.  (For any balance equation with a zero source term, the quantity, , in the balance equation should be conserved.  In this special case, balance equations are sometimes called conservation equations.)  However, finite-difference equations based on the original balance equation form in equation [1-11] will conserve mass.  Because of this, all derivations of finite-difference equations for computational fluid dynamics start with equation [1-11].  This equation is sometimes called the conservation form because it conserves mass when converted to a finite difference formulation.*  Using this nomenclature we will call equation [1-26] the “non-conservation” form.

The process of deriving equation [1-26] is a two-way street.  If we have an equation in the form given by equation [1-26] we can reverse the derivation to get the form given by equation [1-11].

The Momentum Balance Equation

The total net force in direction j is the sum of the body force and the net surface force in that direction.  If we add the body force, ρBj, in direction j, to the net surface force in that direction, given by equation [1-17] we have the following expression in Cartesian tensor notation.
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[1-27]

With this force term, the general balance equation [1-11] for the momentum per unit mass in direction j ( = uj) can be written as shown below.  There are three such equations, one for each coordinate direction.
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[1-28]

For a Newtonian fluid, the stress, σij, is given by the following equation
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[1-29]

Here P is the usual thermodynamic pressure; δij is called the Kronecker delta.  It is 1 if i=j and zero otherwise.  The symbols μ and κ are called the dynamic and bulk viscosities; the latter is only important in high frequency sound wave problems and will not be considered further in these notes.

If you find this notation confusing, you should write equation [1-29] for σxy, the net surface force on the x face in the y direction.  To do this, you first write equation [1-29] with i = 1 and j = 2 as subscripts.  (What is the value of δ12 according to the definition of δ?)  Next, substitute x for i and y for j in the subscripts for σ.  Finally, substitute u and v for u1 and u2, respectively, and substitute x and y for x1 and x2, respectively.  The result will have a notation that is more readable than the notation in equation [1-29].  However, this more obvious notation for directions requires you to write nine such equations, all of which will have the same form as equation [1-29], to represent all the surface force terms.

We obtain the momentum balance equation for a Newtonian fluid by substituting the definition of σij in equation [1-29] into equation [1-28].
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[1-30]

The right-hand side of this equation has in implied summation in the repeated index i.  Since δij=0, unless i = j, the terms multiplied by δij can be written only once.  When this is done equation [1-30] can be written as follows:
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[1-31]

The reader who is still unsure of the i and j subscripts can write equation [1-31], three times, once for each coordinate direction.  The equation for x-momentum is shown below.  The momentum equations for the other two coordinate directions are left as an exercise for the reader.
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[1-32]

The original momentum balance in equation [1-28], with σij on the right-hand side, is valid for any relation between σij and velocity gradients.  This equation is starting point for analysis of non-Newtonian fluids.  Before such an analysis can proceed, it is necessary to determine the relationship between σij and other flow properties.  For the remainder of these notes we will use equation [1-28] and consider only Newtonian fluids.

The Energy Balance Equation

The source terms in the balance equation for total energy (thermodynamic plus kinetic plus potential) are the net rate of heat addition plus the net rate at which work is done on the fulid.  The heat flow term is written in terms of the heat flux (heat flow per unit area) in a particular direction, i.    This directional heat flux is given the symbol qi.  In the simplest flows, this equation is given the Fourier Law for heat conduction.
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[1-33]

The net contribution to the source term from the heat flow is found from an analysis that is similar to that done for the surface stresses in equations [1-12] and [1-13].  The net heat inflow in the x direction is qx|x – qx|x+Δx.  The heat flow at the x+Δx face has a negative sign because the heat flows out of the element at this face if qx is positive.  The x-direction source term is the net heat flow per unit volume.
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[1-34]

In order to get the correct source term in the differential equation, we have to use the definition in equation [1-8], which requires that we take the limit as the control volume approaches zero.  In this limit, the last term in equation [1-34] becomes the partial derivative.
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[1-35]

This analysis can be repeated in the other two coordinate directions.  This gives the total heat source term as the sum of three partial derivatives that can be represented as one using the Cartesian tensor notation.
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[1-36]

The derivation of the work term requires an analysis of the body and surface forces.  The rate at which work is done at any point in the fluid is the product of the force in a given direction times the velocity component in that direction.  For the body-force terms, the work rate is simply the product of ρBj with the velocity component uj summed over all three coordinate directions.


