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Introduction

Although there is a strong confidence in our ability to solve the Navier Stokes equations on
modern computers, that confidence is limited to laminar — not turbulent — flows. Unfortunately,
most flows of engineering interest are turbulent. Although there have been some solutions of the
Navier Stokes equations directly for turbulent flows (a process known as DNS for direct numerical
simulation), these computations are not practical for engineering analysis. They require
extensive computer resources, are applicable only to simple geometries, and do not directly
provide the average quantities of interest in engineering design.

Instead of direct simulation, CFD applications to turbulent flow use models. These models range
from simple algebraic models to those which require the solution of one or more partial differential
equations. In general, the more complex the flow, the more complex of a turbulence model is
required. Particular problems occur in modeling turbulence with large amounts of swirl as occurs
in combustors and turbomachinery.

These notes begin with a simple discussion of turbulence and move on to the formal statistical
analyses that are used in turbulence. We will see that the formal statistical analysis leads to a
closure problem that requires additional assumptions to model physical processes.

The most important idea in these notes is that the choice of wall boundary conditions that you use
for turbulent flows determines limits on the grid spacing. The choice to (a) model the laminar
sublayer at a wall or to (b) use wall functions sets conditions on the grid size near the wall that
must be followed to ensure a correct solution.

What is turbulence?
The transition between laminar and turbulent flow, in any geometry, is characterized by the

Reynolds number, Re, based on the appropriate characteristic velocity, U, and the appropriate
length parameter, L, for the flow.

Re=— [7-1]

As usual, v is the kinematic velocity. When the Reynolds number is below a critical level, the flow
is laminar. Increases in the Reynolds number above this critical level lead to a transition region,
and further increases lead to a fully turbulent region.

" For free convection flows, the borders between laminar, transition and turbulent flow are
ATL 1(0
ﬁg—, where ff=—— o is the coefficient of
va P P

thermal expansion, which equals 1/T for an ideal gas, g is the acceleration of gravity, AT is a
characteristic temperature difference, and a is the thermal diffusivity.

determined by the Rayleigh number, Ra =
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Turbulence is characterized by random behavior. The value of the flow properties (velocity
components, temperature, species concentrations) at any point in the flow vary in a random
manner over time. This random variation may be about a constant (steady-state) average, or it
may be about some overall average trend in time.

Turbulence is a three-dimensional phenomenon. A fully developed laminar flow in a cylindrical
pipe varies only in the radial direction. (There is no variation in the angular coordinate or down
the length of the pipe after the flow becomes fully developed.) However, if such a flow were
turbulent, there would be variation in the flow in all three coordinate directions.
urbulen

Turbulent flows are characterized by turbulent eddies. In
pictures of turbulent flows we see underlying structures that
move (translate) and rotate in the mean flow. These
underlying structures are called turbulent eddies. When we
examine a visualization of a turbulent flow we see that these
eddies have many different length scales. The largest eddies
have a characteristic velocity and length scale that are of the
same order of magnitude as the characteristic velocity and
length scale (U and L) for the main flow. In these large eddies
(with large Reynolds numbers) the inertia effects dominate and
viscous effects are negligible. [Recall that the Reynolds
number is a measure of the ratio of inertia forces (pU ) to
viscous forces (MU/L).]

Laminar

The main flow (at some mean velocity like U) supplies energy
to the large eddies. This increases their rotation rate and —
decreases their size. The larger eddies supply smaller eddies with energy. This creates the
following energy cascade.

1. The kinetic energy from the main flow is transferred into kinetic energy of the larger
eddies.

2. The kinetic energy from the larger eddies is transferred into the kinetic energy of the
smaller eddies.

3. The kinetic energy of the smallest eddies is dissipated by viscous effects.

In this way, the turbulence produces increased energy dissipation (and hence increased pressure
loss) for the flow. The turbulence structures provide a mechanism by which energy is
transformed from the main flow kinetic energy into viscous dissipation.  This mechanism is not
present in laminar flows. Although turbulence increases pressure drop because of this energy
transfer to viscous forces, it also produces increased mixing rates that are important in heat
transfer, mixing processes, and combustion.

’ Although smoking is not permitted in campus buildings, all of us have probably noticed the
smoke from a burning cigarette, which provides a good visualization of the development and
structure of turbulent flows. This flow usually starts as a laminar flow next to the cigarette, then
goes through a transition region to a turbulent flow. In the turbulent flow there are many eddies
with varying characteristic sizes. These eddy structures persist for a while then break up. This is
illustrated in the photograph shown here taken from the web site shown below:

Humphrey Bogart_by Karsh_(Library_and_Archives_Canada).jpg

" Lewis F. Richardson (1881-1953), who wrote an Article entitled “Numerical Prediction of
Weather Process: in 1922, wrote a poem that characterizes this process.

