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Outline

* Review midterm solutions
* Review basic material on numerical
calculus

— Expressions for derivatives, error and error
order

* Numerical methods for the diffusion
equation
— Explicit and Implicit
— First and second order time derivatives
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Numerical Analysis

» Want to express derivatives and
integrals in terms of discrete data points
+ Use different methods

— Develop interpolation polynomial and
integrate or differentiate this result

— Use Taylor series to get expressions for
derivatives

» Want expressions and measure of error
with their use
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Finite Difference Grids

+ Subdivide region into discrete points

» Spacing between the points may be
uniform or non-uniform

* Example: grid for x_,, < x < x__ with N+1
nodes numbered from zero to N

« Initial node value, x, = X,

* Final grid node value, xN X ax

* Nodal spacing Ax;=x,— X, (i=1, N)

Finite Difference Grids Il

. Non uniform g(rld illustrated below
o1 g A%y o BXg @ ~em o Xn1 g N °
Xy X4 Xy X3 Xn2 XN Xy
» Two space dimensions require x and y
grids (M+1 y nodes)
Xo = Xmin XN = Xmax X~ X T A
Yo = Ymin YM T Ymax Y~ Y1 Y
* Most general case has three space
dimensions (x, y, z, and time)
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+ Uniform spacing, h AX; = ( min — Xmax)/N
* N+1 nodes give N spaces

Rotheidge ‘

Finite Difference Grids Il

+ Grid notation for four independent
variables: x, y, zand t
Xo = Xmin XN = Xmax X = Xiq = AX
Yo = Ymin YM = Ymax Y~ Y1 =AY,
Zy = Zmin ZK = Zmax Zy —Zyy = Bz
t0 = tmin tL = tmax tn - tn—1 = Atn

» Dependent variable u(x,y,z,t) at discrete
points u(x; Y;, Z t,)
» Use notation below for this value of u

Califiornia State Universi un = u X. y iy VA ’t
Northridge ijk ( I yJ k n) 6
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Derivative Expressions Truncation Error
+ Obtain from differentiating interpolation + If we truncate series after m terms
polynomials or from Taylor series no1dnf z 1d"f
: . f)F2 = (x-a)"H| ), == (x-a)"
« Series expansion for f(x) about x = a o ntdx | pma N A |
f0-t@ - e +%dzz e +1.g I Ta.arms used. Truncatlo.n error, €,
dx], 24| 3], « Can write truncation error as single term
at unknown location (derivation based
. - 0 0 = w n
Note: d’f/dx” = f f(x)= 1df (x-a)" on the theorem of the mean)
and 0l = 1 n=0 n! dxn x=a © 1 dnf 1 dm+1f
— - _ n_ _ m+1
» What is error from truncating series? " & nldx" X:a(x %) (m+D)! dx™ x:t(x %)
Northridge ! Northridge € unknown (between xand a)  °
Derivative Expressions Derivative Expressions |l
* Look at finite-difference grid with equal » Combine all definitions for compact
spacing: h = Axso x; = X, + ih series notation
» Want Taylor series for f,,, = f(X;,) in df 1d°f . 1d% s
terms of f, = f(x,) and derivatives at x = x; Fx ki) = £() Taxl,, K e X:X,(kh) TS X:X,(kh) I
X =% = Do + (i + k] = Do * ] = kh fp=1f+ fi'kh+7f‘"(kh)2 ARG
df 1d%f , L 1df . 2 3
Pk =100 + 5 Yaae M tage) K + Use this formula to get expansions for
s ‘ . various grid locations about x = x, and
prodr gl fr=df Its to get derivati i
i ol ol use results to get derivative expressions
Northridge $ Northridge "
Derivative Expressions Il Derivative Expressions IV
* Apply general oo £ (kh)? £ (kh)® » Subtract f,,, and f,_, expressions
. fi =1+ fkh+ + !
equation for k 21 3 C otath f'h? £
=1and k=-1 T T Ty e S A A
. f=fi-fih+——-——"t. .|
f :f+f—lh+fih2+fi h3+ [ /5 2 3
i+1 i i 21 3 f_il —f_fha fl h? ~ fl h . le_ fi71 - 2fivh+ 2f, h . Zfl h .
21 3 3 oS!
Forward £ = fi—fis " f'h? " f,h* S fa—fis + Ah?
: h 3 51 2h
* Result called central difference expression
Backward
Northridge " Northridge "
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Order of the Error

* Forward and backward derivative have
error term that is proportional to h

+ Central difference error is proportional
to h?

« Error proportional to h" called nt order

* Reducing step size by a factor of a
reduces nt" order error by an

h n
1 13
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Order of the Error Notation

« Write the error term for nt" error term as
O(h")
— Big oh notation, O, denotes order

— Recognizes that factor multiplying h" may
change slightly with h

First order forward  First order backward
f—f

R
f =— 1 10(h bzl
i n (h) f, —=L+0(h)

fi,—f

Second order central f‘:%m(hz)
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Other Derivatives

» Second-order, central-difference,

second derivative

ft fu—2f, 0% 7 o+, —2f,

i+ i i i —_ i i 2
g 3 & T e +ofh
» Second-order, forward and backward

difference, first derivatives

2
frolup t4h, 286 e
2h 3
_famdha3h bt
2h 3 15
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Other Derivative Expressions

+ Can derive various finite-difference

expressions for derivatives

— Derivative order, first, second, etc.

