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Review Finite Differences

» Second-order second derivatives

 Ujgj +Ujgj —2U; oy O%U] _ Uijyy +Uijg — 20
i = (AX)2 +O[(AX) ] ay2 i (Ay)z
« Poisson-Laplace equation O[(Ax)?,(Ay)?]
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Uis1j + Ui +B2(Uij+1 +uij—l)_ 2(1+B2)Jij +(AX)2[kJ =0
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Outline

* Review last class
» Treatment of boundary conditions
— Second kind (Neumann)
— Third kind adu/ds + bu = ¢
* s is coordinate normal to boundary (x or y)
» Treatment using different gradient
expressions
» Compact difference expressions for
higher order accuracy
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Review Small Grid (N =6, M = 5)
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ReVieW |terative SOIUtionS Effect of Relaxation Factor on Execution Time
* Jacobi iteration uses all old vaIues Squa,eu:H‘:D
(n+1) _R' (n) (n) (n) (n) -
U™ = by = AU — AU, - AT, - AU ool N
« Gauss-Seidel uses most-recent values R ek Singecty
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Other Boundary Conditions Notation
* General condition adu/ds + bu = ¢ « Label the boundaries at x = x, and x =
—a=0,b="1for Dirichlet (value given) Xy as the (W)est and (E)ast boundaries
—a=1, b=0for Neumann (gradient given) —a, b, and ¢ can be different at each y;
— Mixed has both a and b nonzero
_ > _ — Notation: a]W, bJW, cJW, aJE, bjE, and cE
. ertc_a geperal boundary cqndltlon using « Boundaries aty =y, and y = y,, are the
a finite difference expression for ou/0s (S)outh and (N)orth boundaries
— Two approaches —a, b, and ¢ can be different at each x,

* Using second order forward or backward
difference for boundary node

+ Add fictitious node outside boundary and use
central differences at boundary

California Seate Universit
Northridge

— Notation: a8, bS, ¢S, aN, bN, and ¢cN

California Seate Universit
Northridge
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Central Difference Approach

» General condition adu/ds + bu = ¢ by
central differences

— Write general equation for boundary nodes
that contains fictitious node outside region

— Write central difference equation for
boundary condition

— Solve this equation for potential at fictitious
node and use result to replace this value in
general equation at boundary

— Include boundary nodes in iterations

Califieni Seate University
Northridge
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(N)orth Boundary Example

* Finite-difference equation aty =y,

s w P E N
A Uin_1 + A Ui + Ay Uiy + Ay Ui + AMU i

« Fictitious uy,,, from central-difference *
boundary condition equation aty =y,,

u. —Uu.
a_N iM+1 iM-1 +b-NUiM :C-N

Califieni Seate University
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(N)orth Boundary Example |l

» Combine equations to eliminate u;.
Ab Ui 1+ AU g + Al Ung + Al Uy
2A
+ Ai’l\\lll |:uiM at ?g(ciN - biNuiM )} = QiM
al' (A% + Al b+ Al + (8" AT —2ayAND by,
+a Ay Uy =a'Qy — 2AyAyCY
» Modified coefficients at (iterated)
boundaries: new AS, AP, and Q; AN = 0;

AW and AF multiplied by aN

Callifiorni Stase Univensiy 15
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CD General Boundary

» Modified east boundary coefficients
G af Al - AG2AbE A af(af + Al
Qpj < a5 Quj —2Axct Al AN < at A
AN < a5 A Ay <0
* Modified north boundary coefficients
Ay al Ay - A 20y ASy < al (A + A% )
Qim < af' Qim —24yc!" Aly A < af' Ay
At <" A A <0

Califieni Seate University
Northrlidge

CD General Boundary |l

* Modified west boundary coefficients
Ay <l A+ A 2al Al (af + A
on (—a\JNQOj‘f‘ZAXC\;VAng AONJ <—a\;VA0NJ
Agj < aj A Agj <0
» Modified south boundary coefficients
Ao al W+ AS2ADE A a® (AR + A)

S S AS E S AE

Qio < &7 Qjo +2Ayci" A Ao < & Ap
W S AW S

Mo < 8" Ao Ao <0

Northridge ”

