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Laplace Equation Conclusion and

Overview

* Review material to date
— General approach for solving PDEs

» Other ideas about Laplace’s Equation

+ Derivation and physical meaning of
wave equation

+ Solution of the wave equation by
separation of variables

* Introduction to the D’Alambert solution
of the wave equation

* Midterm Exam, Wednesday, March 4
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Solving PDEs

* Perform necessary operations if
boundaries not homogenous
— Diffusion: define u(x,t) = v(x,t) + w(x)
« v satisfies diffusion equation with zero
boundary conditions; w satisfies boundary

— Laplace equation use superposition

of which has only one nonzero boundary

system (rectangular or cylindrical)
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Northridge

* Solution is sum of two or more solutions each

» Get equation in appropriate coordinate

Solving PDEs |l

» Get appropriate separation of variables
solution
— Want eigenfunctions to express initial or
boundary condition
» Use homogenous boundary conditions
to determine constants in solutions and
eigenvalues

» General, sum of all eigenfunctions, used
to fit initial or boundary condition
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Midterm Exam

Wednesday, March 4

» Covers material on diffusion and
Laplace equations

* Includes material up to and including
tonight’s lecture and homework for
Monday, March 2

* Open book and notes, including

homework solutions
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Review Spherical Laplace

» Laplace’s equation in a sphere has
solutions in Legendre polynomials, P (x)

a( 2auj 1 0 ( . auj
—| r"— |+——]sing— |=0
or\ or) sing og o¢

u(r, ) = i Pn(cosd))(Anrn + Bnrflfn)
n=0
iz (2n—2m)! n-2m
Pn(x) = mZ:O (_1) on m|(n _ m)l(n —2m)' X
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Review Hollow Cylinder
! « Consider various
boundary conditions

* Nonzero conditions on
upper or lower surface
only gives Bessel
eignefunctions

* Nonzero conditions on
inner or outer surface
gives sine or cosine
eigenfunctions
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Review Hollow Cylinder Il
» Laplace’s Equation in two-dimensional
cylindricalregion0<z<Land R sr<R,
—u(r,0)=u(rL)=u(R,z) =0

10 ou o L n o
—r—=+ ——0 u(Ry,2) =Ug(2)
ror or oz2 __(__0__2___R_(_2
_ 3 H _ Io(ﬂ’le) =M
u(r,z)—écmsm(imz) 1,(A,1) Ko(imRi)KO(lmr)} A L
. 2K (R) (o
L (7P Tt e e GO
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Review Hollow Cylinder Il
» Laplace’s Equation in two-dimensional
cylindrical region 0 <z < L and R sr=sR,
—u(r,0) = u(R;,z) = u(R, z) =

R; B R_
Jo(amRO o(an)— (e, )Y(a RJ 0

0

________

Review Eigenvalues = f(R/R,)
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Review Hollow Cylinder IV

 Eigenfunction expansion in Py(Ar) =
Yo(AnRo)Jo(Amr) = JofARo) = Yo(Anr)
(Wm0 (RO | run ()P (r)dr
Ri
Sinh(A L2138 (AmR;) = 3§ (ARo)]

+ Solution for uy(r) = U, a constant

sinh(4,z)  J,(4,R)P,(A4,1)
~sinh(4,L) Jo(4,R)) + Jo(4,R,)

u(r,z)=Ur Z
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Review Conclusions

» Approach to solving Laplace equation is
similar to that of diffusion equation
— Main difference is that second dimension

(y or r) in Laplace equation gives closed
boundary instead of open boundary in time

— Use separation of variables

— Have eigenfunction solution (sine/cosine,
Bessel or other) in one dimension
— Use eigenfunction expansion to fit
wnu.condition at one boundary
'\orthrudg.,e
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Review Conclusions Il

» Use superposition to solve Laplace
equation with more than one nonzero
boundary

+ Additional cylindrical geometry
considerations
— Complex Bessel functions when radial
boundary is not eigenfunction solution
— Must include both Y, and J, when radial
coordinate does not start at zero (must

cineesN@VE zero boundary at inner radius)
Northridge
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Vector Calculus

* Important results for Laplace equation

» See notes on vector calculus or chapters
nine and ten in Kreyszig for background
details not given here

* Results are independent of coordinate
system, but Cartesian used for examples

* Introduce gradient and divergence which
are vector/scalar functions

California Seate University
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. Gradients
» Gradient is a vector in written here in
Cartesian space where we have f(x,y,z)

. Defmltl_on grad f=Vf=i@+j@+k§

of gradient ox oy oz
- Del operator veilsjl ikl
ox ~oy oz

» gradfis magnitude and direction of
maximum gradient, df/ds

» Grad fis perpendicular to line of constant f

l'_|[|if|x|"_| Seate University 15
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Physical Gradients

