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Outline

* Review midterm
¢ Introduction to finite elements

» Basic approaches to finite elements
— Will start material originally scheduled for
April 22
— Parallel reading for this week is pages 711
to 739 in Hoffman

» Example application in one dimension
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Midterm Results

* Number of students = 12
* Maximum possible = 100
* Mean =451

Median = 43.5

Standard deviation = 28.2

* Grade distribution
2 10 14 26 35 40
47 65 71 73 75 83

Northridge

Problem One

» Sketch the wave .
equation solution, u(x,t)
at times ct = 0.1, 0.2, and| “*

0.3 for f(x) = u(x,0) as ,
shown at the right. o o0 onones 0n or we 00 b

— u(x,t) = [f(x+ct) + f(x-ct)])/2

Shapesatct=01  [——uix0) . Shapes at ct =0.2

0 01020304 0506070809 1
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Problem One I

» For ct = 0.3 must account for periodic
extensions of initial conditions for x < 0 and x
> 1 entering region 0 < x <1
— These are inverse of original initial condition

Shapes atct=0.3
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Problem Two

» Outline solution for potential u(x,y,t)

2 2
M _g[ QUL U} hex<l0<y<H,t20  u(x,y0)=U,
ot ox~ oy
u@©,y,)=0 u(Ly,)=U;  ux0t)=0 u(x,H,t)=U,

© ulxyst) = vixyt) + w(x,y)
— v(x,y,t) is diffusion equation solution with
homogenous boundary conditions
— w(x,y) is Laplace equation solution requiring
superposition: w(X,y) = w4(X,y) + Wx(X,y)

* w,(x,y) and w,(x,y) each have only one nonhomogenous
boundary condition
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Problem Two Il
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» Solutions in notes
v(x,y,t)= iicnme{LTj {?] }m Sin(nijsm(mﬂy)

sm[ 2n+ Dﬂx)sinh( (2n+ l)nyj
L L

(2n +1)7H )

W, ¢
2

=0 (2n +1)sinh(

WI(X! y) =

+ Solution for w,(x,y) found by substituting x
andy, L and H (and U, for U,) in w, solution

Cabtforri State Uniyersity
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Problem Two Il

sm[(zn + l)nyjsinh((Zn +1)n><j
H H

(2n +1)n|_]

Wy (X,Y) = Z

n=0  (2n +1)sinh(

» Need to use solutions for w(x,y) to find
coefficients in v(x,y,t) solution

HL
Cpq 7&}['([ Ug —wy (X, y) =Wy (X, y)]sm[ pL jsm[qﬂyjdxdy

Cabtforri State Uniyersity
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Problem Three

* Replace each f, in equation below by its
Taylor series to order of the error

o fip+8fi —8fi 4+ iy
1

12h
" 2 3 4 5
fi+2:fi+fi‘2h+f‘ (;h) i (;h) i (42|h) i (S?h) Fo
2 3 4 5
fr=fit e ;?) R ;P R fu“) i ;m o
f.=f—-fh+ fi“(fh)z + fiw(ih)s + fiml(ih)A + fim(ih)s +
e 21 3 a4 5

" 2 " 3 " 4 " 5
SRR A L) ) M L0 ML 0
e 21 3 4 51

Nnrthrl(lge °

Problem Three Il
+ After the algebra

—fig+8fi1—8fiy+ fi, (-2+8+8-2)f’h (-32+8+8-32)f;" h5+___: f,'+o(h")

12h B 12h 51(12h)

* Get first derivative of exat x =0for h=0.1
and h =0.05, and find the order of the error
_g0+2(0) | go0+0.1 _go0-0.1  40-2(0.1)

fi = =0.999996662696
12(0.1)

_g0+2(005)  g,0+0.05 _g,0-0.05  ,0-2(0.05)

fi = =0.99999979160465
12(0.05)

_log(e,) - log(e;) _ log(2.08395x10") ~ log(3.3373x10°) _ 2,001
" log(hy) —log(hy) 10g(0.05) — log(0.1) o

Cabtfornia State I‘:uln-'.- 10
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Why Finite Elements

« A different approach for converting
differential equations into algebraic
equations
— More complicated approach than finite

differences
— Capable of handling complex geometry more
accurately than finite differences
» Will not cover finite-volume a melding of the two
— Uses concept of interpolation polynomials
— Introduces gradients naturally

