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Outline

* Review last week’s lectures on
introduction to finite elements

* Two dimensional elements and shape
functions

— Triangular and quadrilateral elements with
linear and higher orders

« Derivation of algebraic equations
* Examples of results
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Review Finite Element Basics

» Designed for 2D and 3D geometries

» Use for 1D case as example

+ Basic idea is to divide region into small
elements (line, area, volume)

+ Use interpolating polynomial for each
element

— Represent both geometry (independent
variables) and dependent variable

— Polynomials called basis functions or
shape functions like ¢, in previous slide

Cabtfornia State |‘:II|1Y-'.-
Northridge

Review Shape (Basis) Functions

(X45 Ya) &=-1, ¢=1,
(X3, ¥3) N = =1
(X2, Y2) =_ =
(X1, ¥4) ﬁ_-1, ﬁ:-i
Note: 0 = A=8)A-n) _(@xo)d-m)
d)i(X(j)) (il 4 2 4
=% | @ (@-9+n)
Northridge 4 c 4

Review Shape Function Use

+ Model geometry (x, y) and dependent
variable, u

» Shape functions associated with
element nodes such that ¢,(x;)) = 5;

4 4 4
=Sxa v=Sva 0-in
i1 i=1 =

+ u, are values of dependent variable at
nodes in grid that we want to find

Caldforrsi Sate University
Northridge

Review Galerkin

» Method of weighted residuals
jwi[L(a)—b]dQ:o i=0,...N
Q

» Galerkin method uses shape function
for weighting function w; = ¢,

[#lL@-bl=0 i=0,..N
° N
* Have to get equations foru; U= Zui¢| (x)
i=0

Caldforrsi Sate University 6
Northridge
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Two-Dimensional Finite Elements

Review Galerkin Example

April 20, 2009

* One-dimensional example L(u) =
d?u/dx?+a?u=0=bforO<x<L

j ¢(x){+a u}dx:o i=0,...N
* Get following result
da]" :
l:(pi—:| :ZAJ.UJ. i=0,...N
0 j=0

do; d
AL o o

7

Calbifornia State University
Northridge

Review Linear Shape Functions

X _OXH X=X Get needed shape
«—x 1 =X=X functions by
20=1y % substituting i-1
x.—x =X=%a andi+1fori
0 X2 X 0 X< X,

Substitute shape 1 X <X X
functionsand 94 (X) _ ) x-x, '
derivatives into  dx i S
integrals Xu=X
Rorihmidze 0 XX

Review Integration

* Two approaches to 1D example
— Look at integrals over region
— Element analysis (with same integrals)

Xipg X1 X Xiuq Xio Xipz Xiag

* For 2D and 3D element analysis is
easier approach

Cabtfornia State |‘:II|1Y-'.-
Northridge

Review Assembly

» Element approach gives equations for
typical element with local node numbers

» Assembly of element results accounts
for nodes on more than one element

* In 1D case element has two nodes

— Except for boundary elements, each
element node is present on two different
elements

— Add equations for individual node from
both elements

Cabtfornia State |‘:II|1Y-'.-
Northridge

Review Linear Results

a’ 1 a’
halll —x)— = (X, —X)+
3 % B 5 (X1 =) "

i+l i i

Ai,i—lui—l + A,iui + A,i+1ui+1 =0

w do,_, d
_j |: ¢|—1 ¢| _ 2¢i1i|dxzﬂi1

dx dx
i1 d¢)|
A I {dx x agol}dx o +a;
x| do,,, do,
e Aiwl = {;ﬂlﬂf—(/’iazﬂu}dxzﬂi
Nnrlllrulgt - X dx "

Review Boundary Gradients

ME 501B — Engineering Analysis

« If we have Dirichlet boundary
conditions, we can solve for u values
then find gradients

* For Neumann or mixed boundary
conditions, we must include gradients in
tridiagonal solution

» Write boundary conditions as a du/dx +
b u = c and make g, = du/dx|,., the first
variable and g, = du/dx|,., the last one

