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Overview

* Review last class
— Characteristics and classification of partial
differential equations
* Problems in more than two independent
variables
— Solution by separation of variables
— Problems with multiple nonhomogenous
boundary conditions
— Solutions for rectangular geometry
— Homework problem for cylindrical
geometry
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Review General and Hyperbolic

» Domain of dependence for u(x,,y,)

affect the value of u(x,,y,)
* Region of influence of u(x,,y,)

affected by the value of u(xy,y;)

below

Left-running charac-
teristic (dy/dx < 0)
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— The area (in x-y space) whose u values

—The area (in x-y space) whose u values are

* Areas for hyperbolic equations shown

Xy Y1 pomain of dependence
Right-running charac-
teristic (dy/dx > 0)

Review Elliptic and Parabolic

* Imaginary characteristics for elliptic
equations like Laplace and Poisson’s

— Entire solution region is both domain of
dependence and region of influence

+ Parabolic equations typically involve
time and space as coordinates

— Domain of dependence at x,, t, is entire
domain0<x<Land0=st<t,

— Region of influence at x4, t, is entire region
OsxslLandt>t,
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Review Multidimensional

» Can have equations in three space
dimensions and time

with more than two dimensions

» Coordinates can have elliptic-like,
parabolic-like, and hyperbolic-like

—E. g., time is a parabolic coordinate

Califoenis Seate Universit
Northridge

+ Classification as elliptic, parabolic, or
hyperbolic does not apply to equations

behavior in multidimensional equations
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Review Multidimensional Il

Laplace Diffusion Wave
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Multiple independent variables

Review 2D Diffusion

« Two-dimensional diffusion 1 6u 8% &%
equation for u(x,y,t) PER A

t>0 0<x<L 0<y<H u(x,y,0)="f(xy)
u(,y,t)=u(L,y,t) =u(x,0,t) =u(x,H,t) =0

» Use separation of variable approach
with all variables u(x,y,t) = X(x)Y(y)T(t)
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Review 2D Diffusion Il

» Boundary conditions give general
solution as sum of all eigenfunctions

WKy, = ;;Cnmeknﬁr) (%ﬂm sln(”zxjsm( m|_7|zy)

+ Eigenfunction expansion fort =0

u(x,y,0)=f(x,y)= ZZCnmsm( 3 jsm[m”y)

11 0T@) 1 °X(x) 1 a%(y)
aT@®) ot X(x) o  Y(y) oy
Northridge 7
Look at f(x,y) = U, a Constant

1
X mmy G |

C f(x, y)sin sin dxdy S€enera
" ”(y [L) (Hj yResult E

* When we substitute f(x,y) — U, we can
separate the x and y integrations

o o -
]z

‘I'i.'-'lm'ﬁlrudg.,e

n=1 m=1 H
HL
4 mny
Com=—r (x,y)sin sin dxdy
 emiffreon(E ()
orthrldg.,e
Look at f(x,y) = constant U |l

+ Both integrals are effectively the same
—forz=x,W=Landforz=y,W=H

w vA w vA W
J'sin(pijdx {cos( pr H =
0 W pr W /],
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W leos(m) 1= e 00"
nmn 0 evenn

mmy nmx 4U 2H 2L 16
Com = Usm( jdy} Usm[ )dx}HLmnnn -~

C.m=0zeroforevenmorn
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Result for f(x,y) = U, a Constant

u(x,y,t) = iicnme{(Tj {T) }m sin[ nijsm[m:yj

* Replace n by 2n + 1 and m by 2m + 1 to
get odd indices only and define new
parameters B3, and vy,, as follows

=(@2n+)rn U 16U 16U
=@2m+Dn NoldMoig®>  (2n+D)2m+1)7?  Bavm
[B" +?j(xt
& X
oS S )
e Lnjyersit 1
I\orthrudg.,e

u(x y,t) _1622
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Dimensionless Parameters

» Modify exponential argument as follows

Ba ., v 2 o L2
87[§+ﬁ ot e Ptz L2

 Substitute into u(x,y,t) and divide by U

2 y L® |at
Pl
sm(Bansin[ymﬁj

Bn¥Ym
=(2m+1)rn

n=0m=0

* Where Bp,=@n+)r vy,
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Important Parameters

212 \at
i) [Bﬁ” 2 ](EZ
[po oot
=16 sin — |sin -
%n% Bt Bn L Tm H
» Result shows that u/U is a function of
x/L, y/H, L/H, and at/L?

