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Overview

* Review last two classes

— Solutions of Laplace’s equation in
cylindrical coordinates

 Spherical coordinate systems

« Diffusion equation in a sphere

* Laplace equation in a sphere

» Legendre polynomials as orthogonal
eigenfunctions

* Results from complex analysis and
vector calculus for Laplace’s equation
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Review Cylindrical Solutions

 Laplace’s Equation in two-dimensional
cylindrical region0<z<Land0<r<R
—u(r,0) = 0 and u(0,z) is finite
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Review Cylindrical Solutions Il

 Laplace’s Equation in two-dimensional
cylindrical region0<z<Land0<r<R
—u(r,0) = 0 and u(0,z) is finite
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Modified Bessel Functions

(%) = i (ix), K (x) = ™Y (ix), iZ = -1
Satisfy modified differential equation

d’y  dy

2 2 2

X W"”X&_(X TV )y=0 Since J, ~
. xY, I, and

+ Equation above transforms to |k, are real

2
i[zﬂ} Y _2zly=0
dz| dz Z

+ Solution is z = Al (Ax) + BK(A )
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Review Modified Bessel Functions

Nl o Il
L =5 - ||
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Review Hollow Cylinder

» Consider various
boundary conditions

* Nonzero conditions on
upper or lower surface
only gives Bessel
eignefunctions

* Nonzero conditions on
inner or outer surface
gives sine or cosine
eigenfunctions
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Review Hollow Cylinder Il

 Laplace’s Equation in two-dimensional
cylindricalregion0<z<Land R sr<R,
—u(r,0)=u(rL)=u(R,z) =0
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Review Hollow Cylinder Il

 Laplace’s Equation in two-dimensional
cylindrical region 0 <z < L and R sr=sR,
—u(r,0) = u(R;,z) = u(R, z) =

R; B R_
Jo(amRO o(an)— (e, )Y(a RJ 0

0

________

Review Eigenvalues = f(R/R,)
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Review Hollow Cylinder IV

+ Eigenfunction expansion in Py(Ar) =
Yo(AnRo)o(Amr) = Joéo)‘mRo) “ Yo(Amr)

[ 30 CnROF [ run (1R )it
Ri
Sinh(A L2138 (AmR;) = 3§ (ARo)]

+ Solution for uy(r) = U, a constant

sinh(4,z)  J,(4,R)P,(A4,1)
~sinh(4,L) Jo(4,R)) + Jo(4,R,)

u(r,z)=Ur Z

Northridge

Review Conclusions

» Approach to solving Laplace equation is
similar to that of diffusion equation

— Main difference is that second dimension
(y orr) in Laplace equation gives closed
boundary instead of open boundary in time

— Use separation of variables

— Have eigenfunction solution (sine/cosine,
Bessel or other) in one dimension

— Use eigenfunction expansion to fit
condition at one boundary
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Review Conclusions Il

» Use superposition to solve Laplace
equation with more than one nonzero
boundary

+ Additional cylindrical geometry
considerations

— Complex Bessel functions when radial
boundary is not eigenfunction solution
—Must include both Y, and J, when radial
coordinate does not start at zero (must

have zero boundary at inner radius)
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Spherical Coordinates

» Coordinate
o system used in
Kreyszig
—See p A72

— ¢ is called the
polar angle

— Ois samein
cylindrical system
« Some works
reverse 6 and ¢

14

Z=rCcos¢g

[ A N —

X=rsingcosé
y =rsingsiné
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Spherical Geometry

» Look at diffusion equation in a sphere
1éu 16(26uj 1 & 1 of(.
—— r—|+—————=5+—>5———|sing
aot roor\_ or) r°sin“gofd” resing o¢

« Spherical symmetry  1du_1 0 (r ou
has r derivativesonly 46t r?erl or

+ Initial condition, u(r,0) = f(r)

» Boundary conditions u(R,t) = ug and
u(0,t) is finite
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Spherical Geometry |l
» Write u(r,t) = v(r,t) + ug and use
separation of variables: v(r,t) = T(t)P(r)
1 a@_ 1 (r aP(r)j P2
aT(t) ot r°P(r)or or
dT(t)

+aT(t)=0

( dP(r)J /ﬂzp(r) o Sturm-Liouville
dr dr

T(t)=Ae™

_____

TSl functlon/p(r A2
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Spherical Geometry ||