Body-force work rate = ρ(uBx + vBy + wBz) =ρuiBi
[1-37]

The analysis of the work done by surface forces is more complex.  On each face there are forces acting in all three coordinate directions.  These forces must be multiplied by the appropriate velocity component.  In addition, the work at the xi + Δxi face is done on the fluid and is thus positive; at the xi face, the element does work on the adjacent fluid, so the work term is negative.  The difference between there two is the net work.  As a specific example, consider the work done on the faces in the y direction.

                                               Upper face in the y direction. Work is done here

                                               on the fluid element by the fluid above.  On this

                            y, v             face we have surface

                                               stresses acting in each

                                               coordinate direction.  The

                                               force in each

                                    x, u     direction must be                                         Lower face of element,

                                               multiplied by the                                          facing in the y direction.

                                               velocity          Δy                                          Here the work is done by

                                               in that direction.                             Δz          the element on the fluid

              z, w                                                                                               below.

                                                                                Δx.

The work term on each face is given by the following equation:


y-face surface force work = (uσyx + vσyy + wσyz)Δx Δz =uiσiy Δx Δz
[1-38]

If we follow the same analysis used for the net heat source term above or the net stress force source term in equations [1-12] and [1-13], we will obtain the following result.
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[1-39]

A similar analysis in the other coordinate directions provides analogous terms.  The total work term is given by adding the terms in all coordinate directions.
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[1-40]

The final term in equation [1-39] has two repeated indices with an implied summation.  Thus, this single term represents the sum of nine different partial derivatives.  The reader should ensure that she or he can write out all nine terms using the coordinates x, y, and z, and the corresponding velocity components u, v, and w.

The energy balance equation is another form of the general balance formula given by equation [1-11].  Here the per-unit-mass quantity, φ, in the energy equation is the sum of the (per-unit-mass) thermodynamic internal energy, e, and the kinetic energy, V2/2.  The source term is the sum of the heat source from equation [1-36], the body force work from equation [1-37], and the surface force work from equation [1-40].  This gives the following result for the energy balance equation.



[image: image38.wmf]i

i

j

ji

i

i

i

i

i

B

u

x

u

x

q

x

e

u

t

e

r

s

r

r

+

¶

¶

+

¶

¶

-

=

¶

+

¶

+

¶

+

¶

)

2

/

(

)

2

/

(

2

2

V

V


[1-41]

We could stop here, since we now have an energy balance equation.  However, many different forms of the energy equation are used in practice.  These equations include a separate consideration of the thermodynamic internal energy and kinetic energy balances and the substitution of other thermodynamic properties – enthalpy and temperature – in place of the internal energy.  The derivation of these equations is presented below.

Alternative Energy Balance Equations

The kinetic energy can be eliminated from the total energy equation as follows.  First, we can use the result of equation [1-26] to cast the energy equation in [1-41] into a non-conservation form.
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[1-42]

Similarly, we can use the result of equation [1-26] to write the momentum balance from equation [1-28] in a non-conservation form.
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[1-43]

Equation [1-43] represents three different equations for the conservation of momentum, one in each coordinate direction.  The next step in the current derivation is simplified by the use of the Cartesian tensor notation.  If we had three equations for x, y, and z momentum, we would multiply the x-momentum equation by u, the y-momentum equation by v, the z-momentum equation by w and add the three results.  We can obtain the same result by multiplying equation [1-43] by uj, and applying the summation convention.