» Gradients of Laplace equation solutions
often proportional to flux terms
— Heat flux and temperature gradient
— Diffusion flux and mass fraction gradient
— Velocity and velocity potential in ideal flow
— Current and electrostatic potential

+ If we have a plot of constant potential
the lines perpendicular to the potential
are flux lines
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Radial Laplace Eguation with Ufr= R) = 1 and zero gradient at z =L

o 0z 0.4 0.6 0.8 1

Divergence

Divergence converts vector, v = v,i + v,j
+ v,K, into a scalar written as div v

. Definition of  divvev.y=, My, N
divergence ox oy a
0,0 0
+ Del operator V—'&+15+ =

» Gauss divergence theorem (n is vector

normal to surface, pointing outward)
[[[divvdv = [[v-ndA

eallfbomase ey ENClOSE Surface
Northridge Volume
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j”diquV = ”q-ndA

Enclosed Surface
\olume

February 23, 2009

« Example of heat flux vector, q, (W/m?)

* g-n is component of g, normal to
surface, dA, flowing outward

* Integrand in surface integral, g-ndA is
heat flow (watts) flowing out through
infinitesimal area, dA

» Surface integral gives total heat flow
through surface in outward direction

Califieni Seate University
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Relation to Laplace Equation

» The vector, v, may be gradient of a
scalar, representing a flux: v = -k grad u

j”dlv vdV = J”dlv k gradu)dv = ”v ndA

Enclosed Enclosed Surface

Volume Volume
* For constant k
” div(grad u)dv = H vaudv == ”v ndA
Enclosed Enclosed Surface
Volume Volume

20
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2
. =0
Interpretation of i

* Whenv =-kgrad uis a flux that is the
gradient of a scalar, Laplace’s equation
for u says that the net inflow of v is zero

J{fvruav === [fv-nda=o

Enclosed Surface
Volume

» Example of this result shown last week
» Result applies to any problem in any
geometry with Laplace’s equation

21
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Complex Variable Basics

» Complex analysis gives insights to
Laplace Equation in two dimensions

» Functions of complex variable, z = x +
iy: f(z) = u(x,y) + iv(x,y), for example
—f(z) =22 = (x + iy)2 = x2 + 2ixy — y?
—f(z)=u=x2+y2 and v = 2xy

* What is df/dz? Is it unique?

ou Cauchy-lgemaly condltlogfs ou v v o
If —=— and —=-— then —=—+i—=—-i—
ox oy oy

ox oy X oy dz  ox
Northridge =

Cauchy-Riemann Example

* f(z) = z2 = x2 — y? + 2ixy so u(x,y) =
—y2and v(x,y) = 2xy

a—U:ZX:—=ZX and ——2y——a—u_2y
OX oy OX oy
+ Satisfies Cauchy-Riemann conditions
af _ 6—“ i@ =2X+i2y =2z
dz ox  ox
ﬂf@ |a—u72x+|2y 22
dz oy oy
Northridge =
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Connection to Laplace Equation
—TaREOOX O TSt C Ty =R

condition and d/0y of second one and
add the results to get Laplace equation

o {6u 6v} ou o
N _

ox| ox oy X’ oxay

ofov_ a] | ov_ o

ylox oy oyox  oy?
2 2
T
ox* oy
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Connection to Laplace Equation

» Take 0/oy of first Cauchy-Riemann
condition and 6/dy of second one and
subtract for another Laplace equation

a[au av} ou v
o|ou_ov - _

oyl ox oy oyox  oy?
a{av__au} _, Ov__2u
ox|ox oy x: o oxoy
v ot
Northridge ®
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Important Result

« If there is a function u(x,y) that satisfies
a Laplace equation in two dimensions,
there is an associated function v(x,y)
that also satisfies Laplace’s equation

* The lines of u(x,y) and v(x,y) are
mutually perpendicular

» Typically if u is a potential (e.g,
temperature, v is a corresponding flux)

t'_.r||!'|:|' a1 Seate University 2
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Orthogonal Solutions

» Show that the two solutions u and v are
orthogonal at all points
» Consider the gradient of each function
ou. ou. OV, Ov.