— Order of the error (typically second
although higher orders used)

— Forward, backwards and central difference
expressions (typically use central except at
boundaries)

— Derive by Taylor series manipulations
— See results on page 271 of Hoffman
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Order of Error Examples

» Table 1 in “introduction” notes shows
first derivative error for e* around x = 1
— Using first- and second-order forward and
second-order central differences
—Steph =04, 0.2, and 0.1
— Error ratio for doubling step size
* 4.01 to 4.02 for central differences
» 2.07 to 2.15 for first-order forward differences

*4.32to 4 69[tgysjcond-order forward
&1 log(s,) —log(s,)

h, log(h,) - log(h,)
- log
Northridge (/) ”
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E=

E=

Roundoff Error

» Possible in derivative expressions from
subtracting close differences

« Example f(x) = e f(x) = (e**" — e*")/(2h)
and error at x = 1 is (e'*" — e™")/(2h) - e

~3.004166 —2.722815 .

E= 2718282 445410\,
200y,
1

Second order error . -
2.7185536702—2. 71.80100139

2(0.000);
2.71828210028724 — 2.71828155660388
2(0.0000001)

Califoenis Seate Universit
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=~q

-2. 718281828459 \4 5x10° g'

—

—2.718281828 =5.9x10°

18
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Error vs. Step Size Plot

March 16, 2009

* Plot the log of the error versus the log of
the step size

» For regions where there is no roundoff
error this will be a straight line whose
slope is the order of the error

h, ' h
€~ sl(hiJ = loge, ~loge; +n Iog[hi]

lo —loge; ~n(logh, ~lo =
gz, —logey ~n(logh, ~loghy) = logh, ~loghy

r_.rhrm- a1 Seate University 19
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_ loge, —loge,

Figure 2-1. Effect of Step Size on Error
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| plot is order n
1 Alog €) = 10; A(log h) = 5
! Slope = order = 2

Error

Califoriia State Unisenity Step Size
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Numerical PDE Solutions

 Define a finite-difference grid in the
independent variables (x, y, z, t)

* Place grid points on region boundary
whose values are found from boundary
conditions for the problem

+ At some grid location convert differential
equation into a finite difference equation
— Observe truncation error in process
— Neglect truncation error to get set of

algebraic equations to solve

Callifiorni Stase Univensity 21
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Diffusion Equation

+ Apply difference formulas derived for
ordinary derivatives to partial derivatives

» Use notation to consider different
coordinate directions {au B 2%u }”

- Apply to diffusion equation | ot ox®

» Grids x; = X, + iAx and t, = t; + nAt

+ Try finite difference expressions below
to get simple finite-difference equation

n

n n+l n A2 n no_ n
a =u+o(m) and lzj =M+O[(AX)Z]
Ol x| (&%) ”
Northridge

Diffusion Equation Il

+ Substitute finite difference expressions

into differential equation
u™t-u' U, U, —2u

At Tas (AX)? - +O[At, (Ax)*]

« Ignore truncation error, solve for u"*!

QAL (u?+1+u£1)+ 1- ZaAE n
(Ax)

LT Ay

» Obtain potential atx =x;and t =t ., in
terms of u values at old time step

('_.r||f|r|- 1 Spate Lniversit 23
Northridge

ME 501B — Engineering Analysis

Explicit (FTCS) Method

* Method just derived is called explicit
method; can solve one equation at a time

ut = (ZﬁMﬁz—lﬂ hat Uﬂl)"’ L-2f )

x rmmmmmeesT !
U™ q u/” U if = oAt |
° ° ° . (AX)2 !
| 1

° uin+1

e u"*" does not depend on other u values
at the new time step (n+1)