Big whorls have little whorls

That feed on their velocity

And little whorls have lesser whorls

And so on to viscosity.
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The typical lengths of the smallest turbulent eddies are about 10™* to 10™° meters in turbulent flows
that are typical of engineering applications. A direct numerical simulation of turbulent flows would
require a computational grid small enough to resolve these length scales while being able to span
the entire item being designed. Even for a small item with a length of 0.01 m, 100 to 1000 grid
nodes would be required in each coordinate direction. For a three-dimensional flow this means a
total of 10° to 10° grid points. Such a large number of grid nodes, even for a very small scale
device, makes DNS impractical for applications to typical engineering devices.

Time-averaged Navier-Stokes equations (RANS)

In order to analyze the random nature of turbulent flow, we write the typical flow property, @, as
the sum of a time-average property, @, and a fluctuating property, ¢’. We will first define what we
mean by these quantities and then derive some general results for them. We will next use those
results to derive the time-averaged Navier Stokes equations for turbulent flows. The resulting
equations are often called the Reynolds-Averaged, Navier-Stokes (RANS) equations in honor or
Osborne Reynolds who first proposed this approach.

The formal definition of the division into a time average and a fluctuating quantity is shown below.

p=p+¢' [7-2]

The time average property, @ , is defined by the following equation.

q_oz— j gt [7-3]

In this equation the averaging period, At, is assumed to be large enough to obtain a meaningful
average. In transient flows (where the mean quantities are changing with time) the averaging is
done by the use of an ensemble approach. However, the result is the same; there is an average
property and a fluctuation due to the turbulence. In the transient flows the ensemble average is
regarded as the average that would be obtained if the same transient flow were studied several
times and the measurements of each study were averaged.

From the definitions of the average and the fluctuating quantity we can see that the average of a
fluctuating quantity is zero.

At
¢'=— I(cp o)t = t!@dt——fcpdt—cp cp—fdt ¢-9=0 [7-4]

In equation [7-4] we used the important result that the average of an average flow quantity is
simply the original average. However, if we examine the average of two flow quantities, we do
not get that result. This is shown below where ¢ and y are used to denote two different flow
quantities.

A A
o= (o= 0 - k= Jowat— [ at— oot [
At

—gm// '[dt—go Jl,z/dt—go _[y/dt+—'[¢)y/dt—goy/ 0- O+ij.gowdt

[7-9]
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The overall result of equation [7-5] is usually summarized as follows.
Yo =y +o'y [7-6]

Here we see that the average of the product consists of two terms. The first is the product of the
averages. The second is the average of the product of the fluctuations. Only if these fluctuations
were perfectly anticorrelated would this average of the product be zero. It is this basic result that
provides an introduction to turbulence quantities in the time-averaged Navier-Stokes equations.

Equation [7-6] tells us that the average of the product of two fluctuating quantities, which may be
the same, will typically not vanish in a turbulent flow. We can use this result to define the root
mean square average as our typical measure of the magnitude of a turbulent fluctuation. We
define this quantity as follows.

Pons = (9 I (¢')’dt [7-7)

The velocity fluctuations in a turbulent flow, using Cartesian coordinates and the usual velocity
components, are u’, v’, and w’. The kinetic energy of the turbulence, k, is given by the sum of the
squares of these velocity fluctuations.

= lwy+ @+ ] 78

We see that this is a typical fluid mechanics “kinetic energy” term, which is actually a kinetic
energy per unit mass.

The time average of the spatial derivative of a flow quantity, ¢, is found as follows.

op 170
ifpedlielE

Thus the average of the derivative (with respect to the coordinate x;) is simply the derivative of the
average. This result applies to derivatives of any order.

We are now ready to derive the time-average Navier-Stokes equations. We start with equation
[1-81]; this general transport equation is copied below.

C @_}_M = ir(rﬂ)a_(o+5(¢) [1-81]
ot OX. OX. OX.

To simplify the derivation, we will assume that we have constant properties and a zero source
term. Further assume that we have a steady problem so that the time derivative is zero. We will
divide the equation by the product, pc, and write our initial equation as follows.

N _ (0 ¢
OX; OX; OX;

[7-10]
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In this equation we have defined y'* as follows

(9)
7 = % [7-11]

Recall that in the general equation ¢ = 1 unless ¢ is the temperature in the energy equation. In
most cases, then, the denominator in equation [7-11] is simply the density, p. If ¢ represents the
temperature in the energy equation then ¢ = ¢, or ¢,, depending on the equation. In the
momentum equation, y " would be the kinematic viscosity, v = w/p; in the energy equation with
temperature it would be the thermal diffusivity, a. = k/pc,. (Note that for the momentum equat|on

Vis the dynamic viscosity, u, and for the energy equation, with temperature as the variable, re
is the thermal conductivity.)