ME 501B — Engineering Analysis

Forward/Backward Difference

* General condition, adu/ds + bu = ¢
— Use forward differences ati =0 orj=0 and
backward differences ati=Norj=M
— Obtain equation for boundary potential in
terms of two nodes in from boundary
— Combine this equation with general
equation for first node in from the boundary
to eliminate unknown boundary potential
— No iteration on boundary values, which are
found at end of iterations
‘-__..!-.,..To_.l?.ﬁ..r.l.vation at end of this presentation
Northridge
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(W)est and (S)outh Boundary

March 30, 2009

(N)orth and (E)ast Boundary

43N N7 aV N7
A?A—leAi:i/I—l-'—ﬂ Ai/l—leAifvl—l_ IAiMl

Rortheidge AFand AY unchanged  2AYPT 331

4a,, e £ aj A}
A e AR A A
2Axh,; — 33y, 2Axb;" - 3a;
2AxcY A"
Q0 g A0
. i i u 2Axc] —4aju; +af'uy
N =
: and A’ unchanged 0] W W
AN and AY g 200" — 33
4a’A] a A
P AP TG AN AN, ST
A A 2Ayb® —3a’ A <A 2Ayb7 - 3a7
2AyCS AS s
) P A I | 0
Qll <« Qll ZAybIS _3ai5 Aﬂ < _ 2AyCiS —4ai5ui1 + aisuiz
i0 —

2Ayb" +3a 2AybN + 38
28yc A N
ma < Qv —T— v v «~0
QuM—l Q|M71 2Aybi“ +3aiN AiM -1 } . \
U = 2AyCT +4a7 Uy 4 — 3 Uy,
M = N N
AS, and Al _; unchanged 2Ayb” +3a;
a?As ) AaEAE )
NP\ j N P APy i TN
Ay < A 2Axb; +3af Ay < Ay 2Axb; +3af
2AXCE A L
QNf1j<_QN71j’W Aviu‘_O
2Axc +4afuy ;- afuy
Califioeri Seate University Y 2AXbJE + 3alE
Northridge A,'\\‘,,lj and Af,,lj unchanged 20

Compact Approximations

« Define central-difference operator, &2
5 =, +f,—2f,
» Compact second derivative

PR O[(AX)A]

| (m){n%j

» To apply this equation, we have to
multiply through by denominator and
then apply the operator there

Callifiorni Stase Univensity 21
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Final Result

10822
1+ 2

Uisgjer +Upagjg +Uigje + U, + 20Uy —

2 2
12+;€ ( i1 ij—l)_rz((]%)[looQij +10(Qi+1j +Qiy;
+Qij+1 +Q|j71)+Q|+1]+1 + Qi+1j—1 + Qi71j+1 +Q|—1j—1]= 0
* Each value of u; is linked to eight
nearest neighbors so each finite
difference equation has nine terms
— Uses weighted average source term
— Derivation at end of this presentation

Callifiorni Stase Univensity 2
Northridge

(ui+1j +ui—lj)

Final Result for AXx = Ay = h
* ForAx=Ay, =1

102 -2

Uisgja +Uisgjo1 +Uiogjag +Uigjg —20U5 + W(Um; +Uigj )

10— 2p2 Ay
1+B§ ’(Uij+1 +Uij4)‘ 12((1232 )[100Qij +1O(Qi+lj +Qiaj

+Qjjaa + Qij—1)+ Qi1jsr + Qisja + Qigjur + Qi—lj—l] =0

Uiajor FUiajo Ui U5 — 20U + 4(ui+1j FUi g+ U + uij—l)

h2
Y [100Qij +10<Qi+lj +Qiy +Qyat Qij—l)

oo+ Qg+ Qs+ Qi +Quapa]=0 23
Northridge
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Boundary Crosses Grid

\
* Define new 6x and &y to \
define boundary i
X
* Get derivative expressions Sy
for uneven grid spacing \
fr= fi+1_ fi—l_i(xiﬂ_xi)z_(xi—l_xi)z +o N
I Xisg — Xia 2 Xig — Xig
fi+1_ fi _ fi - fi—l
fi“: Xig =X X~ Xy +O(h)
Xiq T X% _ Xt Xy
Northridge 2 2 o
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Boundary Crosses Grid |l

+ Simplify f’ equation as follows
fin—f fi-fi, fiu-f fi-fiy
goo X =X Xim X o X 7 X X~ Xig
X+ X XA Xia Xy X — (X + X ):