+ Can simplify double summation in this

case by splitting exponential term
22
ﬁJerL ot sat yAL2at 2at 2 at

7 2 |2 —Br— - — - -y
e H L :eBane H2 Lz Bn Hz
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Product Solution
» Can now separate n and m sums

7[320.1 7y2 at
© n 2 mH
U(X A 1622 sm[Bni]e sm(ymlj
n=0m=0 Pn H
2 2 Product
N S $e of one-
:16 sin sin
n:O B“ 70 Y (Ym ) dimen-
sional
ysj lutions
=4 sin B sm
Z n 0 m H
Northridge "

Nonzero Boundaries

+ Sturm-Liouville eigenfunction expan-
sions require zero boundary conditions

» For nonzero boundaries, split solution
as in 1D case u(x,y,t) = v(x,y,t) + w(x,y)

— v satisfies diffusion equation with zero
boundary conditions

— w satisfies Laplace’s (and diffusion)
equation with nonzero boundary conditions

— u satisfies diffusion equation with u(x,y,t) =
w(x,y) at boundaries
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Nonzero Boundaries Il

» Solve Laplace equation for w (with
superposition if required)

+ Solution for v is same as previous solution
for u with zero boundaries

v(x,y,t) = ZZC {[ H ”M Sm[nlf_szsm[mgyj
« Initial condition for u found from u(x,y,t) =
v(x,y,t) + w(x,y) by settingt =0
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Nonzero Boundaries lli

yn-35c.el 0 sin{ " Jin "2 |

n=1 m=1

u(x,y,0)= f(x,y)= iicnm sin(%jsin(%j +

n=1 m=1

+ Use eigenfunction expansion to
determine C,, to satisfy initial condition

» Must include w(x,y) in computing C,,
similar to case with one space dimension

17
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Nonzero Boundaries IV

+ Same eigenfunction expansion used for
zero boundary problem gives

HL
Chm = ﬁ g'(‘;(f (X, y) = W(x, y))sin(n—ijsm[ mry )dxdy

» Simplest example is case where we have
— Constant initial potential, f(x,y) = U,
— Boundary potential of zero on three sides
— Constant potential, Uy, on fourth side
— Know Laplace equation solution for w(x,y)

18
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Problem and Solution Start

« Diffusion equation for u(x,y,t)

2 2,
1%‘: %+% t>0 0<x<L O<y<H
[04

______

. Know w(x y) from previous solutions of

‘l\l‘fh.‘ ﬁ g@e ’s equation

u(x, y,0)= U0 u(x,0,t) =u(0,y,t) =u(L,y,t)=0 u(x,H,t)=U,

Getting the Answer

» Have to perform integration for C,,,

— Not difficult, but a lot of algebra and
potential for error

— First part of integral for f(x,y) = Uy, a
constant, available from previous example

— Second part with 2D, steady-state solution
requires most work

— MATLAB does not give good result for
integral of sin(ay)sinh(by)
— Integration details at end of presentation

March 4, 2009

Using the Steady Solution

* Laplace equation solution for w(x,0) =
w(0,y) =w(L,y) = 0 and w(x,H) = Uy

) sm[(Zn +1)ﬂxjsinh((2n +1);zyj
L L

=0 (2n +1)sinh(7(2n +L1)ﬂH )

» Must use this solution in C,,, equation

HL
Chm = ﬁ ££(f (%, y) = w(x, y))sin(n—f(jsm[ mry jdxdy

r_.rhrm- a1 Seate University 20
Northridge

w(x,y) =2

Getting the Answer ||

» Laplace equation solution for w(x,y)

" sm((2n T_l)”xjsinh((zn T_l)ﬂyj
w(x,y) = 2
=0 (2n +1)sinh[%]

fiy) Pt equgtion for Coy into two parts g,

- (nnx . ( mmy ST 27
=U, Cnm:m Uosm( L jsm(Tjdxdy v SN mn’
00

____________________ ’  zero unless

HL
4 . mny both n and
——— | | w(x,y)sin sin dxdy
HL .[ () [ L ) ( j m odd
00
n'..jufm- 1 ate Lniversity 2
Northridge
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Result for C_..
* Integration shows C,,, = 0 for even n
m
16Ug+8(_1) Uym 21 5 m odd, n odd
nmn nHL (nn) +(mn]
L H
Com = 0 neven, any m
m
8(-1)"Uym 1 m even, n odd
nHL (nnT mn \?
— | +
SEt
('_.r||f|r|' 1 Sate Lniversit 23
Northridge
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Get Dimensionless Solution

« Divide solution by U, and factor out 1/L2
term in exponential argument

3

u(xyt) = 2 {(M) {mz}mSm(n:x)sm(mﬂy]wmy)

n=135..

u(x YO_ 5§ C
m:1UN

N n=135..