[image: image41.wmf]ú

û

ù

ê

ë

é

+

¶

¶

=

¶

¶

+

¶

¶

j

i

ij

i

j

i

j

j

B

x

x

u

u

t

u

u

r

s

r

r


[1-44]

Since each term in equation [1-44] now has a repeated j subscript, we have an implied sum over this subscript.  Thus, equation [1-44] represents the task we outlined above of multiplying each momentum balance equation by the corresponding velocity component and adding the results.  We can make one further simplification to equation [1-44].  In the two derivatives on the left-hand side we have terms of the form ujduj.  From the summation convention, we know that this term, with its implied summation, is equal to udu + vdv + wdw = d(u2/2) + d(v2/2)+d(w2/2) = d(u2 + v2 + w2)/2 = d(V2/2).  With this relationship, equation [1-44] may be written as follows.
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[1-45]

This equation can be subtracted from the total energy balance in non-conservation form given by equation [1-42] to get a balance equation for the thermodynamic internal energy, e.
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[1-46]

Of course we can use the result that the left-hand side of this equation can be written in either the non-conservation form, shown above, or the conservation form.  We use the result that the general non-conservation form in equation [1-26] is equivalent to the general conservation form in equation [1-11].  Applying this general result to equation [1-46] gives the equivalent conservation form below.
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[1-47]

Further versions of the thermodynamic energy equation can be derived.  Equation [1-46] is the usual starting point for these derivations.  The first step is to introduce the enthalpy, defined as h = e + P/ρ.  Differentiating this enthalpy definition gives the result that dh = de + dP/ρ  - Pdρ/ρ2.  We can use this result to substitute the enthalpy for the internal energy in equation [1-46].  To simplify the derivation, we use the substantive derivative De/Dt.
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[1-48]

From the continuity equation forms shown in equations [1-23] and [1-24], we can write Dρ/Dt as ‑ρΔ.



[image: image46.wmf]D

-

=

¶

¶

-

=

r

r

r

i

i

x

u

Dt

D


[1-49]

Substituting this result into equation [1-48] gives:
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[1-50]

We can introduce the temperature, T, by using the general relationship between the thermodynamic internal energy (or the enthalpy) and other thermodynamic properties:
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[1-51]
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[1-52]

The quantities βP and κT are fluid properties giving the relative change in density at constant pressure and temperature, respectively.  These are formally defined as follows:
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 EMBED Equation.3  [image: image51.wmf]
[1-53]

For an ideal gas (P = ρRT), βP = 1/T, and κT = 1/P.  In this case, equations [1-51] and [1-52] simplify to de = cvdT and dh = cpdT.
Substituting equation [1-52] into equation [1-50] gives a differential equation for temperature that uses the constant pressure heat capacity, cP.
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[1-54]

Combining the DP/Dt terms gives the following result.
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[1-54]

We can also obtain an equation for the temperature that uses the constant volume heat capacity, cv.  This is done by substituting equation [1-51] into equation [1-46].
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[1-55]

We can use the result that Dρ/Dt = –ρΔ, from equation [1-49] to simplify equation [1-55].
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[1-56]

We can write equation [1-50] for the enthalpy balance and equations [1-54] and [1-56] for the temperature in conservation form.  These results are given below.
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[1-57]
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[1-58]
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[1-59]

Substitutions for Stresses and Heat Flux

Up to this point we have kept the equations completely general.  In order to solve an energy equation we have to have some definition for the heat flux and the stress forces in terms of other fluid properties.  For the stress terms, we will use the relations for a Newtonian fluid given by equation [1-29].  For the heat flux, we will use the Fourier relationship given in equation [1-33].  In more complex problems, particularly those involving high-temperature reacting flows, the usual Fourier heat flux may need to be augmented by one or more of the following:

· radiation heat flux,

· diffusion-thermo, i.e., a heat flux due to a temperature gradient, and

· enthalpy diffusion (a usually ignored term associated with the diffusion of species with different enthalpy values, 

Using only the Fourier Law heat transfer, the source term involving the heat flux in the energy balance equation can be written as follows.
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[1-60]