*» Define W(r) such that for P(r) = W(r) / r
and radial equation becomes

dZN(r) AW(r)=0 W = AsinAr+BcosAr
X
P(r) = W(r) Asmﬂ,rJchoslr
r r

 Finite solutlon atr=0givesB=0andv
=0atR=rgives A, =nmr/R

= C e sin(Ar
(4, )+u

u(r,t) =v(r,t)+u, => ="
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Spherical Geometry IV

+ Use eigenfunction expansion for initial
conditions to evaluate constants, C,

U(r0) = £ (1) =v(r.0) +u, = 3 S SNED

n=1 r
R Qsm[%] * Need
l(f(r) Ugdr r weight
Cn [ function,
e (R]dr SEOR
.- r2
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Spherical Geometry V
» Look at Laplace equation for a sphere

Lo(pa) A 0b ¥ 0 ng)g
f2or or) flsin?go0”  rPsing o op) )

« Consider no variation in © coordinate

(1) L ang )
or\ or) sing o¢ of
+ Boundary conditions u(R,¢) = f(¢)
s uisfiniteatr=0andasr — «
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Spherical Geometry VI

aar(rzae(r)H(qzﬁ)j 1 0 (S ¢aG(r)H(¢)J 0

* Separation of variables u(r,¢) = G(r)H(¢)

or sing o¢ o¢p
+ Differentiate and divide by G(r)H(¢)
1 a(rz 8G(r)]:_ 1 (sm 6H(¢)J
G(r) or or H(g)sing o¢ 0¢
» Set each side equal to a constant k
* Have two (new) ODEs

20
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Spherical Geometry VII

» Multiply by G(r) and let k = n(n+1) in
radial ODE

0 20G(r))_ _
8r(r - ]_kG(r)—n(n+1)G(r)

2

r2d ngr) 2r d(j(r) n(n+1)G(r)=0

* Linearly independent solutions for G(r):
Ar" and B/r*! (Proof in charts at end.)

eB=0atr=0andA=0asr— «
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Spherical Geometry VIII
+ Ordinary differential equation for H(¢)
N (sin 5H(“”J_ KH() =-n(n+DH ()

op ) T 7

sing o¢

d _dw d .n¢i

g dgow ' aw

1 d dH(g) i—‘asm;b d ’,3..‘ dH(¢)
sm¢ d¢(sn d¢ J sm¢ dw{(smgﬁ .sm¢ H
Northridge =

Spherical Geometry IX

* Resulting equation for H is known as
Legendre’s equation)
d(i/v[(l w )3‘:\/} (1 )W—sz—u:—n(nﬂ)H
+ Solutions to Legendre’s equation known
as Legendre polynomials are solutions to
a Sturm-Liouville problem over -1 sw <1
with a weight function of 1
* If P,(w) is a Legendre polynomial, and w
.5.C0s.4, we have H(¢) = Z,C,P,(cos ¢)
'\orthrudg.,e
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Legendre Polynomials

* The general formula for a Legendre
polynomial is shown below
int(n/2) . 2n_2m | o2m
POO= 3 (1) n—2m) :
= 2"mi(n—m)!(n—2m)!

» Legendre polynomials are orthogonal
functions (not normalized)
+ See Kreyszig pp 177-180, 207, and 212
2
jP ()P, (X)dx = 6,y >
Northridge °; 2m+1 =
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Some Legendre Polynomials

* Py(x) =1

* Py(x) = x

* Py(x) = (3x2—=1)/2

« P4(x) = (5x3 — 3x)/2

P,(x) = (45x* — 30x2 + 3)/8

Ps(x) = (63x° — 70x3 + 15x)/8

Pe(x) = (231x8 — 315x* + 15x2 - 5 )/16

. P11( ) = (88179x'" — 230945x° + 218790

.. X" —90090x° +15015x3 — 693)/256
I\orthrldg.,e
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Legendre Polynomials

12

MATLAB Legendre Polynomials

» The MATLAB function legendre(n,x)
returns a vector of the Legendre
function P,™(x) form=0,1,2, ..., n

» This Legendre polynomial is the lowest
member of this set, P,°(x)

» The following MATLAB commands
return the Legendre polynomial of order
n evaluated at one value of x

Pnm = legendre (n, X)

P = Pnm(1,1)