We want to obtain the time average of the entire transport equation in [7-10]. We do this by
substituting both sides of this equation into the definition of the time average from equation [7-3].

At
te te OX; OX;

Both sides of equation [7-12] are averages of spatial derivatives. We can use the result of
equation [7-9] that the average of (spatial) derivatives are simply the derivatives of averages to
rewrite equation [7-12] as follows.

[7-13]

We can use the result of equation [7-6] for the average of a product to rewrite equation [7-13] as

follows.
6(Ui p+uU @ ): 7/(¢)i8_§0 [7-14]

0% OX; OX

If we compare equations [7-10] and [7-14], we see that the time averaged equation in [7-14] has
two differences. The first is that the average quantities appear in [7-14] in place of the
instantaneous quantities in [7-10]. The second change is the addition of the correlation term
involving the average of two fluctuating quantities. This is the mathematical term that leads to
problems in the computations of turbulent flows using the time-averaged Navier Stokes
equations.

When we use the general balance equation to represent the continuity equation, we take ¢ = 1
and I = 0. In this case the fluctuation term vanishes and we have the constant-property, steady-
state equation for turbulent flows as follows.

oy,

=0 7-15
o [7-15]

In principle, we could take the time average of equation [7-14] to get a differential equation for the
correlation terms. However, this would introduce new, higher order correlations. This creates
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what is known as the closure problem. At some point we have to give up using the time averages
and try to use models for the correlation terms. This is the next topic of these notes.

Introduction to models of turbulent flows

The general approach for modeling the fluctuation terms is based on the Boussinesq assumption
that this additional term can be modeled in the same was as a viscous or diffusive flux term. That
is we assume that we can use an equation like the following.

0'o= — t(w)%

[7-16]

Here, the “t” subscript on the generalized transport coefficient, vy, indicates that we are defining a
transport coefficient for turbulent flow. With this definition, we can rewrite equation [7-14] as
follows.

olup) () + )i@ [7-17]

ox, ©ox ox,

With this formulation, the basic balance equations for turbulent flow have the same form as the
equations for laminar flow. Thus we can use the same computational algorithms for solving the
turbulent flows. We have moved the problem from one of calculating the flows to one of
calculating the turbulent transport coefficient.

In cases where ¢ is a velocity component, u;, we use a slightly different form of equation [7-16],
that is based on the general equations for the viscous stresses and the momentum equations in
equations [3-4] and [3-5]. Those equations are copied below.

ou C?uj 2
= —+— |+ (k —— 1)AS; 3-4
Ty =M ax o ( 3/1) ' [3-4]
opu. Opuu. oT.
pu’+ i J=—a—p+i-|rij i=1...3 [3-5]
ot OX OX. OX

i j i

We want to substitute equation [3-4] into equation [3-5] and apply the steady-state, constant-
property assumptions that we are using here. The steady-state assumption allows us to drop the
transient term. Our assumption of constant properties, allows us to bring properties outside of
derivative operators. For constant density, the dilatation, A, is zero.

ou.u. . ou,
—1 =—l@+ﬁi ou +—>[+B;, j=1...3 [7-18]
OX; POX; pox|ox; OX

Although flux terms for heat conduction and diffusion involve only a single gradient, we see that
the viscous stress terms involve two separate gradients. Thus, we define the general velocity
component correlation term as follows.
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— u  ou; u  ou;
uouy= A O O sy VO T 2k 213 j=1,...307-19)
plox; O 3 oX;  OX 3

Here we have defined 1 and v; as the turbulent dynamic and kinematic viscosities. Again, we are
hiding our ignorance of turbulent flows in these terms. We are left with equations that are similar
to the laminar flow equations, but we have to find a way to predict i, and v;. We see that the term

— pu;'u;’ follows the same form of the equation as the viscous stress term, ;. These terms are

called the Reynolds stress terms. We see that they are symmetric, so there are only six different
Reynolds stress terms. We will show below that advanced turbulence models seek to predict
each Reynolds stress.

The mixing-length model of simple turbulent flows

Considerations of turbulent flows started with Reynolds’s work in the late 1800s and the
contemporary assumption by Boussinesq that the Reynolds stresses could be related to the
gradients of the mean flow velocity components. Subsequently in the early 1900s Prandtl
developed the model of the boundary layer in fluid flows. Von Karman later expanded this work.
This work developed Prandtl’s mixing-length theory as a useful approach for modeling simple
turbulent flows.