Caldforrsi Sate University
Northridge
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Review Assembled Equations Review Errors fora = 2
+ Equations below only handle boundary N 100 100 10 10
conditions with gradients (a, = 0)
_ T o1 oA Method FD FE FD FE
ag by 0 0 0 - 0 0 9o Co
Liag B 00 0 0 |0 erus | 1.7x105[1.7x105 [ 1.8x103 | 1.8x10°3
0 By ag+oy By O 0 ofuw | |o
0 0 B arap Bp - 0 0w )0 €max 2.4x10%| 2.4x105 | 2.4x10-3 | 2.4x103
00 o0 By v S B
HE : : . : : : : €grad(0) 3.6x10+|7.0x10-% | 3.6x10-2 | 7.0x10-3
00 o0 0 " By O |ungl| | O
o0 o0 0 Bug oang L] uy | |0 egraglL) | 2.1x10% | 9.6x105 | 1.8x102 | 9.5x10°3
[0 0 0 0 e 0 by ay] on] [Cn] -
Northridge ® Northridge "
Quadratic Basis Functions, Global Basis ReV|eW Quadrat|c Results
One element « Solve d2u/dx2 + a2u = 0 using quadratic

shape functions
4% order error by log error vs. log h plot

L

: Number of | Element | Maximum RMS
i Elements| width, h Error Error
W 5 0.2| 3.70E-05| 2.40E-05

10 0.1 2.40E-06| 1.50E-06

20 0.05| 1.50E-07| 9.10E-08
40| 0.025| 9.50E-09| 5.90E-09

Northridge ® Northridge "
2D Finite Elements Result of Derivation
» Use same process as in 1D = iu-gﬁ(X) » Set of simultaneous linear equations to
— Start with Galerkin formulation et be solved for all nodes in 2D region
- : N boundary
[L(U)-bjd2=0 i=0,...N U = k=0,...N
I¢[ (®-b] ;Ak'u' [terms or OJ ’

Q
— Use dQ = dxdy and substitute actual partial
differential equation for L(u) = b

— Use Green’s theorem, a two-dimensional

» Look at example problem that is 2D
extension of 1D problem from last week

analog of integration by parts o’y o2
~ . 2
— Substitute (i and integrate results for o +y +au=0
appropriate elements and basis functions
Northridge v Northridge '
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Preview of Result for Example

» Coefficient in linear equations

! T e 53
g, | X: +y£ 6§0k XXt Y, o0,
i s~ 7k id
” { on 7 o |17

& and n are coordinates
_ 2 ¢, are shape functions
_“.(pka ¢i‘]d§d77 Jn?s Jacobian determinant
-1 Xy Yo» Xer @nd y; are
coordinate derlvatlves 10

Northridge

April 20, 2009

Green’s Theorem

« Given here with no derivation
— See notes on vector calculus for details

— Region, Q, has bounding curve, I', and
ou/on is outward gradient normal to I’

% o)y o _f[deu, i(ﬂi“ o
J [a >+ j = I(ax o jdxdy+£¢an ds
« Apply this to example problem n

— Allows linear shape functions (original
formula gives zero for such functions)

— Introduces gradient boundaries T
Northridge o

Substitute =244

» Multiply previous result by —1 and substitute
approximate relationship for u

J{f)j%ﬁj%
olOx ox oy 0

N

oY u, 52 i

i-0 o9, 0P a2 d
o §X+ 5)/ oy —pa ZU¢ xdy — J.(”k s=0

i=0

. ol
—pa’lidxdy—|p —ds=0 k=0,...N
(7% :| y ~l[(‘7k on

0¢, 0p, 0 O, 2 a0
9P AP atg lxdy L [, Lds =0
j[ax ox Toy oy A l(pkan

Ak State Unfversity
Northridge z

ME 501B — Engineering Analysis

2D Example

» Use Helmholtz equation, a 2D analog of
the 1D example used last week

+ Galerkin’s method then gives
2

J.(ak(x){ +2yu+au}dxdy 0 k=0,...N

Caltforrsa State Lnfversity 20
Northridge

Result and Next Steps

* Application of Green’s theorem gives

o 00 dgp, 0l dg,
J(pk|: +—+a u}dxdy=—_"{&(ax+ayay dxdy

+I¢k—dS+J¢ka (dxdy =0 k=0,...N

» Substitute equation for 0= ZW(X)
» Select element (quadrllateral or triangle)
» Select shape functions

+.Use local coordinate transform
N()l‘lhl‘l(lgt 2

Selecting Elements

» Have general two-dimensional result

3 04, 00 | 04,00, _ , o2 [y,

Iz {J.|:6X ox +6’y Y p a4 dxdy —_Igoka‘nds
k=0,...,N

* Apply this equation to elements

 Select quadrilateral or triangle

+ Different x and y values in coordinate
transformations for each element

Cal .’:r-_lﬁ:lll-l‘:unr\'.- 24
Northridge
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Quadrilateral Element