Substituting equation [1-60] and equation [1-29] for the Newtonian stress relation into equation [1-47] for the thermodynamic internal energy balance, we obtain the following result.
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[1-61]

From the definition of the Kroenecker delta, (δij = 1 if i = j and zero otherwise), and the definition of the dilatation, Δ, we can simplify the terms in this equation that involve δij as follows.
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[1-62]

With this simplification, equation [1-61] becomes.
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[1-63]

The terms that are multiplied by the viscosity can be shown to be a sum of perfect squares, which must always be positive.  These terms represent the dissipation of mechanical energy into heat.  They are usually small except for high Mach number flows.  These terms are defined as the dissipation and are usually given the symbol, Φ.  In there notes we will use the symbol ΦD to represent the dissipation to avoid confusion with the general quantity in a balance equation.  The dissipation is simply defined as all the terms in equation [1-63] that contain the viscosity.
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[1-64]

With this definition, equation [1-63] may be simply written as follows.
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[1-65]

The temperature gradient in the Fourier law conduction term may also be written as a gradient of enthalpy or internal energy by using equations [1-51] or [1-52].
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[1-67]

Substituting equation [1-67] into equation [1-65] gives the following result.
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[1-68]

In the deriving equation [1-68], we started with the energy balance equation for the thermodynamic internal energy and took the following steps: (1) substituted the Fourier Law expression for the heat flux, (2) substituted the Newtonian fluid stress relations, (3) did some simplifications and defined a dissipation term, and (4) substituted an energy gradient for a temperature gradient.  If we started with equation [1-57] for the enthalpy balance and took the same steps we would obtain the following result.
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[1-69]

If we started with the temperature equations [1-58] or [1-59], involving cv or cp, respectively, and repeated the process outlined in the paragraph above equation [1-69] we would obtain the equations shown below.  (In these cases, we keep the temperature gradient in the final equations instead of substituting an energy or enthalpy gradient.)



[image: image69.wmf]Dt

DP

T

x

T

k

x

x

T

u

t

T

c

P

i

i

i

i

p

b

r

r

+

+

¶

¶

¶

¶

=

ú

û

ù

ê

ë

é

¶

¶

+

¶

¶

D

Φ


[1-70]



[image: image70.wmf]D

+

+

¶

¶

¶

¶

=

ú

û

ù

ê

ë

é

¶

¶

+

¶

¶

T

P

i

i

i

i

v

T

x

T

k

x

x

T

u

t

T

c

k

b

r

r

D

Φ


[1-71]

The Species Balance Equation
For this equation, φ is the mass fraction of species K, W(K).  (The mass fraction symbol W(K) – for weight fraction, which is the same as mass fraction – to avoid confusion with the w velocity component and the mass, m.  A superscript is used for the species index to avoid confusion with the coordinate subscripts.)  The source term is due to the diffusive flux and the species production by chemical reaction.  In a multicomponent mixture, the different species will move at different velocities as they mix.  (If a fully mixed system, all species move with the same velocity.)  The velocity component of species K in the ith direction is called the particular velocity of species K (in direction i) and is given the symbol ui(K).  The usual velocity component that was used in our balance equations, uj, is called the mass-average velocity, when dealing with mixtures.  This mass-average velocity is given by the following equation.
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[1-72]

The diffusive flux of species K, in the ith direction, has the symbol, ji(K), and is given by Fick’s Law, shown in the following equation.
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[1-73]

If we look at the inflow and outflow of species K, with its particular velocity component, ui(K), across the various faces of a control volume, we can write a balance equation by noting that the net storage and outflow must be balanced by the chemical production of species K, r(K).  This gives the following balance equation.
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[1-74]

Substituting equation [1-73] into equation [1-74] gives the following result.
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[1-75]

This is the basic species balance equation.  In order to proceed further with the solution of this equation we need to relate the diffusive flux to fluid properties.  For an isothermal, binary system the diffusive flux is given by Fick's Law.  This defines a property known as the binary diffusion coefficient; for the diffusion of two species, A and B, this coefficient is written as DAB.  Fick’s law is then written as follows.
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[1-76]

