Classification/multidimensional PDEs March 2, 2009

Overview

Classification of PDEs and

.y . * Review last class
Multidimensional PDEs — Wave equation solutions by separation of

variables and D’Alembert approach

Larry Caretto » Characteristics and classification of
Mechanical Engineering 501B partial differential equations

. . . . — General analysis
Seminar in Engineering

: — Parabolic equations
Analysis — Elliptic equations
March 2, 2009 — Hyperbolic equations
+ Solving a wave equation problem

Califieni Seate University
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Midterm Exam Review Wave Equation
* Wednesday, March 11 * Usual assumption u(x,t) = X(x)T(t)
» Covers material on diffusion and 2 2 Result is
Laplace equations 1 1oThH_ 1 XK = 2% function of t

2T@H) a2 X(X) ox?

* Includes material up to and including equa_l to
tonight's February 23 lecture and u(x, ) =TOX(x)= function of x
homework for Monday, March 2 [Asin(Act) + B cos(Act)][C sin(Ax) + D cos(Ax)]

* Open book and notes, including
homework solutions

» Focus on working with existing solutions

» Use above solution as starting point
— Boundary conditions atx=0and x =L
— Initial conditions on u and du/ct at x = 0

Northridge : Northridge ’
Review General Solution Review Use of Trig Identities
+ Solution for u(x,t) with o°u 2 o%u siny cosy sin z
initial and boundary P ¢ 2 u(xt) = i{,% Sin(“mt}r B, cos(n”Ctj}sin(nﬂx)
°°”d'g°f3f e = | 0SXSLE20 o ) *t L
:Egt));u((t)t) : 0X|o =9(x) ¢ is wave speed « 2sinzcosy=sin(z+y)+sin(z-y)

* 2sinzsiny =cos(z—-y)—cos(z+vy)

- . (nact nact | . (nax 2
u(x,t):nz_;{Ansm(Lj+ B, cos( 3 Hsm( i j u(x,t)=;Z{A{COS{nn(xL—ct)j_cos(nn(xwt)ﬂ

L
26 25 "
An =m£9(x)sln(ml_m(]dx B, =I£ f (x)sm(?)dx B, {sin( nn(xL+ Ct)j+sin(nn(xl__ ct) ﬂ}
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Classification/multidimensional PDEs

Review D’Alembert Solution

* Wave phenomena: u(x,t) is
wave amplitude varying with _, 5
space, x, and time, t ou_ ,du
« cis wave speed 0%t ox>
* Over any xregionandt=0

* D’Alembert solution using £ = x + ctand n
= x — ct, u(x,0) = f(x) and ou/ox|, = 9(X)
1 X+ct
u(x,t):E[f(x+ct)+f(x—ct)]+% J'g(v)dv

x—ct

r_.rhrm- a1 Seate University .
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Review D’Alambert Il

* We see that the solution obtained by
separation of variables agrees with the
D’Alambert solution for one case

+ Solution shows propagation of wave
shapes without damping

— Look at meaning of f(x + ct) and f(x — ct)

* As time increases f(x + ct) retains the shape of
the initial condition and moves to the left

« Similarly f(x — ct) retains its shape and moves

to the right
r_.rhrm- a1 Seate University s
Northridge

time, t

Review Wave Propagation

——t=0
—ct=1
—ct=2
—ct=3
— —x+ct
— —Xx+ct
- x-ct
oo oxet

distance, x
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Review Boundaries

* With g(x) = 0 solution  y(x,0) = f(x) =
is Fourier sine series " nx
which is periodic, odd ) B, sin(Lj

function n=1
. L
S i\ 7
7
1 olution
-2 -1.5 -1 -0.5 0 05 1 15 2
Periodic extensions  «x

20 . (mx . (2mrx . (3mrx
B, =—5—| 2sin| —— |-sin| —— |—sin| ——
ste Liyersity 1 70 2 5 5 0

‘I'i.'-'lm'thridge

Review Time Evolution

* Look at evolution
when ct = 0.4 u(x,

)= f(x+ct)+ f(x—ct)