(X4, ¥4) £=-1, £ =
r] —

» Transform integral for quadrilateral in x
and y to integral for square in £ and n

25

Northridge

Quadrilateral Transformations

» Transform derivatives and integral in
Galerkin result from x-y to &
— Other transforms used for triangles
— For any variable, g(x,y), we use

0y _0goc:, 090w, 09 _ 09i0%", o9 o'

ox 05X ang Y a.»;ay anay'g
A T Azl x}+ "nx 79 g gy
oxX o0&+ o=+ oy 0O¢&% 877
Notation: oz/ow = z,, 2

Northridge

Quadrilateral Transformations Il

* Apply transforms to g = ¢,, in integrals

O _ 04, P a¢ 04, _ 04, £+ ¢
OX aé ay ......... 6§
Z{J[’”a“y’ayﬂ“} o

* Define integ_,rals as A,; and evaluate for
different shape functions

27

Northridge

Quadrilateral Transformations IlI

* Have to get derivatives g, &, n,, and n,
from basic relation between x,y and &, n

» Geometrical coordinates are given in
terms of shape functions

» Shape functions are functions of & and n
+ Start with basic equations for x and y

X = 2% En)  y= _i_;yicoi (&)

28

Northridge

Quadrilateral Transformations IV

« Derivatives of x and y coordinates from
definitions in terms of shape functions
* Recall that ¢, = ¢;(¢,n)

— Actual equation depends on choice of
basis functions (linear, quadratic etc.)

XK_$ e Aoy 00
55 T L& 6’5 T L og

: 6(/7. - 5(/).
P yl
877 Z‘ Z
Nl)l‘ll‘ll‘l(lg( ®

Problem With New Coordinates

* Previous slide has equatlons like

X ix o9
on S on

+ Can find these from ¢, but need
opposite derivatives in transformat|ons

99 _0905 o9on o9 69
OX 8§ OX 677 OX oy 65; !
« How do we relate these derlvatlves’?

30

Calbiforni State University
Nnrliﬁ'i(lge
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Coordinate Transformations Basis for Inverse Derivatives
» Want to changes in (x,y) to changes in » Write dx and dy for x = x(§,n) and y =
(&,m) and vice versa y(&,m) as a matrix equation
77d§ fdn and dy= Y oy d§+—dq * Also write d§ and _511 for §'= E(x,y) and n
0¢ 0¢ = n(x,y) as a matrix equation
dgzg—fww%dy and dnfaﬂdx+ca;7dy
o . d] | X Xlgel  [de] |95 9€ [dx
* The area relationship is dA = dxdy = Jd&dn 3E 8 x oy
. J = Jacobi > X Yy “|on on
J = Jacobian ; _a(xy) _|oz on|_axdy oy ox dy dn d — ==y
determinant = a(&n) | | ecen ofon 95 0 d ox oy y
Calitfornia State Unhersty a§ 6 Calitfornia State Unhersty
Northridge " ¥ Northridge %
Basis for Inverse Derivatives Il Basis for Inverse Derivatives lll
TEmmm 1) = A- ox X
OoX  OX Tox  ox]'f «IfB=A"fora2x2 ox X
ox o on dg dg \oe on dx matrix, by, = ay,/det(A), J= ‘25 ?9;7
- = - by, = _a1z/det(A)7 5 A
&y oy 19y 9y 3¢ on
! ! by, = a“/det(A) “ocon onoc
+ Comparing these two | d¢ ‘; % % dx o o] [ox oxT! oy
equations shows that < gx gy x oy| |oe on 1l on  on
one matrix must be the dn enoon dy on on| |y | Iy &
inverse of the other i ox oy ‘; x oyl |ee on 08 0&
Northridge e e Northridge 8
Inverse Derivatives Quadrilateral Transformations V
+ Use equations to compute 0&/0x, 0E/oy, o, 04, a¢ a¢m Y, 0d,Y:
on/ox, and on/dy from Ox/0E, ox/om, g PE Sut P T o0& 3 on
oylog, and oylon n n
675 aj % % ﬂ —% a¢m a¢m ég ¢ 6¢m X'] a¢m Xf
ox oyl| |oE on| _1| on an =- -t -
ox oy] [0g On 95 o « Apply these results and dxdy = Jd&dn to
& _10y _Yn 6 __1ox X Galerkin formula for A
x Jom J o Jon J » Get final integral for A,; coefficients for
om__1oy__Ye om_1ox_X quadrilateral element
@ 306 oy Jog J PRO—
Nl)l‘ll‘ll‘l(lg( % Northridge %