PG 0 ) w3

H U,

((@n+Dzx ) . ((2n+1)aHy
AU wsm( 3 )smh( )

LH
x_l\.?{.(.)i’_{/)miu ﬂ-N ; (Zn + 1)s|nh M
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Equations for w(x,y) and C,_,

« Divide C,,,, by Uy and factor out 1?/L2
denominator of second fraction
16U, +8(—1)"‘m 1

m odd
nmz°U, ﬁznﬂ . mL :
L H

CN’" —

U m

" 8(-1'm 1 m even
7znﬂ 2 [mLJ
n®+
L H

+ Solution u/Uy depends on x/L, y/H,
at/L?, Uy/Uy and H/L

r_.rhrm-.. Seate Unigersity 25
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Results for u(x,y,t)/Uy

+ Solution u/U depends on x/L, y/H, at/L?,
U,/Uy and H/L

* View solution as u/U, contours as a
function of x/L and y/H coordinates
» Select H/L =1 and Uy/Uy =2
—Boundary u =0 but aty = H where u/Uy =1
- Obtain one plot for a given value of at/L2

» Sequential plots show evolution u/U,
from initial conditions to steady state

r_.rhrm-.. Seate Unigersity 2
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Equipotential Contours

09cp1? = 0.00

Three-Dimensional Laplace

* Use combination of separation of
variables and superposition

« Start with basic solution that has
homogenous boundary conditions at
five surfaces and u(x,y,W) = uy(X,y)
2 2 2
6—+a—2 a——O 0<x<L 0<y<H 0<zgW
ox? oy oz°
u(,y,z)=u(L,y,z) =u(x,0,z) =u(x,H,z) =u(x,y,0)=0

l'_.r||f|'|'.| State Lniversity 28
Northridge

Three-Dimensional Laplace |l

+ Solution of Laplace equation in x, y, z
similar to diffusion solution in x, y, t

» Have hyperbolic cosine in z direction
instead of exponential time decay

nmz _mmz nmx mmny
u(x,y,z) = ZZCnmsmh( + jsm[ i jsm[ v j

n=lm=1
4 . (nux ) . ( mmy
Com = (nnW vy ) ”uw (x, y)sm[Tjsm( jdxd
HLsinh 0
_ L H
Northridge &
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Homework for March 16

Kreyszig, page 586, problems 24 — 27

Two dimensional wave equation in a
cylinder0<sr<R,0<0<2r,t20

o (18 au 182u)

0%t or or  r? pp?
Find u(r,0,t) by separation of variables

Periodic boundary condition in 6
direction: u(r,0,t) = u(r,2x,t)

x'_.rl.rw.-_. Spate Unigerst 30
Northridge
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Reminder and Additional Material

» Midterm next Wednesday (March 11)

— Covers material on homework assignments
submitted up to and including last Monday
(March 2)

— Will be open notes and book, including
integral tables, but no computers

* Charts 32 to 34 show start of homework
problem for Monday

* Charts 35 to 43 show details of finding the
C, ., coefficients on chart 23 for diffusion in
two space dimensions

Califieni Seate University
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31

Work on Homework Problem

» Page 547, problem 12 — solve the wave
equation for 0 < x <L = and t 2 0 with
boundary and initial conditions shown

@:02@=0 c=1 ou

o> ox? e
u(0,t) =u(L,t)=0 u(x,00=0 =

_]0.01x 0<x<m/2
o (0.0(n-x) m/2<x<m

« Start with separation of variables result
u(x, ) =T(t)X(x) =
[Asin(rct) + B cos(ict)|[C sin(Ax) + D cos(Ax)]
Northridge

32

Work on Homework Problem

» Have already seen that boundary
conditions that u(0,t) = u(L,t) = 0 give
following solution

nmnct nnct (7194
u(x,t S|n—+B C0S—— |sin——
(x1)= {An : : } :

+ Coefficients depend on initial displacement,

u(x,(L)) = f(x) and velocity, uﬁ((x,O) =g(x)
2 . [ nmx 2 . [ nnx
_nnc'gg(x)sm(Ljdx B, _L.([f(x)sm[l_jdx