? ? ;=(xi+1—xi,1)§

f

2
f.'= it
b (%=X X = Xi) h (6 =% (X1 = X4
2 1 1
+ fi

Xid =X [ Xia =% X — X

* Use for Laplace equation ou/ox, ou/oy

t_.r||!'|:|' a1 Seate University 25
Northridge

1

Boundary Crosses Grid Il

u % 2 - 2 "
x® oy? (X=X % — %) B Y A
2

i (yM —Yj lyju - )’H)Uij)fl * (Yj - yj—llyjﬂ - yj—l)u”_l

2 1 1 2 1 1
+ + + u;; =0
Yia=Yja|Yjia~Yj Yi=VYja | Xa—Xal[Xa—X X—Xa

wo_ 2 E_ 2
A A (X1 =% )();Hl_xi—l)

- (% - Xi-12)(Xi+1 - Xi—l)
AS = AN =
! (yj_yj—lxyjﬂ_y]’—l) (yj+1_ijyj+l_yj—l)
AP =—AN - A% - AF - AV

S W P E N
e e et Uij-1 T A Uiz + A Ui+ AT Uigj + Af Uy =0
Northridge
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Boundary Crosses Grid IV
» Hoffman uses with different notation

— Define Ax, = X,1 — X, and AX_ = X; — X4

— Define Ay, =y;.1 —y;and Ay_ =y, -y, 4

+ 0 - + 0 -
AjUis1j — 2A5U55 + AjUigj + ByjUijg — 2Bjjuy; + By 4 =0

P AE _ 2AX_ S AW _ 2AX,
A=A Ax_(Ax, ) + Ax, (Ax_ Y A=A Ax_(Ax, )+ Ax, (Ax_ Y
N 2AY _ 2Ay
B =AN=- %) B =A==
N Ty ey Y T Ty ey Y
Coone —2(Ax_+Ax,) -2(Ay_+Ay,)
P = A —2B7 = - + -
N T e an (kY oy (. vy (ay
Northridge 7

Boundary Crosses Grid V

» Use uneven finite-difference expressions
in differential equations

+ Can create problems with stability in
explicit procedures

+ Care is required in modeling gradient
boundary conditions

* Generally not favored

— Exception is Flow-3D software by C. W.
“Tony” Hirt who recommends this procedure

Califieni Seate University
Northridge ®

Summary

* Elliptic finite-difference formed in the
same way as parabolic ones

» Equations require iterative solvers

» Simple solvers will work well for small
problems

» Advanced solvers required for more
complex problems

* Need to treat boundaries that do not fall
on grid nodes

Califoenis Seate Universit
Northridge ®

Midterm

* Next Wednesday, April 1

» Covers wave equation, PDEs in more
than two independent variables,
classification of PDEs and numerical
analysis introduction

* Problems similar to previous midterm
and homework

* Any questions?

Califoenis Seate Universit
Northridge %
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Additional Materials

+ Slides 32 to 40 present detailed
derivations of the general boundary
conditions using one-sided differences
— See Hoffman for other derivations of

central-difference boundary equations

» The derivation of the higher order
difference method using compact
differences is shown on slides 41 to 47

t'_.r||!'|:|' a1 Seate University 31
Northridge
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General Boundary Example

* Look at (W)est (x = x,) boundary; other
boundaries follow similar derivation

+ Solve one-sided, second-order first
derivative expression for uy

w —3Ug; +4uy; —u

ou i
al! = +b'u_, =a 2L pfu,, =c
OX ° 2AX

X=Xg

(ZAxb‘jN -3a} )uOj +4aju,; —aj'u,; = 2Axc}

2Axc] —4ai'u,; +aj'uy,
U, =
o 2Axb} —3a

t'_.r||!'|:|' a1 Seate University 32
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General Boundary Example Il

» Combine boundary condition with
equation for first node from boundary

s
AUt AivJYUOj + Aipjulj + AiEjuzj + Ai’\;ulj+1 =Q,;

W W 0
2Axc; —4aju; +aju,;
2Axb} - 3a’

s
Aijulj—1+AlV\J{

+ Aipjulj + AiEjqu + Ai’\}uljﬂ =Qy;
4ay,
Ay +[A[’ A ’]u
jf1j j j ZAXQNJ» 73awj 1j