ME 501B — Engineering Analysis
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Quadrilateral Transformations VI

Aq =J[Zﬂa%+aﬂa¢k—¢kaz¢i dxdy
X OX 0Oy oy
e dxdy = Jd&dn
0b _ 00 Y, 04 e b _0b Yy 09 Ve
ox o0&J ond ox o053 ond

o __ 00X, kX Ob__Oh % 0k X
oy o&J ond oy o0& J ond
» Substitute the expressions for space
derivatives of ¢; and ¢, into A,; and simplify

37

Northridge

April 20, 2009

Quadrilateral Transformations VII

04, 04, 04 b [5¢ Yy 04 Ve }[M Yy _ 04 yc}

X ox oydy |oEd ond

+ 6¢'7’ %ﬁ _%ﬁ_'.%g
01 "oan | ey Tan 3

106, Y, 08 Yo 04 ¥y Od Yi O Y: O ¥y | O Ye Oy Ve

(o 3 00 o0& d opdi ond o d on d og d
L 08 X, 04 X, 04 X, 0h Xei 04, X: 04 X, 04 X O¢ X:

04| 08 Xyt Yy OB Yy Yt XX
ok o J* on J?

38

Northridge

Quadrilateral Transformations VI

_[| 94 .90 | 94 opc
Ak‘_I{ax x oy oy

-pa’g, }dxdy

”aq), {x +y,, 6g0k X Xe Yo Ye a(p‘}jﬂgdn+
-1 1 :

J# J# on
ﬁéqoi ngy;% X, Xe + Yy Ye afﬂk Jiedn
2lon| ¥ on JZ

11
- [ [pagadedn

39

Northridge

Quadrilateral Transformations IX

-[J‘a% X, +y176¢k XX§+y17y«f% d§dl]+
J J on

-1 —1

g, | X: + y a@k X, X: Y, Y 09,
; _ A% 9Py
ERR 320 by

-1~ 1

- IJ@kaz¢in§d77
-1-1
« Derivatives in these integrals can be found
directly from the shape functions ¢(§,n)

40

Northridge

Evaluating A,; Integrals

» Use numerical integration algorithm
known as Gauss Quadrature

— Uses fixed points to obtain high accuracy
with a smaII number of points

j f(x)dx ~ 2 rf(x)

- Choose n and find welghts ¥ and sample
points, x;, in tables

— Formula with n sample points, ¥x; , is exact
for a polynomial of order 2n — 1 (or less)

#“

Calbiforni State University
Nnrliﬁ'i(lge

Gauss Quadrature Data

» Sample points, x;, and weights, v;, for
small values of n typical of those used
in finite-element programs

ME 501B — Engineering Analysis

n Xi Yi|n Xi Yi

1] o |2 |0.861136312 | 0.347854845

2| x137 | 1 | * | £0.330981044 | 0652145155
£(0.6)"25/9| | £0.906179846 | 0.236926885

°" 0 [es| 5 |£0.538469310 | 0.478628671

L T 0 0.568888889

Calbiforni State University
Nnrliﬁ'i(lge

42




Two-Dimensional Finite Elements

April 20, 2009

Element Gauss Quadrature

» Example § ]/\f

forn=2

* Apply quadrature rule in two dimensions

” f(f.n)dfdnzizn‘/khf(é,m)

11 k=1 j=1
« Finite-element quadrilateral integrating
over é and n has n? points in element

]7/[ =1 771:_]/\/5 =1
ro=l m=-Y\3 =1
:_]7/\/7 n= 1 = ]/\/7 72:1
&=YV3 =1 7,=YN3 &1

".'.'.’n--_|N:|I|-I':||nv»'.- 2
Northridge

Gauss Quadrature for A,
A, :H f(&m)dddn
09| X, + Y, 0P Xxé+yvyé%+
oc| 1 oc I op

| X2+ y? X X, +
op; | X; y: op XX+ Y, Op —pa%4]
on| 3 on J &

f(&m) =

.[.[ f(g’n)dgdnzki:i?’kﬁf(fwﬂj)