2
1 etz = (x+0.4)2 [l f(x-c0/2 = f(x-0.4)2 |
05 N s
= o Ly ; S
05 B e J ————— |
1 ' _!Initial Condition !
-2 -15 -1 -0.5 Q 05 1 1.5 2

* For larger values of x * ct, periodic
extensions move into0 s x<L =1
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1
g e \ ct=0.450 Phase
S . : behavior
05 of sine
0 0.2 0.4 0.6 0.8 1 .
x function
' causes
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Classification/multidimensional PDEs

Review Characteristics

+ Used to classify second-order PDEs

2 2
AZU, 80U cTY oy e ) g
ox: oxoy oyl ox ' oy
+ Analysis gives slope of “characteristics”

dy -B+vVB?-4AC
dx 2A
» Characteristics slopes gives region of

mfluence and domain of dependence
I\orthrldg.,e
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Review Classification of PDEs

» The general second-order PDE in two
variables is classified as follows

—If B2—4AC < 0 the PDE is called elliptic

and has no real characteristic directions

—If B2— 4AC = 0 the PDE is parabolic and

has one repeated characteristic direction

—1f B2—4AC > 0 the PDE is hyperbolic and
has two real characteristic directions

dy -BxyB?-4AC
dx 2A

Califieni Seate University

Northridge

>+B C—+ny,u——
oX oxoy oy” x_0y
, , Laplace/Poisson/Helmholtz
LJFL_D o equatons (A=C=1,B=
oxt - oy? 0, B2—4AC < 0) are elliptic
(no real characteristics)

Aa‘u o‘u o‘u [ ou 6uJ

Diffusion equation (A = o o2

>0,B =C=0,B2-4AC a—+D=0
i : X

= 0) is parabolic (one

characteristic)

Wave equation (B% — 4AC
> 0) is hyperbolic (two

Califoenia Seate Lnivensity 1eti
Northtidge real characteristics) s

Wave Equation Characteristics

» Compute characteristic directions

ou 0% Wave equation: A=1; B=0;

o =—c2B2—4AC=c2>0

2 2 2
Aa—2+B ou +Ca+D(t X, u,— ou 6u)
ot otox ox? ox ' ot

dx  -BVB®-4AC —0%,0*-4(1)(-c®)
B 2(1) o

dt 2A
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Wave Equation Characteristics Il

» Compute characteristic directions with
order of variables reversed

,0°u 9°u_ . Wave equation: A=c? B=
ol o2 - 0;C=-1;B2—4AC=c?>0

2 2
A6 u o°u o%u [t X,u,au 6uj

U gfY . c%U.p ,
ox? oxet o ot? ox ' ot

B++vB?-4AC —o+\/o2 4(1)(-c?) !

dx 2A 2c?) c

O
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time, t

Review Wave Propagation

: Characteristic ; ; ; Characteristic
: slope dt/dx =-1/c : : : slope dx/dt =1/c
\,/ N ! | | p/ | N
| | | R —
‘ ‘ ‘ g o —ct=1
| | | | o2
| | [ | o3
. ! — —x#ct

| | | |
0 | 0 | — —x+ct
| | | == -ox-ct
| | | - x-ct
| | |
| | |
| | |
| [ |

distance, x
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March 2, 2009

Behavior of Equation Types

» Domain of dependence for u(x,,y,)

— The area (in x-y space) whose u values
affect the value of u(x;,y,)

* Region of influence of u(x,,y,)

— The area (in x-y space) whose u values are
affected by the value of u(xy,y;)

* Importance for specifying boundary
conditions and for numerical solutions
1 Y1 Domain of dependence

Right-running charac-
teristic (dy/dx >0)

Californi Seate University
Northridge |nitial ConditiomCurve

Left-running charac-
teristic (dy/dx < 0)

19

Hyperbolic Equations

» Domain of dependence shown on
previous chart

* Region of influence is region of
characteristics leaving x4, Y,

+ Conditions outside domain of
dependence should not affect solution

+ Important point for numerical algorithms
which can violate this principle for
inappropriate choices of step sizes

t'_.r||!'|:|' a1 Seate University 20
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Elliptic PDEs