Cal .’q--_lﬁ:lll-l‘:unr\'_-

Northridge "
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Finite Element Methods

Designed for 2D and 3D geometries

» Can use for 1D case as example

» Basic idea is to divide region into small
elements (line, area, volume)

» Use interpolating polynomial for each

element

— Represent both geometry (independent
variables) and dependent variable

— Polynomials called basis functions or
shape functions

Cal .’q--_lﬁ:lll-l‘:unr\'_-

Northridge
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Finite Element Methods I

« Start analysis for region
» Look at set of small elements in region

» Assemble analyses for individual
elements is into a set of nodal equations
for the entire region
— Result is set of algebraic equations for the
dependent variable at nodes that are
points on elements

— Converts differential equations into a set of
algebraic equations at distinct points

13

Calbifornia State University
Northridge

Finite Element Analyses

» How do we represent differential
equation in terms of polynomials?

— Variational approach (Rayleigh-Ritz)
method formulates problem as the maxi-
mum (or minimum) of a function integral

« Apply directly to problems in solid mechanics
governed by a variational principle (Hamilton’s
principle)

— Method of weighted residuals

« Applies to general differential equations

— Least squares approaches

Cabifornia State University
Northridge

Method of Weighted Residuals

* MWR uses shape functions
&(x) or Ni(x) for each node . <
in region to write approx- u= Zuiqﬁi (x)
imate solution for true u(x)

» Have to find all the u; values
» Write differential equation as L(u)—b =0
» Weighting functions w;(x) for individual
nodes in region that satisfy this equation
[w[L@-bld=0 i=1...N

Cabtfornia State |‘:II|1Y-'.- 15
Northridge ©

MWR Example

+ Poisson’s equation for o ou, o°u:
Os<x<LandO<ys<H}: X ay%;;f‘_
* Pick N points in region |nclud|ng nodes

on the boundary Example

« Pick a set of weighting functions w:°r (1)

— Choice for w; determines final form of
algebraic equations solved

H {a“ +Q}dydx 0 i=0,...N

Nnrtllrulgt

What are Weight Functions?

« Different approaches to MWR use
different weight functions

+ Galerkin’s method uses w; = ¢,

— Gives same result as variational approach
when a variational principle is possible

+ Colocation method uses w; = (X — X;)
+ Dirac delta function 5(x — x;) result

jf(x)ﬁ(x—xi)j§2= f(x,)

Caldforrsi Sate University
Northridge

Shape (Basis) Functions

» Simplest shape functions are linear for
1D or bilinear for 2D

* For a linear element between nodes i
(atg=-1)andi+ 1 (at& =1) we have ¢,
=(1-¢)2and ¢,y = (1 +&)/2
* X=X ¢ + X; ¢, iS correct at nodes
« Bilinear functions for 2D element have
theform (1 &) (1+n)2 (_%t+X
2

&=

Caldforrsi Sate University 18
Northridge 2

X=X

ME 501B — Engineering Analysis
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Two-dimensional Element

(X41 y4) §=_1 §= 1,
n=1 =1

—~
x
N
<
N
~
-y

-11 g = 1
X1, )
(X1 1) 1 n= -1
+ Use dimensionless &-n coordinate
system for shape functions
» Simplest element has one shape

function, ¢, at each corner
Northridge

Bilinear Basis Functions

(X4'y4) §='11 §=11
(X3, ¥3) NS =1
(X2, ¥2) -
g -1, =1 ,

(X1, Y1) n=-1 ﬁ=_1
Note: | ,, _ 1-5a-n) 0, = 1+5)A-n)
i(Xg) ' 4 2 4
=9 _@ @) (A-8)Arn)
Northridge 4 ! 4 =

Using Shape Functions

* Model geometry and dependent
variable over the element

» Use of same shape functions for both is
called isoparametric element

» Shape functions associated with
element nodes such that ¢,(x;)) = 5;

4 4 4
Xzzxi(/’i yzzyi(/’i ljZzui(Pi
i1 i1 i1

Cabtfornia State |‘:II|1Y-'.- 21
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Modeling Differential Equation

» Look at simple one-dimensional
example: d?u/dx? + a2u =0

» Equation for u in terms L
of shape functions gives U= ZUiCDi
approximate value i=1

» Seek solution in which differential
equation is satisfied in an average way
over the region; w; is weighting function