44

Calbifornia State University
Northridge

Quadrilateral with Linear ¢,

(X45 Ya) ¢
n

(X2, Y2) = _1 _
(X4, Y1) 2=_1’ 2__1

Note: | ,, _ -9Hd-n _(1+5HA-n)
(X)) ' 4 2 4
= 9 @A+ (1=5(+ny)

Calfornia State University 123~ 4 =
Northridge 4 4 %

Shape Functions Derivatives

* Apply equations for derivatives to linear

shape functions, ¢,
N

< a(”l ay < a(A
P Z

= o T o¢

ax Qe ('Jgol oy & O,

677_.2)(' on aﬂ—Zy. on
_@-9-n)  _(1+Hl-n)

' 4 2 4
A+5)A+7) _(1-8d+n)
Nnrthrulg(?3 4 4 4 °

Coordinate Derivatives — x

Q:Z“:X_ op _ _Q=m) . Q=m)  @A+n)
aé — i a§ 4 1 2 4 3 4
o B L 4 T )
=Z4:X' o0 __, (1—5)_)( +8),, @+8)
= ' on g 2y 2oy

+X,

0=8) _1=¢ )iy —
2= g KX)o %)

Caldforrsi Sate University 48
Northridge

Shape Functions Derivatives |
o= 1-9A-n) op __(A-n) ¢ __(1=9)
: 4 o 4 opy 4

_@+9A-n) 9p, _QA-n) Op, __(1+<)
’ 4 oc 4 op 4

_@+8)A+n) 9, _(1+n) Op, _(1+<)
’ 4 o 4 onp 4

_@=9A+n) 0¢, __(A+n) op, _(1-¢)
' 4 o& 4  op 4

Northridge Y
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Coordinate Derivatives — y

$ 6(/)._ A-n) A-n) , ., @+n)

Zy. S Y Yy
- 4(1—;_77) =1_777(y2_y1)+1+777(y3_y4)

2 _ (1 9] 1+4) 1+4)

le TR IR
+y4%=%(y4 W (- )

Rorthridze s

Quadrilateral Derivatives

1_777()(2

(X4, y4) X: = X)+ (X3 X,)

y. =1 ”(yz y)+ (y3 Vo)

é‘Z(X4 X1)+l g(xz X,)

Y, _1 g(y4 y1) g(ya yz)
» Forrectangle (X, = X4, X, = X3, ¥4 = y2
and y; =y,) X, =y: = 0and x. = Ax/2
and Yy = Ay/2
Nnrthrulgt %

From Global to Element

(X4, Ya) « Global equation for
X3 ¥3) nodal values defined
for entire region
* Has boundary term
Xy,
Oy, X ¥2) that is present only for
. boundary elements
od
u = —ds k=0,...,N
;A« i _l‘:gok an S
* Apply to individual element with only
four nodes
Northridge i

Elements without Boundaries

* Global equation includes external
boundary term

iAk = Ngs k=0.,....N
< ii—r(ﬂkan TV

* Term does not exist for element with no
nodes on external boundary

* Add boundary term if element contains
..an external boundary

Nnrtllrulgt %

Boundary Terms

(X0, V1) (X2 Y2)

condition to include in solution

Dirichlet boundary condition

Caldforrsi Sate University
Northridge

— Compute gradients from solution for

» Element boundaries lie
along line of constant &
= %1 or constant n = +1

» Boundary integral is
found along these lines

» Two cases to consider

— Have gradient (2" or 314 kind) boundary

53

Boundary Integral

» Find integral below
whenever one side of
element is on external
boundary

o, (au) Y
(0] %dSz(aj . Igokds
side tart

. Differential distance, ds = S,..,dn/2 or
S,- +1d<§/2 where S is length of side
_Eg S:_ (Xs_xz)2+(YS_y2)2
Nnrlllrulgt

54
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& = 1 Boundary as Example

~ °* ¢,and ¢, are zero
along & = 1 boundary

(X2, ¥2) = Length of side, S, is
S = \/(Xs - Xz)z +(y3 - Y2)2

« Differential distance, ds = S._,dn/2

_@+a)=-n)  _A+)A+n)