The mixing-length model remains a useful model for simple two-dimensional flows in jets and
near-wall regions. In addition, this basic analysis is used to develop the wall functions that are
used as boundary conditions in CFD turbulent flow models. In the mixing-length model, there is a
viscous (laminar) sublayer close to the wall. Beyond this sublayer, there is a transition region into
a fully turbulent boundary layer. The turbulent boundary layer near the wall is characterized by
the following quantities in a two dimensional flow where the x direction is the predominant flow
direction, with flow velocity u, and the y direction is the direction perpendicular to the flow. For
flows near walls, the point y = 0 is the wall.

u =% u =— y =—= [7-20]

Here, 1, is the wall shear stress and the quantity u. is called the friction velocity. The law of the
wall postulates that there is a relationship between the dimensionless velocity and distance
variables defined in equation [7-20].

ut=f(y") [7-21]

For flows near a wall, this relationship has different forms. The region closest to the wall (y* < 5)
is the laminar sublayer in which the normal equations for viscous stresses are valid. Beyond this
region the values of u” are given by the following equations.

y* 5<y"<30

g =00 g INEY) g5y 500 [7-22]
K K
ut ziln(lj—A y* >500

k \o
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In equation [7-22], we have introduced the constants k, known as the von Karman constant,
which has a value of 0.4, B =5.5, E = 9.8, and A. The values of these constants are for smooth
walls. We have also introduced the boundary-layer thickness, 8, for the velocity profile away from
the boundary layer.

The results above have not made explicit use of the mixing-length; instead, it has shown the final
results. The mixing-length model is a way of determining a characteristic length, ¢, for the
turbulence. If we take a simple dimensional analysis of the turbulent kinematic viscosity, v, with
dimensions of length squared over time, we see that this variable has the same dimensions as
the product of a velocity and a length. Thus we can write the turbulent kinematic viscosity as a
product of a velocity and a length. If we take the velocity as U and the length scale as £ we can
write:

w=C, U/l [7-23]

where = C, is an empirical constant.

The k-£€ model of turbulent flow

The most popular model for modeling turbulence in common flows of engineering interest is
called the k-¢ model. This model uses the kinetic energy of turbulence, defined in equation [7-8]
and the turbulence dissipation rate, €. This dissipation rate measures the rate of energy transfer
from kinetic energy in the smallest eddies when they do work against the viscous forces.
Formally the dissipation is defined in terms of the deformation (or strain) rates, e; which are
defined below.

& =—""+—
boox; ox

2
sothat 7; = ue; +(x 3 H)AS; [7-24]
1
The formal definition of the dissipation is shown in equation [7-25]. The dimensions of dissipation
are energy divided by (mass times time). (As noted in the paragraph following equation [7-8], we
conventionally define the energy per unit mass as the “kinetic energy”; that is being done here.)
The Sl units for ¢ are m%/s®.

£=2ve; e [7-25]

We are using the summation convention here. The implied summation over the two repeated
indices, i and j, gives nine terms in this equation. Also, v in this equation is the actually kinematic
viscosity, not the turbulent kinematic viscosity.

The basic approach of equation [7-23] in which the turbulent velocity is treated as the product of a
length scale times a velocity scale is also used here. In the k-€¢ model the velocity scale is the
square root of the kinetic energy of turbulence; i.e., U= k2. The length scale is equal to k¥?/e.
Substituting these terms into equation [7-23] gives the following equation for the turbulent
viscosity.

Yk K %
VtZCﬂk ZTZCH? ,ut:Cﬂp? [7-26]
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The values of k and € used to compute the turbulent viscosity are found by solving partial
differential equations that have the same form as the usual balance equations. These equations
are described below.

A balance equation for the turbulent kinetic energy can be derived by combining the time
averaged Navier-Stokes for all components after multiplying each by the fluctuating velocity
components. This is similar to the approach used to obtain equation [1-45] for the kinetic energy
of the main flow. The resulting balance has several terms that cannot be evaluated and must be
modeled. This balance equation is shown below and the various terms in the equation are
discussed following the equation. The summation convention is used in this equation. In some
cases a double summation, over repeated i and j indices is implied.

ot ox ox'ox  ox

%+M=i ok 0 (%ui'uj'ujur p'ui'j+pui'uj'%—pg [7-27]
X .
J

The two terms on the left hand side represent the usual transient and convection terms.