A full consideration of the relationship between diffusive fluxes and flow properties would have to consider many additional effects that can contribute to a diffusive flux.  These other effects include thermal diffusion, pressure diffusion, body force diffusion, and the diffusion of one species due to concentration gradients in other species.  An accurate picture of diffusion in multicomponent mixtures may not be helpful when turbulent flows are involved.  In such cases, a simple picture of the laminar diffusion process will suffice since that process will usually be overwhelmed by the turbulent diffusion.  In this simple picture, an average diffusion coefficient for the individual species in the mixture will be assumed and the diffusive flux for any individual species will be assumed to follow Fick's law.  For simplification we assume that we can define an average diffusion coefficient for a species K in a mixture, DK,Mix, by one of the following equations.
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[1-77]

With this definition of an average diffusion coefficient, we can write the diffusive flux, for a mixture with any number of components by the following approximate equation.
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[1-78]

If we substitute this equation for the diffusive flux into the species balance given by equation [1-75], we obtain the following result.
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[1-79]

This is our general species balance equation.

The General Equation
All the equations derived in the previous section have the following kinds of terms

· A transient term given by a time derivative

· A set of convection terms involving first order derivatives in the three coordinate directions and the velocity components in those directions

· A “diffusive” term that involves a second derivative in all space dimensions of the per-unit-mass quantity in the balance equation.  All such terms involve coefficients such as viscosity, thermal conductivity, or the diffusion coefficient.  They are associated with irreversible processes that tend to smooth out gradients in flows.

· Other terms, including source terms for the quantity in the balance equation

This can be most clearly seen in the species balance equation that we just derived.  We can identify the four kinds of terms in equation [1-79] as shown below.
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[1-80]

Here we have identified the second-derivative terms as representing a diffusive process.  In the other equations that we have seen the second derivative terms represented viscous stresses and heat conduction.  All of these processes have similarities at a molecular level and we can loosely use the name of diffusive for the second derivative terms in all the other balance equations that we have seen.

In expanding the nomenclature we have written above to other equations, we will rewrite equation [1-80] in the more general form shown below.
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[1-81]

In this equation c = 1 in all equations except for the temperature-based energy equations where c may represent cP or cv; Γ(φ) represents some transport property such as the viscosity or thermal conductivity divided by heat capacity.  It will generally have dimensions of mass/(length times time).  In SI units, the typical Γ(φ) will be measured in kg/m-s.  The “Source” term is a combination of true source terms, such as the production of species by chemical reactions and other terms that do not fit into the classification of transient, convection and diffusive.

In this formulation, we can represent the equation as follows.


Storage + Convection = "Diffusion" + "Source"
[1-82]
The words transient and convection accurately describe the terms in the general equation.  The second-derivative term is truly diffusion only in the species balance equation.  However, in all the other equations, these terms represent some sort of transport (momentum, heat, or mass) that is driven by a gradient term.  As noted above, the "Source" term will contain terms that arise from phenomena other that true source terms.  In many cases, these other terms may be negligible, especially in cases where properties are constant or in the case of ideal gases.

When we derive the numerical analysis equations for the differential equations representing balance phenomena, we will start with equation [1-81].  The numerical algorithms that we derive for this equation can be applied to any balance equation.  We do need to keep in mind the actual meaning of the different terms in equation [1-81] for the various balance equations.  These terms are shown in Table 1-2.  The derivation of these source terms is outlined below.

The basic momentum balance in equation in the jth direction is given by equation [1-31], which is copied below.
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[1-31]

This equation may be rearranged as follows
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[1-83]

We can identify the transient, convective, and diffusive terms.  All the remaining terms are considered the “Source” term.  Thus, we define the “Source” term for the momentum in the jth direction as follows.
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[1-84]

With this definition, the general form for the momentum balance equation in direction j can be written as follows.