- 4 s = 4

2

55

Calbifornia State University
Northridge

s %o I(ﬂk@ds S, =ids=js, an
= on &t JTeE o
X3 ¥3) 2

April 20, 2009

& = 1 Boundary Example Il

(X4» Ya) * Evaluate oG
integral I(ok —ds
forg,and r on
dzaté =1

(X2, Y2) 1+)A-n) _A=n)
(X1, Y1) 22 ( 2);:1: 4 = 2

ad . (ou (plmpdi_(ou) S
fege(5), s HE) S
rooon New © 5 2 .2 \0n)ey 2
* Same result for ¢; ‘_ ¢

California State University H E
Northridge E—

& = 1 Boundary Equations

term on 2
AU, + AU, + Agu, + Auu, =0
AU + AU, + Aju, + Ayu, =B
Aju, + Aju, + Aju, + Ayu, =B
AU+ Apu, + Apu, + Ayu, =0

» Equations with B not needed for

Dirichlet boundary conditions
— Used after solution to compute gradients

X3, Y3)

(X1, ¥1) 0 ¥V2)

Cabtfornia State |‘:II|1Y-'.- 57
Northridge

» Boundary Bz[au) S
£=1

n = 1 Boundary Equations
» Boundary Bz(auj Sy
n=1

(X45 Ya)

term on 2
AU, + A,u, + Agu, + Au, =0
AU+ Aju, + Aju, + Au, =0
Ay, + Ajuu, + Ajgu, + Auu, =B
AU, + Apu, + Agu, + ALu, =B

» Equations with B not needed for

Dirichlet boundary conditions
— Used after solution to compute gradients

(X2, ¥2)

58

Cabtfornia State |‘:II|1Y-'.-
Northridge

= —1 Boundary Equations
. BoundaryB:(aU) S;
=1

term on 2
A, + A,u, + Agu, + Au, =B
AU+ AU, + Agu, + ALu, =0
Aju, + Auu, + Ajus + Ajyu, =0
Anu, + Apu, + Apu, +Auu, =B

+ Same signon B asin =1 term

— Outward facing normal derivative is in
opposite direction

X3, ¥3)

(X4, ¥4) (2 ¥2)

Caldforrsi Sate University 59
Northridge

-1

ME 501B — Engineering Analysis

n = —1 Boundary Equations
« Boundary g :(5Uj Sy
n=-1

(X4> Ya) o
term on 2

Al + AU, + Az + Ayu, =B
AUy + AU, + Ay + AU, =B
AUy + AgU, + AgUly + AU, =0

Al + AUy + Al + Ay, =0

+ Same signon B asinn =1 term

— Outward facing normal derivative is in
opposite direction
60

Caldforrsi Sate University
Northridge

10



Two-Dimensional Finite Elements

April 20, 2009

Assembly Process

* We analyzed element 4 3
with local numbering
system shown at right 1 2

» Assembly process accounts for fact that
nodes on one element are also present
on other elements

— Look at all occurrences of each node on all
elements it shares

— Add all element equations for node where
it is “central” node (multiplied by A,)

Cabifornia State University
Northridge

61

Assembly Process

 Typical node (145
here) is part of four, .. 166|167
elements
©3), | @) |46
« Grid shows global 144 }s
node and (ele- 123/ (™® [ (74

ment) numbers 124 1125

« Local and 112 3 | 4
global indices (73) | 123 | 124 | 145 | 144
for each (74) | 124 | 125 | 146 | 145
e|ement (93) | 144 | 145 | 166 | 165

Northridge (94) | 145 | 146 | 167 | 166

4 3 Global Indices
1 2
165 166|167
¢ Node 145 element (93 (904)
(%9uat|on3(73) 144 ?4 146
AU+ Ay Uiy T 5] (73) | (74)
iA.gB)uM;‘f" A3(13)u144 = 124 125

63

Assembly Process

* Add all element 166 |7
equations with 165
global indices for 144§ " dagd ® l146
node 145 @3) | (79)

123
(73) (73) (74) (74) 124 125
1 u123 [ + A41 }J 124 + u125
(93) (73) (94) (93) (73) (74)
[Az + Ay }'144 + [Ai + + A + Ay }Jus
(94) (74) (93)
[ + A43 }JIAS + u165
(94) (93) (94) _
[A14 + A23 }1166 A.fi u167 - 0

Cabtfornia State |‘:II|1Y-'.-
Northridge

4 3

1 2| 6

Uniform Grid AXx = Ay = h

* Here x. =y, = h/2,_x_n =y, =0 anq Jd=
X:Y, — XY= h?/4 giving A,; equations as

X X + yr]y:f a¢| d
+
ag __ 1 on <

.“.