Similarly, the first term on the right hand side represents the diffusive transport of turbulent kinetic
energy. This term is similar to the usual gradient term that we have in our general balance
equation. The remaining terms in equation [7-27] are regarded as source terms in the general
balance equation. However, these terms are not found directly. Instead, they must be modeled.
We will consider each of these terms below.

0

The term 6_(§ui'ujluj'+ p'ui'j represents the turbulent diffusion of kinetic energy. This is
Xi

the transport of turbulent kinetic energy by the fluctuations themselves. It is modeled as a

gradient term.

—(ﬁui'uj'uj'Jr p'ui'jzia—k [7-28]
2 o, OX

The quantity oy is called the turbulent Prandtl number for kinetic energy, which is an empirical
constant for turbulent flows. See the discussion of the turbulent Prandtl number on page 7.12.

—— OU,
The term (really nine similar terms with the summation convention) pu, u; a—' is the product of
)&

j
a Reynolds stress times a gradient of the mean flow. This term represents the production of
turbulent kinetic energy by transfer of kinetic energy from the mean flow, and is usually given the
symbol Py. If we use equation [7-19] for the Reynolds stress terms, we can write this term as
follows.

P = puru U, [0u Ou | ou,
TP T ox; % ) o,

] 1

[7-29]

If we substitute equations [7-28] and [7-29] into equation [7-27], we obtain the following result.

%+M:iy%+iia—k+ﬂ—pg [7_30]
ot OX; oX; " OX, OX o, OX



Page 7.10 L. S. Caretto, January 30, 2010 Turbulence Modeling

The first two terms on the right-hand side can be combined to give the equation for the kinetic
energy of turbulence.

%4.%;& lu+i a_k+Pk_pg [7_31]
ot OX; OX; oy ) OX;

The laminar viscosity in the diffusion term is much smaller than the turbulent viscosity (divided by
the Prandtl number for k) and is usually not included in the computations. Note that this equation
has the same form as the general CFD equation (transient — convection — diffusion — source) so
we perform the numerical analysis of this equation by the usual CFD algorithms for other
variables.

Although we defined the turbulent dissipation, €, in equation [7-25], we do not use this equation to
compute €. Instead, we have to solve another partial differential equation to compute this
quantity. The final equation differential equation for the dissipation, with all the modeling
assumptions already made, is shown below.

dpe Opuc O u, O¢ & g’
A LA B P Y R 7-32
ot o, ox o, 0% kK Pl 7921

The first three terms in this equation are the usual terms in the general balance equation,
representing the transient term, the convection term and the diffusion term. For the turbulent
flow, we use the mean velocities in the convection term and the turbulent transport coefficient in
the diffusion term. The effective transport coefficient is expressed as the ratio of the viscosity to
the Prandtl number for dissipation, o,. The last two terms in equation [7-32], with the empirical
constants C.1 and C.,, represent the production and destruction of dissipation. This equation is
very similar to the corresponding equation [7-31] for the kinetic energy of turbulence.

The various empirical constants used in the standard k-€¢ model are summarized below.
Cﬂ =009 C, =144 C_,=192 o0,=10 o,=13 [7-33]

These notes have described the original k- model which still has wide use in engineering
applications. Other versions of this model known as the renormalizable group (RNG) and the
realizable k-¢ models use alternative derivations of the model to be more consistent with the basic
physics of turbulence. These models have different differential equations for the production and
dissipation terms and different equations for computing the turbulent viscosity from k and €. The
empirical constants used in these models are also different. These models are recommended in
flows that high strain rates (i.e. large velocity gradients).

Boundary conditions and wall functions

In applying turbulence models like the k-£¢ model it is necessary to specify boundary conditions for
the dependent variables, such as k and ¢, at a variety of physical boundaries encountered in the
flow. The most complex application of boundary conditions is at solid walls. At large Reynolds
numbers, the laminar sublayer is so small that it is not possible to use a grid that is fine enough to
resolve this region. As a consequence, the boundary conditions at solid walls are usually
handled by the mixing length relations from equation [7-22].

The starting point for the derivation of wall functions is the part of equation [7-22] which is valid for
y" values between 30 and 500. Here we use the second form of that equation.
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u* _i:m:lm[%j [7-34]

u K K |4

T

In the general consideration of wall functions, u” is regarded as a normalized velocity component
parallel to the wall and y" is regarded as a normalized distance perpendicular to the wall. To use
this equation we need a value for the wall shear stress, t,, which is used in the normalizing

variable, u, = 1/rW/p . (Equation [7-20] shows how this parameter is used in the definitions of u”

and y’.) This parameter is usually calculated from the equilibrium assumption that the production
and dissipation of turbulence are equal. In this case one can derive the following relationship
between u, and the turbulent kinetic energy.

u, = C%\/E [7-35]

We can combine equations [7-34] and [7-35] to get an expression for the velocity at the first node
in from the wall.

b
=u In[Eyuj Cy\/fl EyC Wk [7-36]

|4

In this equation C,, and E are known dimensionless constants,’ v is the (laminar) kinematic
viscosity, and k and y are the values, respectively, of turbulent kinetic energy and distance from
the wall at the first node. Other wall functions are used for k, €, and other transported variables
such as temperature and species concentrations.