.
rwi(x){d‘zuaza}dx:o i=0,...N
0 dx

Cabtfornia State |‘:II|1Y-'.- 22
Northridge

Modeling Differential Equation |l

+ Last equation on previous slide is general
MWR equation for one dimension

+ Various choices are used for
weighting functions, w;

+ Galerkin method uses w; = ¢,

« Known to match variational results for
certain linear problems

.
I0L¢i(x)[(:b(zj+azﬂ}dx—0 i=0,...N

Caldforrsi Sate University 23
Northridge

Modeling Differential Equation Ill

» Use integration by parts to eliminate
second derivatives which give zero for

linear shape functions Fa

R L d(dd O rday
-[0 [ wdx = J.O @ &(&]dx = J‘O (el’lq (&j dVII,
1/\'8—0“\ : L'&f]‘i T\ da t L\dlj—d—él/
=hp!'—| — ,’—:d 1= — | = —— 7 dx

[ﬁ'i_d}l -[Ode. ?),' [(p dxl] o dx dx
* Remember there are N+1 of these
equations wherei =0, ..., N

Caldforrsi Sate University 24
Northridge
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Modeling Differential Equation IV

» With result of integration by parts, the
or|g|nal equatlon is (foreachi=0, ....

* Next steps: handle boundary terms,
separate into elements, and introduce

..Shape functions for u
Northridge »

Modeling Differential Equation VI

[ dUde a2 fox = = dd do, o [ patidx =0
0| dx dx dx dx 0
» Substitute shape function .
equation for uinto integrals Y~ jZ{;ui‘pi
N -
d>» u.e
Ldd dg, dX*JL JZ:(; 4 z IL do; d(/’.
0 dx dx o dx x dx dx
L 2n L » N L )
jo pa udx:.[0 pa JZ:[;ul(pl dx:jz:(;ujj'O pa’p,dx
Northridge o
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Modeling Differential Equation V

* Atx =0, ¢, = 1 and all other ¢, =
* Atx =L, ¢y =1 and all other ¢, =
» Have special equations fori=0andi=N

i=0 —(1)O|—u —LL[dUd(p" 0au}dx =0

dx|,, dx dx

dd L/ ddd -
()dx -[) [ P —goNazu}dx =0
x=L

i=N

dx dx dx

All other i L{iﬁ‘iﬁi—wiazﬁ}dx =0

Caltforrsa State Lnfversity 2
Northridge

Modeling Differential Equation VII

L da d¢| Ud¢| L 2n _
.[0 [dxdx_ ?, }x J i dx dx .[0 @,a*ldx =0

» Result of previous integration is

I{‘Lﬁd(ﬂi _
0| dx dx

28

Modeling Summary

* Forthe ODE u” + a2u =0
— Get a grid of nodes, x;
— Each node has a shape function, ¢;(x) or

N;(x) with the property that fi(x;) = §;

— We want to find the value u; at each node
— The algebraic equations to do this are

N

Duj=0 where Aj= J. {?(ﬁ?—@,a (pj:|dX

= Choose ¢; and evaluate A;

* Linear equations for ¢, are easiest

Cal .’:r-_lﬁ:lll-l‘:unr\'.- 29
Northridge
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0 X< X
X—%, ' Get needed shape
X =%, X1 <X<X  functions by
p()=1y 7% substituting i-1
L= X <X< Xy, i +1 fori
X, — X and i +1 fori
0 X2 X 0 X< X4
Substitute shape 1 X <X<X
functions and  d&i(X) _ % -
f:lerlvatwes into  dx -1 X <X< X,
integrals Xin =X
California Sate Uniyersty > X
Northridge 0 X K s
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Introduction to Elements

* Note that all shape functions are
defined for entire region, but are zero
for all but a small part of the region
— Most A; coefficients will be zero

* In the 1D case we have integral from 0
to L, but basis function, f;, is nonzero
only between x;_, and x;,,

* Look at element between x; and X,
where there are only two nonzero

_.Element basis functions

Nnrthrulgt

31

Element Analysis

» Same analysis for individual elements

doj d
ZAijuj Aj *J‘ [dxjd(m—(p.a (pj}dx

Xip Xiq X gi+1 Xira Xirz Xivg (glObAI)

» Look at one typical element where there
are only two nonzero shape functions

32

Calbifornia State University
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Element Shape Functions