27

Califieni Seate University
Northridge

SN // =
o LA TN | —n=e
Z oo IV TN | ==

02 WY\ /%K \ XX}M’ —n=4

0s I/ NN

06 / ~— —n=15

-0.8 / —n=20
h‘)l:t?rlfi’!.'l -06 -04 -02 O 02 04 06 08 1 26

Boundary Condition

* Look at solution that is sum of all eigen-
functions to get boundary conditions

u(r,@)=>_C,P,(cosg)r"
U(R.p) = F(¢) = 3 C,P(cOsHR"

* We have to see how we can invoke the
orthogonality relationships for the
Legendre polynomials with P (cos ¢)

28
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Eigenfunction Expansion

+ Eigenfunction expansion is based on
the orthogonal relatlonshlps

100=3a,R, (0 [R.COR (=3, 2
j f (X)P, (x)dx )
8, =2 =2 [0, (00K
[ P.00)P, (x)dx B

29
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Eigenfunction Expansion I

+ Transform our Legendre polynomials
P (cos ¢) into P, (x) where x = cos ¢
e dx =-sin¢ dp and x =-1 and 1
correspond to ¢ = 1r and 0, respectively
» Make these substitutions in a,, equation

_________

‘ different ‘I' a, = 5 ff,f )P, (x)dx =

[ , arguments (¢ |

' \versus cos ¢) ! _ 2N +1I f (¢).P (cosg)sing d¢

\_4—-__.__/

‘~_4

I\orthrudg.,e
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Eigenfunction Expansion Il
* Here is boundary condition equation

u(R, ) = () =ZCnF’n(COS¢)R”

» To get orthogonal eigenfunction
expansion from last chart we multiply
this equation by P, (cos ¢) sin ¢ d$ and
integrate from O to 1T (reverse
integra'grion order eliminates — sign)

I f(p)P,(cosg)sing dp =

Califieni Seate University
Northridge ° ¥
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Eigenfunction Expansion IV
[ f(9)P,(cosg)sing dp =

0

iCan (cos@)P, (cosg)R"sing de

n=0

O =

T . 2R™C
=R"C_[[P (cos@)Fsing do = m
mg[m( A singdp ="
2m+17 )
C. = f P_(cos@)sing d
Co=gm | T@IRu(cosd)sing do
Rorihridge =

Example, u(R,¢) = Uy, a Constant

+ Substitute general equation for
Legendre polynomials into C, equation

int(n/2) . (zn_zm)!
P ()= ; D 2"m!{(n—m)!(n—-2m)!

n-2m

2”+1Tf(¢)a(am¢)gn¢d¢
ZnR+1IURPn(cos¢)sm¢ de

Northridge 0 ®

C,=
2R"

Example, u(R,¢) = Uy |l

* Reverse original transformation

—Let x = cos ¢ so that dx = -sin¢$ dp and x =
1, —1atf=0,m

2”+1juR P (cosg)sin ¢ dg

2n+1 2n+1

= j POt = =
Pn(x>='m(i/2)<—1)" (2” 2Ly

= 2"mi(n—m)!(n—2m)! ,

U jP(xmx
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Example, u(R,¢) =

* Define A, for Legendre polynomial

int(n/2) (2n _ 2m)| 5 int(n/2) 5
P (x n-2m _ X"-2m
(0= g = 2"mi(n—m)!(n-2m)! %A"m

2n+1
C,=——>U; | P,(x)dx
T j (x)

on+1 l|nt(n/2)

?URJA ZAthn 2de

-1 m=0
t'_.rll!'.n- £ Sate I_:u\.-:\nl 35
Northridge

Example, u(R,¢) = Us IV

ME 501B — Engineering Analysis

on +1 1int(n/2)

Cn - - A1m X2
T P2
2R " & | n-2m+1]
_ n +1U int(znl:z) Ahm [1n—2m+1 _ (_1)n—2m+1]
2R" " m=0 n-2m+1
Northridge *
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Example, u(R,¢) = Uy V

n+1 int(n/2) Ah 1n—2m+l _ (_1)n—2m+1

C,= - Upg Z m[ ]
2R o n-2m+1

* This is zero for odd values of n

« Can show C, = 0 for Pf( )= (3x2=1)/2
2n+1

C, ="V jP( )dx =

Lgy2 1
2n+1 J-3 -1 x_2n+1U 3x° y

2 4R" T3 |,

'\orthrldg.,e

Example, u(R,) = Uy VI

* Previous resultthat C, =0 forn =2 is also
true for all even values of n in C, based on
P.(x) exceptforn=0

» This occurs because P, = 1 is one of the
orthogonal eigenfunctions for Legendre
polynomials

» A constant initial condition is orthogonal to
all the eigenfunctions except P, = 1

» So, what is the solution to this problem?