At outlets, the gradients of turbulent kinetic energy and dissipation are assumed to be zero in the
direction of the flow. At inlets it is necessary to specify profiles of k and €. Ideally these should
come from measurements on flows similar to the one being modeled. If such data are not
available, the inlet values of k and € can be estimated form the following equations.

(=007L £=Cl% k [7-37]

k Cu|nlet ﬁ

Here L is a characteristic length, which may be taken as the hydraulic diameter of an inlet.
(Recall that the hydraulic diameter is 4A/P, where A is the area and P is the perimeter. For
circular flow passages this is the diameter.) The constant C is a small number in the range of
0.01 to 0.05. Another way to specify k is to specify the turbulence intensity. This is defined as
the ratio of the kinetic energy of turbulence to the mean velocity squared. This is equivalent to
allowing the user to specify C in the initialization equation for k above

The wall functions proposed above are limited to “large” Reynolds numbers. Separate wall
functions are required for lower Reynolds numbers. The renormalizable group (RNG) and the
realizable k-¢ models, mentioned above as alternative k-¢ models have different initial condition
specifications and different wall functions.

' E = 9.8 and for the k-¢ model, C, = 0.09.
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Wall boundary conditions and grid sizing in CFD codes

Perhaps the most important idea of these notes is the relationship between the grid size and the
turbulence model. As noted in the previous section there are two possible approaches to wall
boundary conditions: (1) use a find grid that computes the laminar sublayer (y* < 5) or (2) use
wall functions based on boundary layer theory of turbulent flow. The choice of which approach to
use is coupled to the choice of grid size.

o If you want to model the laminar sublayer, it is important to have some number of
grid nodes (about ten or more) in the region for which y* < 5.

e If you plan to use wall functions, the first grid node away from the wall must have
a 'y’ value greater than 30 (and less than 500).

You will generally not know what the y* values will be until the computations are completed.
However, you must check these values in the completed computations to ensure that they are in
the proper range throughout the flow. Fluent provides an option to produce plots of y* values that
you can check.

Special wall functions are used for the energy equation in cases where there is a high Mach
number that leads to significant heating by viscous dissipation.

The usual wall-function approach is based on the assumption of equilibrium turbulence, viz. the
production of turbulence equals the dissipation of turbulence. This is a good assumption for high
Reynolds numbers. However in regions of low (but turbulent) Reynolds numbers this assumption
is not valid and modified wall functions (sometimes called enhanced or non-equilibrium wall
functions) are used in this case. Chapter 12 in the Fluent Users’ Manual has complete discussion
of the various turbulence models and the different approaches to handling the wall boundary
conditions.

Other transport equations: the turbulent “Prandtl” number

All the discussion to this point has considered a model for the turbulent viscosity that is used in
the momentum equations. How do we compute the effect of turbulence on the energy equation
or the species balance equation? This is done by making an empirical correction to the turbulent
viscosity to obtain the appropriate turbulent diffusion coefficient for the other properties.

The empirical parameter used is called the turbulent Prandtl number. In heat transfer the Prandtl
number is a property of the fluid defined by the equation Pr = pcp/k. We rewrite the definition of
the kinematic viscosity, v = p/p, as u = pv; similarly, we can rewrite the definition of the thermal
diffusivity, a. = k/pc, as k = pcyo.. Substituting these results into the definition of Prandtl number
gives an alternative expression for the Prandtl number as Pr = pcy/k = (pv)ucy/(pcpat) = via. Thus,
if we know the laminar kinematic viscosity and Prandtl number for a fluid, we can find the thermal
diffusivity for the fluid from the equation o = v/Pr.

This is the basic kind of relationship used in turbulent flows. If we have an empirical model for the
turbulent Prandtl number, Pr;, we can find the turbulent thermal diffusivity, oy, from the turbulent
kinematic viscosity by the equation o = v;,/Pr.. Recall the basic equation [7-17] for turbulent
transport copied below.