* Use element numbering scheme

Ajyup=0and Ayu +A;,u,=0

Northridge

d
A” jXII |:(Pld(p'—(Pla (ij|d)( i=1,1

e dx dx
| -X
¢| I\\ |(1)” o, (x) = h
[ 4 -
! ) ¢’||(X):u
X| X“ (IOCGD XII7 |

* Have two equations for element: A u, +

33

One Element Integral

ZA,, Z I[dd(i’%(/" a(pj}dxzo =10

Xt dQ)J d(p 2

= — " _ ) X, —X
A .L. |: dx dx pa'; (dx @ (x) = X”—X
1} |

X=X
x| d d X =—7W
IH_J‘ |:(;/;|| dﬁ‘)’(|7 (p”:ldx o (X) X, —X
|||_J { [ = J_ Xy =X g0 X2X, :|dX

X =% X =X, X =%
Nnrtllrulge .

Element Integral Results

§ notat|on to summarize results

dx dx
Nnrlllrulgt

» A, , coefficients for element use a and

Xt dgﬂ d¢7 1
A, = [—'—'fqya(ade:a -
N I dx d a @ I a, 2 —
«| de, d a
AI,II :LI |: (;pxll d(/:(l —(Plazfp.l}d)@ﬂl +?(X|| -X)
| oy do, 2 :3 1
=| | —p,a‘p, [dx= =
A I |: dx  dx ona o B B —

Xy a
A = [dwu do, ¢IIa2¢II:|dX:aI +€(X” )

Element Assembly

» Return to global numbering scheme
» Two equations for each element
— oy, *+ B, = 0and B, + ayuy =0
* Weight function i + 1 produces two
element equations that are really one
global equation
—Node | in element fromi+1toi+2
—Node Il in element fromitoi+ 1

Caldforrsi Sate University 36
Northridge
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Element Assembly Il

« From ¢
local to
global

oy + B, =0

|
|
[ By + ayuy =0
|

» Weight function ¢,,, is ¢, in element from
x; to x;,4 and ¢, from x;,, to X,

wimmaombine both for ¢, equation o
Northridge

April 13, 2009

Element Assembly Il

» Combine element equations from some
global weight function at each node
* Use node i + 1 as general global node
— oyu, + Bu, =0 fromelementi+ 1toi+2
becomes o, 1Ujs1 + BisqUiso =0
— By, + oquy, =0 from elementitoi+ 1
becomes Bu; + oyu; =0
— Adding both equations gives Bu; + (o +
Qg Wi + PisqUis2 =0
* In 1D problems, can also use global
~approach (see supplementary charts)
Northridge ®

Equations to be Solved

du du
dx AUy + By =

Uy + Bl =— dx
X=Xq X X=Xy

B+ (@ + o i+ B, =0 =1 N-1

 Tridiagonal system of N+1 equations
with N+3 variables
— N+1 temperature values and 2 boundary
gradients
— Boundary conditions will specify two other
~equations
Northridge ®

Boundary Gradients

* If we have Dirichlet boundary
conditions, we can solve for
temperatures then find gradients

* For Neumann or mixed boundary
conditions, we must include gradients in
tridiagonal solution

» Write boundary conditions as a du/dx +
bu = ¢ and make g, = du/dx|,_, the first
variable and g, = du/dx|,., the last one

Cabtfornia State |':II|1Y-'.- 40
Northridge

Finite Element Equations

» Equations below only handle boundary
conditions with gradients (a, = 0 and ay = 0)
fa, by 0 0 0 - T

0 0T g ] [e

1 aq+a, B 0 0 - 0 0 u, 0

B ata, B, 0 0 0| u 0

0 0 B, a,+a, Py 0 0| u, 0

0 0 0 s : N IR

0 o 0 0 o Y Bus O fuy,l |0

0 o 0 0 o Bua @atay 1| uy 0

| 0 0 0 0 e 0 by, ay |l oy | |cy]
Cabtfrri State Uniyersity M

Northridge

Solution Errors fora = 2

N 100 100 10 10

Method FD FE FD FE

erws | 1.7x105[ 1.7x105 | 1.8x103 | 1.8x10°3

€max 2.4x105 | 2.4x105 | 2.4x103 | 2.4x103

€graa(0) | 3.6x10% | 7.0x10°5 | 3.6x102 | 7.0x10°

€graq(L) | 2.1x10| 9.6x10-5 | 1.8x10-2 | 9.5x103

ME 501B — Engineering Analysis
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Solution Errors fora = 0.2