Vu=—i+—j and Vv=—i+—]j
ox oy ox oy

» Take the dot product of the gradients

ouov. . ovou. . |Ouov ovaoul. . Ouov  ovaou
Vu-VWw=——i-i+——j-j+| ——+——i-j=
OX OX oy oy oX oy oxoy

= +
OX OX 0oy oy
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Additional Results

» Treat Laplace equation solutions as
complex variable F(z) = u(x,y) + i v(x,y)
» Cauchy theorem for complex integration
shows Laplace equation solutions
— Solutions called harmonic functions
— Have maximum and minimum on boundary

— If boundary is a constant at all points then
solution is the same constant in region

— Dirichlet problem has unique solution
» Kreyszig section 18.6 has proofs

Califieni Seate University
Northridge ®

Neumann Problem is not Unique
- Consider the Tollowing problem

V2u =0in a region with Z—U specified on its boundaries
n

» If u, satisfies the differential equation
and boundary conditions,
— Any other solution = u, plus a constant will
also satisfy the problem conditions

— Conclusion: at least part of the boundary
must have Dirichlet or third kind of
boundary condition

Califoenis Seate Universit
Northridge ®

Conclusions

ME 501B — Engineering Analysis

» Approach to solving Laplace equation is

similar to that of diffusion equation

— Main difference is that second dimension
(y) in Laplace equation gives closed
boundary instead of open boundary in time

— Use separation of variables

— Have eigenfunction solution (sine/cosine,
Bessel or other) in one dimension

— Use eigenfunction expansion to fit

.condition at one boundary

Californis Seate Univer
Northridge %
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Conclusions Il

» Use superposition to solve Laplace
equation with more than one nonzero
boundary

+ Additional cylindrical geometry
considerations

— Complex Bessel functions when radial
boundary is not eigenfunction solution

— Must include both Y, and J, when radial
coordinate does not start at zero (must

<haye zero boundary at inner radius)
'\orthrldg.,e
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Conclusions Il

* Results about Laplace’s equation from
vector analysis and complex variables

* When the gradient of the dependent
variable, such as T, in Laplace’s
equation represents a flux, Laplace’s
equation says the net outflow is zero

* The maximum and minimum values of a
solution to Laplace’s equation occur on
the boundary so a constant boundary
means a constant solution

32
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Wave Equation Derivation

* Consider a string fixed atx=0and L
String tension, T, tangential to string

* pis mass per unit length of string
Section between x and x + Ax

* Net y force = mass times acceleration

X| X+AX T(x + Ax)sin(6 + A9)
T(X+AX) . aZy
—T(X)sin@ = pAX—-
T(x () p ot?

Califieni Seate University
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Wave Equation Derivation

* Previous equation for vertical component,
v, in limit as Ax approaches zero

T(x+AX)sin(@+A0) -T(x)sind _ov_ %y

2

AX oX
» Horizontal component, h, is related to v
as v = h tan 6 = h dy/dx; h is constant

X[ x+AX N_O ¥ o%y paiy
T(x+AX) x x x X ot?

3’y _ 2 0% »_h

— 2 —c"—= c =—

T o o P

34

Califieni Seate University
Northrlidge

Wave Equation

* Wave phenomena: u(x t) is

wave amplitude varying with a u ) o%u
o ox?

space, X, and time, t
* Cis wave speed

+ Can solve by usual separation of
variables technique

» Also have D’Alambert solution with
arbitrary functions F and G with
coordinates { =x + ctand n = x —ct

35
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Separation of Variables

* Assume u(x,t) = X(x)T_(t_)

ou_2xegT] X9 ZT(tr .
ot? o2 |
2 _ zw N 2T(t)62X(X)'
ox? ox2 S E
« Divide by c2X(x)T(t) Result is

1 1 &T(t)_ 1 9°X(x) function of t

c2T(@) a2  X(x) ox? equalto
function of x

Califoenis Seate Universit
Northridge
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Separation of Variables Works
» Assumed solution, u(x,t) = X(x)T(t), gives
a function of x equal a function of t
» Since x and t are independent, both sides
must equal a constant for this to be true
11 azT(t) 1 0*°X(x) __p
T a2 X(x) ox?
« Choose constant as —A? to simplify later

solution of resulting ordinary differential
equations (ODE)

37
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Solve ODEs to Get u(x,t)

» Have simple ODEs with known general
solutions

d;th(t) +2cT(t)=0 T(t) = Asin(Act) + B cos(Act)

dﬁ;(x) £ 2X()=0 X (X)=Csin(Ax)+ D cos(Ax)

u(x,t)=TE)X(x) =
[Asin(Act) + B cos(Act) ] [C sin(Ax) + D cos(Ax)]

38

Califieni Seate University
Northridge

Boundary Conditions

* Look at case where u(0,t) = u(L,t)=0
In this case, X(x) is the solution to a
Sturm-Liouville problem

X(x) = Csin(Ax) + Dcos(Ax)

X(0) =0 =Csin(0) + Dcos(0)=D =0
* X(L) =0 = Csin(AL)