8(U_.5): (},(w)ﬂ,(w))i@ [7-17]

0X, b ox, ox,
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Recall that we defined the general coefficient v = I'®/(pc) in equation [7-11]. For momentum
transport (where ¢ = 1), vy is the kinematic viscosity, v, and T is the dynamic viscosity, pn. Although
the Prandtl number is formally defined as pcy/k = v/a, in turbulence models, the turbulent
“Prandtl” number for a particular flow variable, ¢, is defined as the ratio v/y(¢) and is given the
symbol c,. (Here | put quotation marks around Prandtl to indicate that the name Prandtl number
is applied to ratios other than the original definition of the Prandtl number as v/a. With this
definition of the general turbulent Prandtl number we can rewrite equation [7-17] as follows.

G(U_lé) V. Vb i@

OXi Gplam  Ogturb ) OXi OX;

[7-38]

As noted above, the turbulent transport property is usually much larger than the laminar transport
property and is often ignored in computations. The laminar “Prandtl” number is a fluid property
that can be found from data supplied with the CFD codes or entered as input by the user from
property tables. The turbulent “Prandtl” number is usually set as a default value in the CFD code.
These default values are usually satisfactory for most applications. Users can override these
default values if they have other data available to them to justify this.

Other turbulence models

Several other models that solve two partial differential equations have been proposed, and each
has their proponents. However none of these seems to have received better acceptance than the
k-€ model.

For complex flows, typically those with large amounts of swirl, the Reynolds Stress model is used.
This model solves six partial differential equations, one for each independent Reynolds stress
term. In addition, the dissipation equation [7-32] must be solved to obtain terms used in the
differential equations for the Reynolds stresses. The use of the Reynolds stress model has not
been completely successful. For some flows this model gives much better agreement with
experimental data as compared to the k-€ model. For other flows, little improvement is obtained
by going from the k-¢ model to the Reynolds stress model.

The general equation for the Reynolds stress model is shown below.

ou'u.' oauu'u' 9 ou'u.’ ou, ou. | 2&0;
T o S AT Ty ey | - 22 T 4+ [7-39)
ot oX, o0X, o, OX, oX, ' OX, 3
Transient Convection Diffusion Production Dissipation

Pressure Strain Rotation

The first five terms appearing in full in the above equation, reading from left to right, are the usual
transient, convection, diffusion, production and dissipation terms. The remaining terms, the
pressure-strain term, IT;, and the rotational term €; are described below. The &; term is the
Kronecker delta. All other terms in the above equation have been defined previously. Note that
we have a repeated sum over the repeated index,. The i and j indices represent a particular
Reynolds stress and we have to solve equation [7-39] for the six unique Reynolds stresses.

The pressure strain interaction terms are important ones in this equation, but they are also the
most difficult ones to model accurately. They come about from pressure fluctuations that occur
when two eddies interact with each other and when an eddy in one flow region interacts with the
main flow in another region. The simplest form of this term is
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In this equation, C; = 1.8, C, = 0.6, and the Py term is the total production of kinetic energy
defined in equation [7-29]. The rotational term uses the local rotation vector, ®, whose
components are . It also uses the symbol g which is zero if any two indices are the same and
+1ifi=1,j=2,and k = 3. For all other combinations of ijk, &j = -1 if the indices ijk are an odd
permutation of ijk or +1 if the indices are an even permutation of ijk. (In an odd or even
permutation an odd or even number of moves are required to get 123 into the given set of
indices. For example 321 is an odd permutation since it only takes one move, swapping the 3
with the 1. The order 231 is an even permutation since we need two moves. We first swap the 1
and the 3 (giving 321) then we swap the 2 and the 3 to get the 231 result. Other orders of swaps
are possible, but it will always take an even number of swaps to permute 123 into 231. With
these definitions, the rotation term is

Q; =20, (uj U, g, + uilufugjkl) [7-41]
This term has an implied summation over the two repeated indices k and £.

In the Reynolds stress model, the kinetic energy of turbulence is found from the sum of the three
Reynolds stresses with the same index.

k = ui ujl (ull)2 + (uzl)z + (USI)Z [7-42]

Because k can be found from this equation, it is not necessary to solve a separate equation for k.
However, it is still necessary to solve an equation for the dissipation, €. Thus, the Reynolds
stress model requires the solution of seven partial differential equations to compute the
turbulence properties.

An approximate form of the Reynolds stress model, known as the algebraic Reynolds stress
model, has been used. In this model the source terms for production and destruction of the
Reynolds stress terms are assumed to be equal in magnitude. This means that it is not
necessary to solve differential equations. Instead, a system of six simultaneous linear equations
is solved at each node for the Reynolds stresses at that node. It is still necessary to solve a
differential equation for the kinetic energy and the dissipation.