» Imaginary characteristics for elliptic
equations like Laplace and Poisson’s

+ Entire solution region is both domain of
dependence and region of influence
— Must have closed boundaries

» This means that any change in any
boundary condition can affect the
solution at any point in the region

— Effects may be small far from boundary,
i RUt Will be present
Northridge

21

Parabolic PDEs

+ Parabolic equations typically involve
time and space as coordinates
* Considerregion0<x<Landt>0
— Domain of dependence at any point x4, t; is
entire domain at previous times: 0 < x <L
and0st<t,

« Any change in initial conditions or boundary
conditions for t < t; will change solution here

— Region of influence at x4, t, is entire region
for future times 0 < x <L and t > t,

Califieni Seate University
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Example Question

* You are solving the diffusion equation in
the region 0 £ x <L and t > 0 with an
initial condition u(x,0) = f(x) and the
following boundary conditions
—t<12s:u0t)=uLt)=0
—t=212s:u(0t)=u(Lt)=a=1

+ If you have a solution to this problem for
a =1, how does the solution change for
t<12s, if you seta = 2?

Califoenis Seate Universit
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Work on Homework Problem

» Page 547, problem 12 — solve the wave
equation for 0 < x <L =t and t 2 0 with
boundary and initial conditions shown

o2 2 d%u
PR
u(0,t) =u(L,t)=0 u(x,00=0

0 c¢=1 o
ot

_ [0.01x 0<x<m/2
o (0.01(n-x) m/2<x<m

« Start with separation of variables result
u(x,t) =T()X(x)=
[Asin(ict) + B cos(ict) ] [C sin(Ax) + D cos(Ax)]

Califoenis Seate Universit
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Work on Homework Problem

52
—=

=0 c=1 ou _
atl

, 0%
sz

at x
u(0,t) =u(L,t)=0 u(x,00=0
ux,)=TEX(X) =
[Asin(Lct) + B cos(ict)|[C sin(Ax) + D cos(Ax)]

* Foru(0,t) =0we musthave D=0

» For u(L,t) = 0 we must have AL = nz (n
an integer)

25
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_[0.01x 0<x<m/2
o 10.01(n-x) m/2<x<n

Work on Homework Problem

u(x,t) = [A, sin(4,ct) + B, cos(4,ct)]sin(4, x)

* From solutionforu=0atx=0and x =
L, we have for u(x,0) = f(x), u(x,0) = g(x)

Am_ij.g(x)sm( jdx B, ——If(x)sm( jdx

* In this problem f(x) = u(x,0) = 0 so we
have all B, = 0

26

Califieni Seate University
Northridge

Work on Homework Problem

u(x,t)= i A, sin(4,ct) sin(4,X)

* Use function gi:ven for g(x) to get A,
A, :ij’g(x)sin(?]dx
T lesm[ jdx+—.|'0 01z~ x)sm[mizxjdx

2

e SetL=wrandc=1

27
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Multidimensional Equations

» Can have equations in three space
dimensions and time

+ Classification as elliptic, parabolic, or
hyperbolic does not apply to equations
with more than two dimensions

» Coordinates can have elliptic-like,
parabolic-like, and hyperbolic-like
behavior in multidimensional equations
—E. g., time is a parabolic coordinate

28
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Multidimensional Laplace

» General Laplace 20 _
equation for three Viu=0
dimensions
o%u o o
ox? oyt ot
10 au 1 0°u o4
+ St —
Tor 6r r’ 00* oz’
8u]+ 1 du 1% cotpadu

Cartesian  Viu=

Cylindrical ~ Viu=

10
Sphere Viu=——| r?
P 28r[

or

+ + —
r’sin¢ 06° r’ o4  r? ¢

29
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Multidimensional Diffusion

. . ou
. Gene_ral diffusion = oV
equation for three ot
dimensions
2 2 2
Cartesian  Vu =67L:+67l:+87l2‘
ox® oy° oz
2 2
Cylindrical ~ vau=19(r M), 10U Ju
ror 6r r°o0° oz
Sphere v u_iﬁ(r2@j+ ! ﬂJriﬂJrCOtfﬁtlU
2orl or) r?singo6® r?og:t  r? g