April 13, 2009

N 100 100 10 10

Method FD FE FD FE

erms | 6.2x1010[6.2x10-10| 6.5x10¢| 6.5x10°8

e 8.6x10-10|8.6x10-10| 8.5x108| 8.5x108

max

€qraa(0) | 1.3x106 | 2.2x10 [ 1.3x10 | 2.2x107

€qraa(L) | 1.3x10°6 | 4.5x109 | 1.3x10 | 4.4x107

43

Calbifornia State University
Northridge

Notes on the Error

* The formulations used here for finite
elements and finite differences have
second order error
— Notes both equations almost the same

» Although temperature errors are similar,
finite elements gives smaller errors in
the gradients

» The heat source parameter, a2 = b/k,
can change the error for a given h

44

Calbifornia State University
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Higher Order Shape Functions

+ Both finite differences and finite
elements can decrease grid size to
improve accuracy

- Finite differences can use O(h), O(h?),
O(h?3), etc. expressions for more
accuracy with same grid spacing

« Finite elements can use higher-order
shape functions to give more accuracy
with same element size

+ Details on supplemental charts

Cabtfornia State |':II|1Y-'.- 45
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Quadratic Solution Results

« Solve d2u/dx2 + a2u = 0 with Dirichlet
boundary conditions with a =2

4% order error by log error vs. log h plot

Number of | Element | Maximum RMS

Elements| width, h Error Error

5 0.2| 3.70E-05| 2.40E-05

10 0.1 2.40E-06| 1.50E-06

20 0.05| 1.50E-07| 9.10E-08

40 0.025| 9.50E-09| 5.90E-09
Northridge &

Supplemental Charts

+ Charts 48 to 52 show use of global
approach to one-dimensional problem
with linear shape functions
— Gives same results as element analysis

» Demonstrates need for assembly process
» Not readily accomplished in 2D and 3D

+ Charts 53 to 63 show details of analysis

with quadratic shape functions

— Same overall approach to getting ZA;u
but different equations for ¢

=0,

IJJ

Caldforrsi Sate University 47
Northridge
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Global Approach

* Get basis function for each i

I {d—u%—(p,a u}dx Zu j {d(p'd(p'—qﬁ.a %}dx—o

dx d
A ' ! A Linear
N\\(b 1 /‘P{+2\¢ 3 basis

functions

Xia Xi4 Xi o Xipp Xz Xiuz Xijsg
» Evaluate integral for each shape function,
¢;, to get an equation for each unknown, y,

Caldforrsi Sate University 48
Northridge
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Global Interals

* Value of ¢, is nonzero only for x;_,
* u; coefficient zero unless j = i—1, i, or i+1
N L dw- d(p. 1
;uiJ‘o |:d7XJd7XI_¢ia2¢’j_dX =AU+ AU+ A‘iilunl =0

Jde_, do, )
—=—L_—ga‘p,, (dx
XH_ dX dX ¢| (ol—l—

x| Ao de, ) }
= — -7 pa‘e |dx
A, I TR

X

" dgoi , do, )
2L _pa‘e.,, |dx
dX dX ¢| (p|+1_ ”

AiH—l J.

Northridge

Results of Integration

N

j=0

d
zu j |: 7 d(o' _(pia2¢j:|dxz AU AU +A UL =0

a’ 1 a’
0!|=?(XH1—X|)— ﬂ|=E(XI+l—XI)+ "

i1 N i1 N

dx dx
J[do,, do
A= Ix, |:§:(l(;i_¢7iaz(ﬂi-1}dx =fia
i d Id ]
J. {dgi d€0 - a¢i:|dxzai+ai1
i d d
A= [ e —(piazq)m}dhﬂi
Northridge %

Evaluating the Integrals

* Use A, as an example

Aii—l = Ixm{d(pildgoi

_ ok
vl ax dax

(X)) = X, _;(
Xia =%

Northridge

j=0

Quadratic Shape Functions

» Use one-dimensional shape functions
here as an example

* Need three nodes per element for
quadratic shape function
—Label nodes asi—1,i,andi+ 1
— Define coordinates as shown below

Xy~ Xig
h=X% =X =X, —%=—""7—
2
£-2 X = X; gzx—xi
Calsfornin State Linersity i1 Xi—l hi 53
Northridge
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N L| do: de.
ZUJL |:J¢I_(/’iaz(/’j }dx =AU AU +A UL =0