A new model called the v2f (or v>-f) model has been used to allow improved results (as compared
to the k-&¢ model) for low Reynolds number turbulent flows.

The Spalart-Allmaras model is a one-equation model that solves a transport equation for the
turbulent viscosity. It was designed specifically for aerospace applications involving flows along a
surface. The detached eddy simulation (DES) model is a modified version of the Spalart-
Allmaras model that is designed to be a less expensive alternative to LES.

These notes have not discussed turbulence models for compressible flows. In such models it is
necessary to consider density fluctuations. One approach for doing this is the use of Favre
averages in which the instantaneous flow quantity is split into two parts as follows.
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Models of reacting flows sometimes use a differential equation for the evolution of the probability
distribution function (pdf) of the flows. These models have not been extended to general
turbulence modeling.

The concept of direct numerical simulation was mentioned in the introduction to these notes. A
related concept is the use of large eddy simulation (LES). This is a case where the computational
grid is fine enough to resolve the large scale structures in the turbulent flow. A model is still
required to characterize the smaller scales. These models are called sub-grid-scale models. At
present, LES does not provide a significant advantage for routine computations of flows in simple
engineering design applications. However, it is the best way to get good results for complex
transient turbulent flows.

Conclusions on turbulence models

Because of the widespread use of turbulent flows in practical systems, it is imperative that a
method be developed for computation of turbulence in computational fluid dynamics.
Unfortunately, there is no one model that will provide assurance that the properties of the
turbulent flows will be computed accurately.

The k-£¢ model and Reynolds stress models are the ones most commonly used in commercial
codes and practical applications. The k-¢ model is usually adequate for simple turbulent flows in
which there is not a large degree of swirl. For swirling flows, the Reynolds stress model usually
produces better results than the k-¢ model, but this improved performance is not ensured.

The Spalart-Allmaras model is the model of choice for external flows, both in aerospace
applications and for ground vehicles. An alternative model to the k-¢ model is the k-» model
where o = g/k; this model is used mainly for free shear flows.

Advanced models such as LES have the potential for improving the accuracy of turbulent CFD
results, but are presently too costly to be used for routine engineering design problems. DNS is
still regarded mainly as a research tool.

We have not discussed the overall solution procedures. The turbulence equations may require a
finer time and grid scale than the equations for other flow quantities. We also have to be careful
to maintain the linkages in calculating k and €, which are used to compute y;. Once p.is
computed, it is used to compute the mean velocities. The mean velocities are used in the
equations for k and €, and so on.

Guidance on turbulence models

The choice of the turbulence model to use and the associated choice of how to handle the
boundary conditions is a complex question. The Fluent user’s guide states that “no single
turbulence model is universally accepted as being superior for all classes of problems.” The
simplest approach for economical solutions of internal flow problems is the use of the k- model
with wall functions. (Enhanced wall functions should be used if the Reynolds number is low.) For
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external flows the Spalart-Allmaras model should be used. This model may be used with wall
functions or resolution of the viscous sublayer. Chapter 12 of the Fluent Users’ manual gives a
full discussion of turbulence models and guidance for when to apply a particular model and the
types of boundary conditions that can be used with a particular model.

Some references on turbulence and turbulence models

As noted above, Chapter 12 in the user’s guide for Fluent discusses the basic turbulence models
and provides guidance for their use in Fluent. This manual is available from the help menu in
Fluent.

The two main references used for this set of notes were the chapters on turbulence modeling in
the following texts:

J. H. Ferzinger and M. Peri¢, Computational Methods for Fluid Dynamics, (third edition) Springer,
2002. (Chapter nine on turbulent flows.)

H. K. Versteeg and W. Malalasekera, An Introduction to Computational Fluid Dynamics. The
Finite Volume Method” (Second edition), Prearson, Prentice-Hall, 2007. (Chapter three on
turbulence and its modeling.)

The Ferzinger and Peri¢ text has more discussion of advanced methods such as DNS and LES.
The Versteeg and Malalasekera text has more background on the fundamentals of turbulence.
The two classical references in this field are:

H. Tennekes and J. L. Lumley, A First Course in Turbulence, The MIT Press, 1972.

B. E. Launder and D. B. Spaulding, Mathematical Models of Turbulence, Academic Press, 1972.
(also, “The Numerical Computation of Turbulent Flows,” Computer Methods in Applied Mechanics
and Engineering, 3:269, 1974.)

| have not reviewed the text listed below, but the first edition of this text has some good online
reviews.

D. C. Wilcox, Turbulence Modeling for CFD, (second edition) DCW Industries, Inc., 1998. See
the book web site: http://www.dcwindustries.com/books/0963605151.htm