[image: image84.wmf])

(

j

i

j

i

i

j

i

j

S

x

u

x

x

u

u

t

u

+

¶

¶

¶

¶

=

¶

¶

+

¶

¶

m

r

r


[1-85]

For many numerical methods, it will be useful to address the pressure term in the momentum as a part of the solution algorithm.  We consider the subdivision of the source term into a pressure gradient term and the remaining terms in equation [1-85] in the text following Table 1-2.

We can get a special case of the momentum equation for no body force terms and constant properties.  For no body forces, Bj = 0.  For constant density, Δ = 0.  For constant viscosity, we can bring μ outside the derivative.  When we do all these three things, we get the equation below that we can manipulate in steps.  First, we change the order of differentiation in the mixed second derivatives that are multiplied by the viscosity.  When we do this, we obtain the dilatation, Δ, which is zero for a constant density fluid.  Thus, for the simplest case considered here (constant density and viscosity and zero body force terms) the source term in the momentum equation is simply the pressure gradient.
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[1-86]

The source terms in the various energy equations are simply found by inspection of equations [1-68] through [1-71] which are copied below.  In each of these equations, the transient and convective terms are on the left-hand side and the diffusive term is the first term on the right-hand side.  All the remaining terms on the right-hand side, for each of these, equations, is the source term.  The source term for each of these equations is shown in Table 1-2.
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[1-68]
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[1-71]

The various forms of the energy equation may be simplified in the following cases:

· For low Mach number flows, the dissipation is very small and can be ignored

· For constant density flows, the dilatation, Δ, is zero as are any other density derivatives.

· For ideal gases, βP = 1/T, κT = 1/P

For low-Mach-number, constant density flows, the source terms in the energy equation and the temperature equation involving cv are zero.  There is a difference between an incompressible flow and a constant density flow.  A constant density flow is one in which the density is constant.  An incompressible flow is one in which the Mach number is nearly zero.  In an incompressible flow the density may change because of temperature, but the effect of pressure on density may be ignored.  Thus, a furnace may be analyzed as an incompressible flow.  The large temperature variation in the furnace leads to large density variations.  However, the pressure changes in the furnace that are used in the momentum equation are very small compared to the average pressure.  Such a flow may be analyzed as an incompressible flow, but it is not a constant density flow.

	Table 1-2 – Identification of Terms in the General Balance Equation

	φ
	c
	Γ(φ)
	S(φ)

	1
	1
	0
	0

	u = ux = u1
	1
	μ
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Pressure in the momentum equations
CFD solutions must determine the pressure as well as the velocity components.  Because of this, it is necessary to explicitly treat the pressure term, which is listed as part of the source term in Table 1-2.  To do this, we define a new source term for the momentum equations, S*(j), which is the same as the source term in Table 1-2, except that the pressure term is removed.  To do this we rewrite the general momentum equation [1-85] as follows.
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[1-87]

The new source terms for equation [1-87] are shown in Table 1-3.

	Table 1-3 – Identification of Terms in the General Momentum Equation

	φ
	c
	Γ(φ)
	S*(φ)

	1
	1
	0
	0

	u = ux = u1
	1
	μ
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Note that the general momentum equation [1-87] has the same form as the general transport equation [1-81], except for the addition of the pressure gradient term.  This allows differencing schemes developed for the general transport equation to be applied to the momentum equation with additional steps required to handle the pressure terms.

Time derivative approach
An alternative approach to the treatment of pressure, often used in compressible flows and in some finite-element approaches, uses first-order, time-derivative equations.  In this approach the various flux terms and their constitutive relations are treated as separate equations in the numerical algorithms.  In these approaches the total stress term, σij, is written as the sum of the pressure, p δij, and the viscous stress, (ij.
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[1-88]

Comparing this equation with equation [1-29] for σij shows that the viscous stress term is given by the following equation.
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[1-89]

Over overall momentum balance, in of the stress, was given by equation [1-28], which is copied below.
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[1-28]

Using equation [1-88] we can rewrite this general momentum balance equation as follows
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[1-90]

Recall that the summation convention over repeated indices means that the term 
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Equation [1-90] uses only first order derivatives, but it is necessary to use equation [1-89] to compute the viscous stress terms, (ij, in this equation.  (Because the viscous stress terms are symmetric – i.e., (ij = (ji – it is in only necessary to compute six of the nine different (ij terms.)