x'_.rhfm- i1 Spate Liniversit 24
Northridge
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- Explicit Method Results f = 0.16
Explicit Method Example P
* Picka =1, Ax=0.25, N, =4, At = 0.01 =0 | i=1 | i=2 | i=3 | i=4
X =0.00 | x=0.25 | x=0.50 | x = 0.75 | x = 1.00
 f = aAt/(Ax)2 = 1(.01)/(.25)2 = 0.16 t=0 | 1000 | 1000 | 1000 | 1000 | 1000
. Pick initial 110 = . n n=0 | t=o+ | o© 1000 | 1000 | 1000 | o0
fch: |r_1|t|al u’ = 1000 and boundaries, u" oo o 810 1000 80 T o
=u", =0 for time >0 (n 2 0) n=2 [t=002| o [ 7312 | 9488 | 7312 | o
Apply urt = f (ui"+1 + ui[l)+ (1—2f ) n=3 [t=003| o© 649 | 8792 | 649 0
f= £ [ud+u]+ (-2 7 )uP =0.16[0+1000] + 0.68[1000] = 840 T
Uy = flup +U, |+(1~2f)u, =0.16[0+1000] +0.68[1000] = n=5 |t=005| 0 | 5246 | 734 | 5246 | 0
ul = fu? +ul]+ @-2)ud = 0.16[1000+1000] + 0.68[1000] = 1000 n=6 [t=006| 0 | 4742 | 667 | 4742 | 0
ul = Ful +ug]+ (1—2f)ud = 0.16[1000 + 0] + 0.68[1000] = 840 n=7 [t=007| 0 [ 4292 [ 6053 [ 4202 | 0
. n=8 |t=008| 0 | 3887 | 5489 | 3887 | 0
* Repeat for subsequent time steps
Califioeri Seate University Califioeri Seate University
Northridge » Northridge »
Explicit Method Results f = 0.16 - _
P Explicit Results f = 0.32
1=0 =1 1=2 =3 1=4 — — — — —
x=000|x=025]x=050|x=075]x=1.00 =0 | i=1 | i=2 | i=3 | i=4
n=12 |t=012 0 262 3705 262 0 x=0.00|x=0.25|x=0.50|x=0.75| x = 1.00
n=13 [1=013] o | 2375 | 3358 | 2375 | o0 t=0 } 1000 | 1000 | 1000 | 1000 | 1000
n=14 |t=014| 0 | 2152 | 3044 | 2152 | 0 n=0 | t=0+ | © 1000 | 1000 | 1000 0
n=15 |t=015| 0 195 | 2758 | 195 0 n= ! t: 0021 0 680 | 1000 | 680 0
e im0t o 7768 230 7768 ™ o n=2 [t=004| 0 | 5648 | 7952 | 5648 | 0
ool o Tie0s 2265 1602 T o n=3 [t=006| 0 | 457.0 | 647.7 | 4579 | o0
n= — ' : ' n=8 [t=016| 0 | 1622 | 2204 | 1622 | 0
n-18 11=0181 0 1452 | 2053 | 1452 O n=9 |t=018| 0 | 1318 | 1864 | 1318 | 0
n=19 |t=019] 0 | 131.6 | 1861 | 1316 | 0 n=10 [t=020| ©0 | 1074 | 1514 | 1071 | 0
n=20 t=020} O | 1192 | 1686 | 1192 | 0O Exact |t=020| 0 | 1251 | 1769 | 125.1 0
Exact |[t=020| 0O | 1251 | 1769 | 1251 | 0 Emor t=0201 0 8 | 254 | 18 o
Error | t=0.20 0 5.8 8.2 5.8 0
Tl e Ly 27 Califiornia Seate University 28
Northridge Northridge
Explicit Results f = 0.64 What Happened?
i=0 | i=1 | i=2 | i=3 | i=4 : ; "
* We are seeing effects of instability
x=0.00|x=0.25x=0.50|x=0.75| x = 1.00 . )
« Difference equations may not converge
t=0 | 1000 | 1000 | 1000 | 1000 | 1000 — Unstable equations grow without bound
n :(1) t_"0°g4 g 13(;000 1888 13(;000 g — May have stable equations that produce
n=1 1t=0. incorrect results
n=2 [t=008| 0 | 5392 | 1808 | 5392 | 0 o . . .
= = — Conditional stability requires step size less
=3 12012} 9 353 | 0396 | 353 0 than that needed for accurac
n=4 [t=016| 0 | 4192 | 2242 | 4192 | o0 i y ,
n=5 li=020| o 2609 | 5993 | -260.9 0 — Goal of absolute stability not always possible
Exact |t=020| o 1251 | 176.9 | 1251 0 — Discussions of stability complex, can
Emor |1=020| 0 | 3859 | 4225 | 3859 | 0 sometimes use physical arguments
Californis Seate |-!II\|’T\I|- 29 Californis Seate |-!II\|’T\I|- 30
Northridge Northridge
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Stability of Explicit Method

If the values of u,,, and u, are fixed an
increase in u" should increase u,"*’

» If fis greater than 0.5, an increase in u"
will cause a decrease in u"’

* We can avoid this incorrect result by
keeping f = aAt/(AX)? < 0.5

» This imposes a time step limit that may
be less than the limit required for
accuracy in the solution

s'_.rh!'.u- a1 Seate University 31
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FTCS Truncation Error

« Derivation in appendix for notes on
solving PDEs gives this equation

2 f“}aZKT

n

TEM =aY (Ax)??
i “;( ) {(Zk)! k| ox®

n
R

TEp = C° [1— fjﬂ ", el (i_ fzjﬁ

2 (6 x*| 6 (60 ox8

« Setting f = aAt/(AX)? = 1/6 eliminates
first term in the truncation error

s'_.rh!'.u- a1 Seate University 32
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Alternative Methods

* Next class will show how to avoid
stability limit by using explicit methods
— Solution for u™*' depends on other u
values at new time step

— Requires solution of simultaneous
equations for all u*?

— Crank-Nicholson uses values for old and
new time steps in space derivatives

— Fully implicit uses new time values only
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