Northridge  For f(x)= 0, all B,= 0 -

Work on Homework Problem
» Solution forB,, =0

u(x,t)=>" A sin(4,ct) sin(4,x)
n=1
+ Use function given for g(x) to get A,
L
A, :ijg(x)sin(n—?]dx
nmx 7 nmx
A= —IO lesm( )dx+ C;[O 01(r—x sm[ jdx

« SetL=nandc="1 2
Northridge

34

2D Diffusion Details

+ Solution is given by

2 2
mz

u(x,y,t)= iicnme{(T) (7] }m sm[nzxjsm(mﬁy)+w(x, y)
* C,, is found from initial condition f(x,y)
and steady -state solution, w(x,y)

” f (X, y)—w(x, y))sm( jsm(qﬂy)dxdy

» Apply to f(x,y) = U,, a constant, three

sides at zero and one side at Ug
'\orthrudg.,e

35

2D Diffusion Details Il

» Laplace equation solution for w(x,y)
((2n+1)7zxj . ((2n+1)7zy)
sin n
L L
sinh (2n +L1)7zH

w(x,y) =

Z
< (2n+1)
* Split equation for C,, into two parts _-160;;

50 o
Cpq=,m.(|;!;uosm i sm( )dxdy N ’

{
oo geouries
——”W(x, y)sin(—]sin(—)dxdy P
HL 3% L H g odd
Northridge .
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Get Second Part of C_, Integral
”w(x y)sm[ Jsm(qﬂyjdxdyf

[(Zn Jlr_l)zzx)sinh[(Zn +1);zyJ

L p7x qy
(2n+1)7zH) sm( L ]sm( dedy
L

T o0 (2n +1)sinh(

16U, & 1 [ ((2n+1)m<) [pﬂXj }
== sin sin dx |e
HLz & (2n +1)sinh((2n +L1)7zH )Ll L L
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Callfor Tsinh(M)Sih(%)dy} 37

I\orthrldg.,e 0

J'Sinh aysinbydy Details

 Apply integral table formula from 0 to H

—bsinh axcosbx + a cosh axsin bx
a?+b?

jsinh axsinbxdx =

H - . H
jsinh aysinbydy {—bsmh aycosby+zicosh aysin by}
5 a‘+b o

_ —bsinhaH cosbH +M00050+acosh aH sinbH - acosho;n(
- ” 2
a’+b

—bsinhaH cosbH +acoshaH sinbH
a’+b?

H
Isinh aysinbydy =
0

38
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simaysinbydy Details |

» Substitute a = (2n + 1)m/L and b = qm/H

Ismh (2n+1)7zy dy = 0

9 (2n +1)7zH co{xmzj/(zn D7 o (2n +1)7zH M

(2n+1)7z) . j

(= 1)q*1q{sinh(7(2n +|_1)7ZH j

foon{ 25 o 2y - (@) (o]

L H

39
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Results for Two Integrals

L L
jsin((znﬂ)ﬂxjsin( pﬂx)dx_{z p=2n+1
) L L :

0 otherwise

(-2 qT”sinh(

Tsinh[(znﬂ)ﬂyjm (q/zyj y = > L 3
3 L ((2n+1)7r) +(qu

2n+1)7H j

L H
» Two results are multiplied together
giving a zero unless 2n+1 =p
* Previous result: p an odd integer
Califioeri Seate University
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Review Start of C_, for f(x,y) = U,

4 16 P qﬂy)
— fx —w(X, y))sin sin dxd
Cu HL.{[.([(V (x.y)) [LJ( y

e dd d
i”Uosm[ pﬂxj3|n[qﬁyjdxdy—6U°2 ofd pan
HL 59 L pgz gonly

(2n +1)7zxjsinh[(2n +1)ﬂyj
L L

. = sin(
S
2

w(x,y) =
o0 (2n +l)sinh(7(2n +L1)ﬂH j

41
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Combine Previous Results

w(X, y)sm( )sm(qﬂy]dxdy

/zero unless both b

L

il
\andqodd e l
-=--16U/ 16U

s lpqzr HL7 &

______

\\[II:SI_HE(‘ZFI :—]—:);D(—)_ ( pﬂxjdx}.[ sin _h[i(—zr_] ;]T);y_jgl;[qﬂyjdy} \\:
: L \ L H !

\ L 2n+1)2H
o 15 p= 2n+1° | / (l)qlql_”smh[( n+|_) )/'
sk O Otherwise,” ‘\ [Mj +[quiz{
Northridge . - ------- L) \H
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=
e ]

L H
_____ -
16U, 8_1),U5q 21 _ qodd
paz”  PHL [M] (o
L H
1\
8(-1)'Usq 1 g even
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