The solution of CFD equations, using differential equations that have only first derivatives, also uses equations [1-18], [1-41], and [1-75], copied below, for mass, energy, and species balance.
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[1-18]
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[1-41]
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[1-75]

We can use equation [1-88] to replace σij, in the energy balance equation by the pressure and the viscous stress, (ij.  Doing this and using the fact that δij = 0 if i is not equal to j, allows us to rewrite the energy balance equation as follows:
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[1-91]

Since the subscripts are used as summation indices, we can replace i by j on the convection term and the heat flux gradient term without changing the result.  Doing this allows us to rewrite equation [1-91] as follows
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[1-92]

CFD practitioners who use the first-derivative approach derive a general algorithm from writing a vector form of the equation.  This form summarizes the continuity equation [1-18], the three momentum equations implied in equation [1-90], the energy equation of equation [1-92] and the species balance of equation [1-75].  The equation they use is written as follows.
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[1-93]

Where the terms U, E, F, G, and H are vectors (one-dimensional column matrices) defined by the following equations:
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[1-94]
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[1-95]
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[1-97]

The algorithms that use this format typically solve for the U matrix components.  (In equations [1-94] and [1-98], the Ui terms refer to the components of the U vector, not to velocity components, ui.)  Then the various flow properties are found from the following equations:
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[1-98]

The use of these equations in CFD algorithms is based on the general equation [1-93].  Any numerical schemes developed for this equation are applied successively to each component of the vectors U, E, F, G, and H.  This allows a uniform approach to all equations, and no special treatment of pressure is required.  In this approach, the pressure is usually obtained from an equation of state, P = P(,T), typically the ideal gas law.  This assumes that we have a compressible flow problem where we can apply an equation of state.
In the equation set above we have talked about six simultaneous equations; where we have only one chemical species equation.  In a multicomponent system we would have one equation for each chemical species in the flow.  Thus if we had n chemical species, we would have 5+n equations to solve.  The unknowns, as shown above, are the density, three velocity components, the internal energy and the mass fractions of the n chemical species present.  (As before, we also have to use an equation of state to find the unknown pressure.)
Appendix – Derivation using vector calculus

The previous results were all derived using a Cartesian coordinate system.  We can use results from vector calculus to derive similar equations for an arbitrary coordinate system.  These results are used in CFD formulations that use arbitrary grid coordinates.  As before, we consider a general balance equation for some physical quantity, Φ, in terms of the per-unit-mass quantity, φ.  If we consider a general volume, Ω, in which properties may be varying, we can determine the total amount of Φ as the integrated total over the volume.  Thus, we define Φ as follows.
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Again we have a physical balance equation.  The time rate of change in Φ equals the net inflow plus the source.  The net outflow, which is the negative of the net inflow, takes place through the surface area, Σ, that encloses the volume Ω.  The flow can take place by convection or through a “diffusive” flux such as viscous momentum transport or conduction heat transfer.  We can express this verbal balance as the following integral equation.
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[1A-2]

In this equation, v is the velocity vector and n is a (dimensionless) unit normal vector that is perpendicular to the surface and points outward.  The dot products ρφv∙n and dφ∙n are the convective and diffusive fluxes of Φ flowing out of the volume, Ω.
  The source term, Sφ has the same definition as in equation [1-5].  The surface integral can be converted to a volume integral using the Gauss divergence theorem.
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[1A-3]

This equation applies to any vector, f.  In particular, we can use this equation for the vector ρφv, in equation [1A-2] to obtain the following result
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[1A-4]

If we consider the limit of equation [1A-4] as the volume element, Ω, shrinks to zero, the integrands in the equation must satisfy the overall equation.  This gives the usual differential equation.
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[1A-5]

The terms in equations [1A-4] and [1A-5] do not depend on the specific coordinate system used.  Thus, they can apply to any coordinate system.  The integral balance equation in [1A-4] is used as the starting point for numerical methods in general coordinate systems.