Both are zero

65

g
Nnrlllrulgt

Uniform Grid Ax = Ay = h |l

”{6(9. 09, , 09, 0p, _ p,(ah) ¢.}d§dn

5l 08 o0& 877 on 4
+ Integration details at end of presentation
4 -1 -2 -1 4 21 2

A—l -1 4 -1 -2| a%n?|2 4
6]-2 -1 4 -1| 36 |1 2
1

2
4
-1 -2 -1 4 2 2

A DN -

Caldforrsi Sate University
Northridge
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Two-Dimensional Finite Elements

Uniform Grid Assembled

» Assemble element equations using
finite difference notation for uniform grid

2 a’h? 1 a%h?
4 3 9 Uij + 3 36 (ui+lj+1+ui+lj—1+ui—lj+l+ui—1j—l)

[g

1 a’h?
+ 2[_6 —18)(‘1”11 Ui +Uigj + Uij—l): 0

4a2h? a2h? ( )
T3 ujj +| —1- Uis1jr HUisgja FUigjen T Ui j1

12

2,2
opmetnen’ | 13 (“i+1j Hlija Ui+ U )= 0
Northridge

April 20, 2009

Second Order Error Results

X Sine BC Constant BC
Step size - -
h Maximum | RMS error | Maximum | RMS error
error error

0.25 0.0187| 0.00723 0.0183| 0.00746
0.125 0.00446| 0.00195| 0.0109| 0.00351
0.0625 0.00117| 0.000511| 0.00947| 0.00165
0.03125| 0.000278| 0.000131| 0.00945| 0.000799
0.015625| 0.0000697| 0.0000333| 0.00943| 0.000393
0.0078125| 0.0000175| 0.0000084 | 0.00943| 0.000195

* FEM error 20-30% higher for sine BC

Calbifornia State University
Northridge

68

Quadratic ¢; Quadrilateral

» Can use higher order shape functions

» Will not show complete example here,
but will illustrate arrangement

» Have eight nodes on an element
— Four on corners plus four at midpoints of

sides

» Shape functions build in a manner
similar to linear shape functions:
products of terms in § and 1

Cabtfornia State |‘:II|1Y-'.- 69
Northridge

o, = 5E-Dn(n-1)
2
oy 2EE 00

Quadratic ¢; Quadrilateral

(X7, ¥7)

4

Cabtfornia State |‘:II|1Y-'.-
Northridge

Quadratic ¢, Quadrilateral Il

_EE-Dam+y)  §=-1, §€=0, §=1,
7 g =1, nz1_ N=1
~Dt-n?) -
05 = E(& )2 LI £=:1,4 $E=1,
n= 0 - n= 0
Eight equations £ =-1 5'-1
=-1, ¢=-1, ¢=1,
foreach element - _1 p=0 A= -1
Each assembled equation —oe
away from boundaries will 2.3,
link 4 elements with 21 nodes $, $, 3

(21 Itgla_rms in equation)

Northridge

ME 501B — Engineering Analysis

Conclusions

* FEM allows easier consideration of
arbitrary geometry

» Equations for quadrilaterals use nine
nodes to get second-order error
— Finite-difference compact formula gets
fourth-order error with these nodes
* Have used one element type and one
shape (basis) function, a linear one
— Consider other elements and shape

functions next week

Caldforrsi Sate University 72
Northridge
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Two-Dimensional Finite Elements

April 20, 2009

Additional Materials

* Charts 73 to 79 show the details of the
integration of A; for the case where
there is a rectangular grid

+ This gives the details of the result
shown on slide 66

4 -1 -2 -1 421 2
A_ll-1 4 -1 -2] afh’2 421
6-2 -1 4 -1| 36 |1 2 4 2
-1 -2 -1 4 212 4
Northridge =

Shape Function Integrals

* We can write all i [a b

shape functions as 1121124

_ (@+a&)(A+by) 21

i 4 3|11

o9, _a(1+by) 4l
0¢ 4 * Use these forms
g, _b(@+ags) to get integrals of

on 4 ¢y products
Northridge "