W AW
+[Aﬁ+aij” -
2Axb;" - 3a;

Califieni State University
Northrlidge

W AW
2Axcy A
2Axb;' —3a}

33

N
]Uzj + AU, =0y -

General Boundary Example Il

* Boundary node no longer in equation
— Still solve for interior nodes only with solver
— Find boundary value after solution complete
— Use modified equation coefficients

4a,, e . al' A
A A=A — A A
2Axby; - 38y 2Axb;" — 3a;
2Axc! A

Q. it w0

Q< Q 2Axb! -3 Al
W w w
. 2Axc] —4ajuy; +aj Uy,
Califoenia State University ] W QW
Northridge 2Axby’ —3a; a4

Results for Other Boundaries

+ Substitute revised coefficients for
original coefficients in finite-difference
version of PDE

» Similar approach, with different
equations, at all boundaries

+ Iterate only on nonboundary nodes and
find boundary potentials after iterations
complete

« Derivations follow here

Califoenis Seate Universit
Northridge %

ME 501B — Engineering Analysis

South (y = y,) Boundary

* Result similar to (W)est (x = x,) boundary
Auio + AT Uigq + AU + AR + AY U = Qy

s 2Ayc? —4aduy, +alu;,
2Aybis —3ais

W P E N
+ Ap Uiyg + Anlip + AUz + AgUip = Q.
S A8
4a7 A
2Ayb° —3a’

S S S pS
N a Al 24y¢ Ay

+| A1+ + Ujp =Qi1 —
[A*“ 2AybS —3a° J'z " 2aybS —3a°

w P E
A1 Ui—11+{/'\1 - Juiﬁpﬁluiul

Califoenis Seate Universit
Northridge %




More numerical elliptic PDEs

(N)orth and (E)ast Boundaries

» Same approach with backward difference
expressions
— Look at (E)ast as example

Uy —4Uy 4+ Uy
E Nj N-1j N-2j +b;EuNj ZCI-E

E E _
a- — +bjuNj— i A ;

X=Xy

E E E E _ E
(ZAxbj +3a; )uNj —4ajuy 4 +a;Uy ,; = 2AXC;

E E E
2AXC; +4ajuy ;- ajUy ,;

Uy =
Calforia e Uniyenity. E E
Northridge 2Axby +33; .

(E)ast Boundary |l

* Final results

a?Aﬁ ) AaEA'E )
S U -1 P -1
Avaithsa *[A“i oMY +3a° ]”MJ‘ *[AN*“ * o +3a |

+ AUy = Quayg _%
Qqu ‘*QNA]‘% Arsfljeo
2AXC +4afuy_,; —afuy,;
Northridge = 2A0j+3a) ®

March 30, 2009

(E)ast Boundary

+ Combine boundary condition with
equation for last node before boundary
AfifuuNle + ALJUNfz; + Az—ljuNflj + Aﬁ—ljuNj + A'?fljuNflkrl =Qny;j
Az—ljuN—lj 1+AXIVIJUN 2j +Af§—1|uN 1]

c 2Axc +4af U

a UN 2j
+AN 1JuN “1j+1 QN -1j

N 2Abe +3a;
s \ aJ ANfll P 4aFA5711
AN’“UN’“’lJr[AN’lj72Axbf+3af -z | Avay ¥ 2AxbE +3a° i
2Axc] A
N _ N1
+ A Unoer = Qg — 2AXbE+3a

38
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(N)orth Boundary

* Result for y =y, boundary similar to x = x

S W P E N 77
AiMfluiM—Z + AiMflui—lel + A1M71uiM—1 + AM—luiJrlM -1 + AMfluiM‘l = QiMfl
I

AiM lulM 2+AM lul 1M 1+A1M lulM 1+AM 1u|+lM -1 |

(2AyG! +4a]uy,  —aNuy , Vo - - J
Nt iM-1 iM-2 3
A N v 2Ayb" +3a) Lo’ Qs
aN [
4da; B ZAyC-N N )
[A'l:\'llfl + ﬁjuim a7t Afn aliama = QiM Eh ﬁ
. it State :m.-NI|. i 1 i
Northridge 40

PDE Compact Differences

» Compact differences for Poisson equation
— Define x and y direction difference operators
— Second partial derivative expressions