38
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Example, u(R,¢) = Ug VII
» Here is the general solution

u(r,p) = iCnPn(cosqﬁ)r”

» But C, is zero unless n = 0 in which case
you can show that C, = Uy

» This gives the solution u(r,¢) = U

» This is expected since we said that the
solution to Laplace’s equation with a

constant boundary is a constant
'\orthrudg.,e

39

Vector Calculus

 Important results for Laplace equation

» See notes on vector calculus or chapters
nine and ten in Kreyszig for background
details not given here

* Results are independent of coordinate
system, but Cartesian used for examples

* Introduce gradient and divergence which
are vector/scalar functions

40
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Gradients

» Gradient is a vector in written here in
Cartesian space where we have f(x,y,z)

) Deﬁmtl.on grad f =Vf —|g+1g+ a

of gradient ox oy oz
+ Del operator voilyjlikl
ox "oy 0z

+ grad f is magnitude and direction of
maximum gradient, df/ds

» Grad fis perpendicular to line of constant f

41
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Physical Gradients

» Gradients of Laplace equation solutions
often proportional to flux terms
— Heat flux and temperature gradient
— Diffusion flux and mass fraction gradient
— Velocity and velocity potential in ideal flow
— Current and electrostatic potential

* If we have a plot of constant potential
the lines perpendicular to the potential
are flux lines

42
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Radial Laplace Equation with Uir = R) = 1 and zero gradient at z = L
1

Divergence

« Divergence converts vector, v = v,i + v,
+ v,K, into a scalar written as div v

« Definition of  divy=v.v=2% A
divergence ox oy oz
voif . 0,90
* Del operator —'&+15+ po

» Gauss divergence theorem (n is vector
normal to surface, pointing outward)

_mdiv vdV = ”v~ndA

sy ENClosed Surface

Northrldg,e Volume ”

_[”div qdVv = ”q -ndA

Enclosed Surface

vorme
« Example of heat flux vector, g, (W/m?2)
* g-n is component of g, normal to
surface, dA, flowing outward
Integrand in surface integral, g-ndA is
heat flow (watts) flowing out through
infinitesimal area, dA

+ Surface integral gives total heat flow
through surface in outward direction

45
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Relation to Laplace Equation

» The vector, v, may be gradient of a
scalar, representing a flux: v = -k grad u

” div vdV = ” div(—k grad u)dv I v-ndA
Volume Volume - Surtace

* For constant k
f”dw grad u dV = J'”V udv = ”v ndA

Enclosed Enclosed Surface
Volume Volume

46
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Interpretation of Viu=0

* Whenv =-kgrad uis a flux that is the
gradient of a scalar, Laplace’s equation
for u says that the net inflow of v is zero

” Viudv = ”v ndA=0

Enclosed Surface
Volume

» Example of this result shown last week
* Result applies to any problem in any
geometry with Laplace’s equation

47
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Complex Variable Basics

+ Complex analysis gives insights to
Laplace Equation in two dimensions

* Functions of complex variable, z = x +
iy: f(z) = u(x,y) + iv(x,y), for example
—f(z) =22 = (x +iy)2 = x2 + 2ixy — y?2
—f(z)=u=x2+y2 and v = 2xy

* What is df/dz? Is it unique?
— Cauchy-Riemann conditions

6u8vdavauth dfauavavau

Xy > oy o x Ty 'y

48
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Cauchy-Riemann Example

—y? and v(x,y) = 2xy
ou ov ov
OX oy OX

Califieni Seate University
Northridge

—=2Xx=—=2X and —=2y

ar _ 6—u+|@—2x+|2y 2z
dz ox ox
ﬁ @—la—u_2x+|2y 2z
dz oy oy

5 -
+ Satisfies Cauchy-Riemann conditions

- f(z ) z? = X2 — y? + 2ixy so u(x,y) =

49
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Connection to Laplace Equation

» Take 0/ox of first Cauchy-Riemann
condition and o/dy of second one and
add the results to get Laplace equation

0 {au av} ou v
= =

ox| ox oy ox*  oxoy

o) | ov_ v

8y OX oy 0yox oy?
2 2
67“_'»67[;_0
oy

50
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Connection to Laplace Equation

Califieni Seate University
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» Take 0/oy of first Cauchy-Riemann
condition and o/dy of second one and
subtract for another Laplace equation

olou_ov - o'u o
oyl ox oy oyox  oy®
o] _ ov__ o
oxlox oy ox?  oxoy
ox*  oy?