The mass conservation equation is the simplest one to consider.  For this equation, φ = 1 and there are no diffusive flux or source terms.  The mass conservation  or continuity versions of equations [1A-4] and [1A-5] are then written as follows.
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[1A-6]

If we consider the limit of equation [1A-4] as the volume element, Ω, shrinks to zero, the integrands in the equation must satisfy the overall equation.  This gives the usual differential equation.
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[1A-7]

The diffusive flux vector is typically expressed as a gradient of some other function such as the Fourier Law for heat transfer.  (However, as noted above ion the discussion between equations [1-59] and [1-60], the actual heat flux may be much more complex than the simple Fourier law.)  The previous discussion in the Cartesian coordinate system may be also reproduced in vector from for the generalized coordinate system used here.
In equation [1-29] we defined the stress components, σij, for a Newtonian fluid, in terms of Cartesian coordinates.  We can express these nine components as a stress tensor, S.  We first define the deformation or rate-of strain tensor, which has the following components in Cartesian coordinates.
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[1A-8]

Using this definition, we can rewrite equation [1-29] in its tensor form for Cartesian coordinates as follows
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[1A-9]

In this equation we have displayed the stress tensor, S, using its Cartesian components.  We can write the general form of the stress tensor, for an arbitrary coordinate system, by defining the identity tensor, I, and the deformation of rate-of-strain tensor, D.  For any coordinate system, we can write the “diffusive” flux for a Newtonian fluid as its stress tensor, using the following equations.
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[1A-10]
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[1A-11]

In this definition, grad v is the gradient of a vector, which is a second order tensor.  We will find it convenient to separate the pressure term from those containing the viscosity.  To this end we define the viscous stress tensor, T, as follows.
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[1A-12]

The stress and deformation tensors, written in equations [1A-10] to [1A-12] do not depend on the coordinate system.  We can write equation [1A-4] as a momentum balance equation in which we regard the quantity φ as the velocity vector, v.  This makes the equation a vector equation and the term vv is called a dyadic product.  It represents a second-order tensor that has nine components.  The integral momentum equation can be written for the vector velocity in two forms, without and with the Gauss divergence theorem.  Both results are shown below where B represents the body force term divided by the density; i.e., B has dimensions of acceleration.
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[1A-14]

For a general scalar equation, where the diffusive flux is given by the equation dφ = –Γ(φ)grad φ, the integral balance equations become
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[1A-15]
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[1A-16]

The integral conservation equations derived in this appendix are used in finite-volume approaches to CFD.  They are particularly useful in applications to complex geometries where a simple rectangular coordinate system is not readily applicable.
* Both equations [1-11] and [1-26], in a differential equation format, accurately represent the conservation of any quantity with a zero source term.  It is only in the conversation to a finite difference equation that this conservation is violated.  For some CFD applications the non-conservation form is used.


� Recall that the dot product v∙n gives the component of v in the direction of n.  Since n is defined to be normal to the surface, v∙n is the component of the velocity, v, that is in the direction leaving the volume.  The term ρφv∙n i, which has units of (phi units)/(area)/(time) represents a flux of Φ.  Integrating this flux over the entire surface enclosing the volume gives the net outflow, the negative of which is the net inflow. A similar argument applies to the diffusive flux, dφ, which has the same units as ρφv.  Typically this flux is given as a gradient such as the heat flux, q, which is given by Fourier’s Law as q = -k(T.


� This is consistent with the definition � EMBED Equation.3  ���in equation [1-88].  The components of the stress tensor, T, are ij.
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