§ngij =01, T 9i4; —20; 5yzgij =01+ 01— 20;
Ol LS ofmy]  2Y M ofay]

Ed oy

i (A )(1+ng i (AY)Z[“fg]

« Apply to d2u/ox2 + 2uloy? = Q(x,y)

41

California Seate Universit
Northridge

Poisson Compact Differences

Sl Sauy

-Q; = i N T N
, 2 2, Oy
i (axy (1+ ﬁj (ay) [1+12]
=(ayy [1+(152j§fuu +(ax) [14—%]55% —(Ay)2[1+ i; ]( xf [14—%](3
 Multiply by 12/(Ax)? and use B = Ay/Ax
ﬂ (12+5 xuu +(1+§2)5§uij _(Ay)2(12+§5(1+f‘;JQlJ =0

* We know &,2u; and 8,2uj, but what is 8,2 8,2u;

42

Ii-’or't]ii-idge
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Mixed Difference Operators Back to Original Equation
* Apply each operator in order » Reduce basic finite-difference equation
— Get same result regardless of order 5
5267, = 52(6%0, )= 87Uy, +uy 4 —2u,) ,3 (12+52)5"X_uu +(12+52)5 t, — (ay) (12+52{1+12JQij =0
ij X x \Mij+ ij—1 T EYi )] e e e
Oy 52” =Upyg g tUisgjn — 2u|1+1 Uigjoa HUig 2u|]—1 B (12+52)5qu +(12+52)5 Ujj :12(ﬂ25xz”ij +5yzuij)+(l+ﬁ )5555%
_Z(Ui+1j '_ j _ZUM) _12ﬂ ( |+1] | -1j 2U )+12< |]+l I] 172 ) (1+ﬂ2 i+lj+1
5y5fuu = 5 (55 'J) 52( I+l] i _2u”) +ui+1j—1+ui71j+1+ui71] -1 2u| -1j 2u|+1] 2uij+1 2ul] 1+4uij)
5y5xuu =Upygja HUigja =205+ —1j+1+ui—1j—1_2ui—1j :(1+ﬁ2Xui+1j+l+ui+1jfl+ui71j+l+uifljfl)_20(1+ﬁ )Jij
- Z(Uij+1 Uy —2U; ) +(10ﬂ2 _ZXui+1j +ui71j)+ (10_2ﬂzxuij+l+uij—1)
Northridge © Northridge “
Original Equation Source Term Combine Results
. 2
Continue reduction of basic.equation... oL+ 5757, + L2+ 5257, - (syf L2+ 82 {HEJQ“ o

B2+ 52)52u, + 12+ 57 J52u, — (Ay) (12+52(1+f;JQ.. =0
} (1+ ﬂz Xu|+1j+1 + ui+1j71 + ui71j+1 + Ui,1],1)_ 20(1+ ﬂz )Ju

52
12462 ) 1+ 2% Q; =12Q; +5Q +5Q +75 5><Q
( y{ 12J 12”7 +(10ﬁ2 quulj +ui—1j)+ (lO—Z,HZXuM +Uij—1)
:12Qu +(Q|+1j +Qi71] 72Q|j)+ (Q|J+1 +Qufl 72Q|j)+E(Q|+1j+l ( )ZI:EQU (QiJrlj +Qiflj +Qij+l+Qijfl)j|
Qi1+ Qigjn +Qiyjy —2Qi4; —2Qu; _2Qij+1_2Qij—1+4Q|j) (Ay) (QHJ. 1+ Qigig+ Qg+ Qg l) -0
_Bq +§(Q. +Qy Qi+ Q) 12 g J J J
R « Divide by 1 + p2 and rearrange
1
‘l\lil){ll‘ﬁl_r Il(ti!:’,‘é E(Qm Tt Qu jat Q. it Q. 171) . ‘l\lil){ll‘ﬁl_r '“';i!zé %

Combine Results Il

(Ui+1j+1 +Uij1 Ui ja +ui—lj—l)_ 20u;;

- op2
10[3 B <U|+1j +Ui—1j)+%(uij+l+uij_l)
2
i:lﬁ)[ Qj + (Qi+1j+Qi—1j+Qij+l+Qij_1):|

(ay)’

_E(m(QHljﬂ + Qi+1j71 + Qi,ljﬂ + Qiljl):| =0

47
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