51

Important Result

« If there is a function u(x,y) that satisfies
a Laplace equation in two dimensions,
there is an associated function v(x,y)
that also satisfies Laplace’s equation

* The lines of u(x,y) and v(x,y) are
mutually perpendicular

 Typically if u is a potential (e.g,
temperature, v is a corresponding flux)

52
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Orthogonal Solutions

orthogonal at all points

Vu-Vv=——i-i+
OX OX oy oy

ou oV . é‘v@...+ ou ov 6v6u
OX oy 6xay
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» Show that the two solutions u and v are

+ Consider the gradient of each function

+ Take the dot product of the gradients

Jpi-

6u8v ov ou

oxox oy oy

53

Additional Results
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» Treat Laplace equation solutions as
complex variable F(z) = u(x,y) + i v(x,y)
» Cauchy theorem for complex integration
shows Laplace equation solutions
— Solutions called harmonic functions
— Have maximum and minimum on boundary

— If boundary is a constant at all points then
solution is the same constant in region

— Dirichlet problem has unique solution
+ Kreyszig section 18.6 has proofs

54
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Neumann Problem is not Unique
+ Consider the following problem

V2u =0in a region with % specified on its boundaries

* If u, satisfies the differential equation
and boundary conditions,
— Any other solution = u, plus a constant will
also satisfy the problem conditions

— Conclusion: at least part of the boundary
must have Dirichlet or third kind of
boundary condition

s'_.rh!'.u- a1 Seate University 55
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Conclusions

» Approach to solving Laplace equation is
similar to that of diffusion equation
— Main difference is that second dimension

(y) in Laplace equation gives closed
boundary instead of open boundary in time

— Use separation of variables

— Have eigenfunction solution (sine/cosine,
Bessel or other) in one dimension

— Use eigenfunction expansion to fit
condition at one boundary

s'_.rh!'.u- a1 Seate University 56
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Conclusions |l

» Use superposition to solve Laplace
equation with more than one nonzero
boundary

 Additional cylindrical geometry
considerations
— Complex Bessel functions when radial
boundary is not eigenfunction solution
—Must include both Y, and J, when radial
coordinate does not start at zero (must
have zero boundary at inner radius)

Califioeri Seate University
Northridge 5

Conclusions I

* Results about Laplace’s equation from
vector analysis and complex variables

* When the gradient of the dependent
variable, such as T, in Laplace’s
equation represents a flux, Laplace’s
equation says the net outflow is zero

* The maximum and minimum values of a
solution to Laplace’s equation occur on
the boundary so a constant boundary
means a constant solution

s'..ju!'.u- 1 ate Lniversity 58
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Additional Material

* Charts 59 and 60 show proof that
solution to radial component of Laplace
equation with no 8 dependence is G(r) =
Ar" + Brnt

+ If you have any questions about this,
please ask. | do not plan to cover this in
lecture.

Califoenis Seate Universit
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Spherical Geometry Vlla

+ Verify radial solutions for that G(r) = Ar"

« dG/dr = nAr™'; d2G/dr? = n(n-1)Ar2

 Substitute into radial equation and factor
common power of "

d*G(r)
dr?
r2(n? —n)r™2 4 2mr™ —n(n+r" =

r +2r@—n(n +1)G(r) =
dr
r"(n® =n+2n—n?—n)=0

Califoenis Seate Universit
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Spherical Geometry Vllb

« Verify radial solutions for that G(r) = Br("1

« dG/dr = -(n+1)Brt"2); d2G/dr? =
(n+2)(n+1)Br("3 = (n? + 3n + 2) Br("3)

 Substitute into radial equation and factor
common power of rtn-1)

degr) Lor dG(r) n(n+1)G(r) =
dr dr

r2(n? +3n+2)r ™ —2r(n+1)r "2 —n(n+Lr "t =
r{n?+3n+2-2n-2-n?—n)=0

Califioeri Seate University
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61
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