30
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Multidimensional Wave Equation

2
» General wave ou — 2V
equation for three  at?
dimensions
Cartesian Vzufa—2 a— 6—2
o o @
o 10(,au), 1% du
Cylindrical ~ Veu= il P
g ror [ a) 2 o02 o2
2 2
Sphere V u——z—[ a—) ! 6—2 iaiquicotzq)clu
or or) r?sin>¢00% r2ap’>  r? oo
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Physical Source Terms

» Poisson Equation is
Laplace’s Equation witha V?2u=-S§
source term, S
» Source term can depend on coordinates
(x,y,2), (r,8,z), or (r,6,8) and u
» Can have similar terms in diffusion
equation and in wave equation
2
N _ v+ a—L21=CZV2u+S
ot ot

32
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Multidimensional Solutions

» Two-dimensional diffusion 1 au G GAT
equation for u(x,y,t) aot ol o

t>0 0<x<L 0<y<H u(xy0)="f(xy)
u(0,y,t)=u(L,y,t) =u(x,0,t) =u(x,H,t) =0

» Use separation of variable approach
with all variables u(x,y,t) = X(x)Y(y)T(t)

11 0T(t) 1 62X(x)+ 1 0% (y)
aT@®) ot X(x) o  Y(y) oy’

33
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Multidimensional Solutions Il

1.1 0Tty 1 °X(x), 1 2%(y)

» Separation of variables works, each
term must equal a constant
11 0T(@t) 1 82X(x)+ 1 0% (y)
aT@®) ot X(x) o  Y(y) oy’

1 2X(x) 1 0%Y(y) _ 2

X(x) ox? Y(y) oy

2 2
=-A"-xK

aT(t) ot X(x) ox? +Y(y) oy?

34
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Multidimensional PDEs Il

» Have 3 ODEs with known solutions

2
120 ng)z—ﬂz X (x) = Asin Ax + B cos Ax
X(x) ox
1 2%(y) ) .
— =—K Y (y) =Csin gy + D cosxky
Y(y) o
iii(t) _12 _KZ T(t) — Eef(ﬂzw(z)m
aT() ot
Northridge %

Apply Boundary Conditions

ME 501B Engineering Analysis

* u(0,y,t) =u(L,y,t) =0 =>X(0) = X(L)=0

» X(0) =0 gives B = 0 and X(L) = 0 gives
A = nTr/L so X(x) = Asin(ntrx/L)

e u(x,0,t) =u(x,Ht)=0=>Y(0)=Y(H) =

* Y(0)=0gives D =0 and Y(H) = 0 gives
k = mti/H so Y(y) = Csin(mTry/H)

+ u(x,y,t) = (ACE)e g-atl(nmiL)2 + (mmy/H)2] o
sin(ntrx/L) sin (mTry/H) (eigenfunction)

* Define constant as ACE =C,,

Northridge
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Initial Condition

March 2, 2009

» Get general solution as sum of all
eigenfunctions and get initial condition

2 2
mz

u(x,y,t)= iicme{[{] - }t Sm[nijsm(m:yj

n=1 m=1

u(x,y,0)= f(x,y)= iiCnm Sin( nfx)sm[mﬂyj

n=1 m=1 H

» Multiply by [sin(prx/L) sin(qtry/H)]dxdy
and integrate for0<x<Land 0<y<H

t'_.r||!'|:|' a1 Seate University 37
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Initial Condition Gives C_,

ME 501B Engineering Analysis

+ Use orthogonality of sine and previous
results for sin? integrals to get

:[_If(x y)sm[ jsm(qﬂyjdxdy_
:[_Iii [nﬂxjsin(mgyjsm[ pL Jsm[qﬂyjdxdy
el o -en 3

HL
4 - prx) . qmy
Cog=— || f(x — —= |dxd
. pq HL.” (xy)sm(L]sm(H]xy

'\orthrldg.,e 00