* Must have AL = n1T (n an integer)

» Eigenfunction is sin(ntrx/L)

39
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General Solution

» With C =0, and A, = n11/L, our solution is
u(x,t) = [Asin(Act) + Bcos(Act) ] [Csin(Ax)] =
[A, sin(4,ct) + B, cos(4,ct)][sin(4,x)]

* General solution sum of all eigenfunctions

u(x,t) = [A,sin(4,ct) + B, cos(4,ct)]sin(4,x)
* Use _eigenfunction expansions to get
~ initial conditions

Northridge
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Initial Conditions

u(x,t)= "> [A,sin(4,ct) + B, cos(4,ct)]sin(4,X)
n=1
» Specify u(x,0) = f(x) at t = 0 and du/dt|,-,
=g(x)att=0

u(x0)= (=3B, sin(”T”X)

ou & . (nax
= = = y -/
. g(x) Zlc nAﬁm( i )

41
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Orthogonal Eigenfunctions

Multiply by sin(mTrx/L) and integrate
jf(x)sm( ) IiB sm(mﬂxjsm(nijdx
_ZB _[sm[ j i T)dx:Bm_l[sinz(mTﬂX)dx

+ Uses orthogonality for eigenfunctions

;[sin(ml_ Jsm( jdx 5, _fsm (mlizxjdXZLimn

Califoenis Seate Universit
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Similar Result for A, Summary: A, and B,
* Multiply by sin(mmrx/L) and integrate jf(x)sin(%)dx
A o N B :%zgjf(x)sin(%j X
.!'g(x)sin(T) !;ci Ansm[ jsm( jdx " jsin{?jdx Ly
:Z;‘mTﬂﬁ .f sin(?)sm( 3 ]dx—cm—”Amjm ( )dx Ig(x)sm( de )
. ’ L —i i M dx
« Factor multiplying A, is A= emet z(mm()d - m;zclg(x)sm[ L j
——|sin®| —— |dx
Cm” sin [ )d JL—CmJ L o L
L L) L2 2 » Ifg(x) =0, all A, are zero
Northridge “ Northridge “
General Solution General Solution for g(x) =0
» Substitute A, and B, from equations just B! ~ (nact) . nzx ‘)
found and substitute into previous solution u(xt) = Z C\OS[ L l L)/
d . (nzxct nact nzx » From trig identities for-s]ﬁ(_){;y_)_“‘:
u(xt) = HZ;[A’ sm(Lj B, COS(LHS”‘( L j —sin(x+y)=sinxcosy+sinycosx
) —sin(x—y) = sin x cos y — sin y cos x |
+ Examine case where g(x) =0so A, =0 ,S,n(x-; yj;g[n(x“y)\_ 23R CoS Y= !
nact nxy | | 1aT 5. —_n_z;(—x— -(;t)_“j—_r;é(_xﬂét)
u(x,t B, cos sin| — =
(x,t)= z ( i j ( i j u(x,t) = ZBnE [ : j+sm( : ),
Northridge © Northeidge ~TTttoTtoTTTOT @
D’Alambert Solution D’Alambert Solution
* \Wave phenomena U(X t) is ° TranSfOI’_m equation frO_m (X,t) to (ﬁ,r])
wave amplitude varying with a u ) o using{ =x+ctandn=x-ct
space, X, and time, t 7 0_0¢ 0 ‘l’?i i_ 9
2 =
* cis wave speed 6t OX ot ot o& ot on ag 677
« D’Alambert solution, shown below, uses 3:%i+ali () ()7
arbitrary functions F and G with ox ox 05 oxon ¢ on
coordinates £ =x + ctand n = x —ct . Apply transforms to u, du/dt, and du/ox
u=F()+G(n) =F(x+ct)—G(x—ct)
* Proof of solution based on transforming ag =% LIFE)+cm)]- I:'(5)
Y W
derivatives ; L= FO-eml-cw
Northridge Northridge on
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D’Alambert Solution I
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« Continue transformations
ou o¢& ou 877 ou

X oxoe 6x677_() PE

o[F (5) +G(77)]

+(@) =F'(&)+G'(n)

ot otos& ot 877 o0&
G GRID)
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A[F () +G(m]

ou agau 6776u w
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D’Alambert Solution IlI

+ Second derivatives satisfy wave equation
oou o0 oou ompoou_Oou 0ol

6t2

atat_atﬁaf&t ot on ot of ot on ot

2\
\~~ aU|
azu_giu 05 0 ou, on o ou_ s @t'
okl oxox OLOZ ot ot onat B
4 n G?U\

(1);[(F 4G )]+(1)f[(F 4G )]ﬂ(F e )\,C' o
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