Shape Function Integrals Il

» Split A, into three integrals
- Evaluate separately and combine results

[ [] 20190 , oi dpi _ oc(a)’ei
A= I J & o om on s [

”6@. e dedn 1, = h@% e dédn

a&_, o€ on on
(ah)*15
I = .ded i=h+l,——
3 jj@kdﬁ &dn Ai=1y 4
Northridge "

Shape Function Integrals Il

I, = j‘j‘a@ia‘Pkdndé _ j‘j‘ai (+hbn) ay (1+byn) dnde

N 4

L aa b
=||d 19k
1 1
02 = 1
—2 b +b bib, —
16 T'I"'("’k) +|k3_l

_qd |, g, bbkf aak+aiakbibk
4 12 %

+ (b +bon+biben? i

Cabtfornia State |‘:II|1Y-'.-
Northridge

Shape Function Integrals |V

- f Ianp. a«pk dndz= ﬁbiazaia) ICLE

:[Id ]bbk jb+(a,+ak)§+aak§ ]d&
I

biby
16

=2
3

_bibe 2+0+a,a 2} :%+Lb"aiak
8 3 4 12

Caldforrsi Sate University 77
Northridge

2 s
|:E_,+(ai +ak)%+aiak a}
-1

Shape Function Integrals V

11 11
Iy = Ij¢i¢kdnd§: J’J(1+ai§{4(1+bm) (l+ak§¥1+bkn) dnde

-1-1 -1-1

1 1
—116{ [ (1+aif;)(1+aka)da} [ @rbm@+bemdn
a1 1

1 S o |
=E E_,+(ai+ak)—+aiak€ 71 n+(bi+bk)7+bibk? .

L 2+O+aa,< 2+O+bbk _ L[y, Bdcrbibe | Addib
16 3 4 3 9

* Next slide gives Aki =1, + 1, — I;(ah)?/4

Caldforrsi Sate University 78
Northridge
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Two-Dimensional Finite Elements

Shape Function Integrals VI

April 20, 2009

_ -Hatpl a<Pk alak . diawbiby
h & 12
Jja@l a(Pk bibk + bibkaiak
on an 4 12
11
aja +bb,  aabb
l, = o, dndé ==[1 i Ak Mk i Ak Mi k]
3 L{‘P&k mdg 4( Pt
11 _ 2,
A = ” 001 00y | 091 00 _ o (8N |y
& &  on on 2

_ a;ay, +b; bk n aQ; akb bk _ (ah)2 [1+ a;ay +bibk n aiakbibkj

. 16
Northridge

3 9

79

Shape Function Integrals VII

 Substitute values for a,, b;, a,, and b,
from chart 73
— Done for Ay, (a; =—1and b, = —1) below

— Next slide gives all A,; as matrices
a;ay +bibk " aiakbibk _ (ah)z " ajay +bibk N aiakbibk

A= 6 16 3 9
_(DEDHEDED | EDEDEDED
4 6
@y 1 DD, (D)
16 3 9
_2.1 (ah)’ [1+§+EJ:gil(ah)2
]'Q':{!)"l"'il‘i';;ulgt 6 16 893 9 &

Shape Function Integrals VIl

4 -1 -2 -1 4 2 1 2
A_1—14—1—2_ﬁ2421
6|-2 -1 4 -1| 36 |1 2 4 2
-1 -2 -1 4 2 1 2 4

* Result of substitution into all A

» Matrices are symmetric so A, = A

» Have four basic terms: same node,
d|agonal opposite and horizontal/vertical

Nnrtllrulgt &

Shape Function Integrals I1X

» Central node » Diagonally opposite

2 ah’ 1 a°h’
A=2-T A
3 9 32 236
+ Horizontal or . :_l_ﬂ
vertical neighbor 6 18

» Assembly process counts central node
four times, diagonal opposites once each,
and horizontal/vertical neighbor twice

82

Cabtfornia State |‘:II|1Y-'.-
Northridge

Shape Function Integrals X

4[2
3

» Assembly on uniform grid using finite
difference notation
— Central node (i, j) counts four times
— Diagonal opposites (i1, j£1) count once
— Horizontal neighbor (i+1, j) count two times
— Vertical neighbors (i, j£1) count two times

a’h? 1 a%h? (
o Mt Uitgje1 Ui j1 FUigja +Uigja

9 3 36
1 azhz]
Q- (ui+1j +Ujjyg + Uiy +Uij-1)= 0
6 18 N

Caldforrsi Sate University
Northridge

ME 501B —

Engineering Analysis

14