Constant Steps x,,.;, — X, = h
ha? 1 ha? 1
“T3h ATtk

dx dx

xq do_, do, . ha® 1
= —H " _pa‘p, [dx=—+—
I d dx 9P Ty
2
A= I '”W‘L“"—wia%i}dx— ha —%
' e X X
J do,., do, _ a’ 1
=|" |2 _pa’p,, dx=—+=
Al|+ H dX dX ¢| (0|+1_ 6 hs

N()l‘lhl‘l(lgt

Quadratic Basis Functions Il

0.1(5) = §(§+1) 1x- X£X X+1] « Can use

"2 h h; either
w—x V¥ definition
wi(é):l—§2=1—[ . J of h;in
‘ integrals
o 26D LA (1) Pione
"2 h |\ h to give
_ _ X=X simplest
=X =Xy =X =% = 2 results
Northridge *




Introduction to finite elements

April 13, 2009

Quadratic Basis Functions, Global Basis

One element

><
.
<
T~
>

AN DAVANFAVAY

Northridge

55

Quadratics for d2u/dx2+a2u = 0

« Have three U, coefficients in each
element

u X d(p] d@ 2 .

u; —L " —pa‘p |dx=0 i=1,I1,1

JZ, ‘L {dx a7

+ Have three shape functions in each
element

* Nine integrals to evaluate (3 y,
coefficients times 3 basis functions)
— Three found by symmetry

Caltforrsa State Lnfversity 56
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Quadratic Element Results

* Result of element integrals

u X d i . R
Zlujj {(p’d(p'(piaz(pj}dx=0 i=1,1,
=

Quadratic Assembly

* Nodes fromi=0toi=N

Elements fromk =0to K=2N -2
Element k has nodes 2k, 2k+1 and 2k+2
Different equations for odd and even i

4 2a’h, 8 16a’h,
T U+ o=~ |
3, 15 3, 15

2 -_
AN o oddik=12t
3h, 15 2

Cabtfornia State I‘:uln-".- 58
Northridge

x| dx dx
7  4a’h 4 2a’h, 1 a’h 0
— 1 _ _ i 4 i ul
6h, 15 3h 15 6h, 15
4 22ah 8 16a’h, 4 2a’h o l2lo
3 15 3h 15 3h, 15 "
1 a’h 4 2a’h, 7 4a’h
FrRirT-are Fru u 0
6h, 15 3h 15 6h 15 'H
Northridge o
Quadratic Assembly |l
* Eveni equation
2 2
1 ahg u_,+ _ 4 2athy u,
6h,, 15 3h, 15 _
7 4ath,, 7 da’h, Even 1
] — u; + i
6h,, 15 6h 15 k=2
4 2a’h, 1 a’h,
T Aan U | 7+ Ui, =0
3h, 15 6h, 15
. Boundary nodes on next chart
Northridge *

[

Quadratic Assembly Il

» Boundary nodes ati=0andi=N

7 4a’h, 4 2a’h, 1 a’h, du
— Uy +| ==~ (T U, =——
6h, 15 3, 15 6h, 15 dx

6h, 15 3h, 15 6h, 15 dx

» Can simplify equations for constant
element size, h,

ak .’:r;lﬁ:lll-l‘:unw'.- 60
Northridge

7 4aZhK} { 4 2ath} [1 ath} du
- Uy +|——— Uy, + + Uy, =——]

x=0

x=L
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Constant h

» Multiply all results by 3h or 6h to get
whole number in lead term and a2h? in
remaining terms
— Even i result below with odd i,i =0, and i =

N results on next chart

212 212 212
l+7661 h U, + —8—l2a h U, + 14—4861 h u; +
15 15 15

212 21?2
—8—1261 h U, +1+ 6ah u.,=0 Even i
15 15

61

Calbifornia State University
Northridge

Constant h (i =

0, N and odd i)

" ““} {

"

Calbifornia State University
Northridge

[ 6a’h’ } o, =—n 3y
dXx:O

1
o=

}UM =0 Oddi

Quadratic Solutions

* Have N + 1 equationsin N + 3
unknowns

» Add two boundary conditions equations

» Set of equations forms pentadiagonal
matrix

+ Solve by extension of Thomas algorithm
that applies Gauss elimination to matrix
with five diagonals next to each other

Cabtfornia State |‘:II|1Y-'.- 63
Northridge
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