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Overview

* Review last class
— Superposition solutions
— Introduction to radial coordinates

» Additional solutions of Laplace’s
equation in radial coordinates
— Homogenous boundaries in z direction
— Gradient boundary conditions in the

cylinder

— Hollow cylinder
— Combinations of boundary conditions
— Superposition
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Review Superposition

» Laplace’s equationforO<x<Land 0 <
y < H with boundary conditions shown

» Do not have homogenous boundary
conditions in any coordinate direction

» Superposition sum of simpler solutions

=H
TN
u=0 u = ug(y)
u=0
=0
x=0 x=I_y
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Review Superposition Solution

» Sum two solutions with one nonzero boundary

u = uy(x) y=H
u=10 u=0| ° Solution to this
problem is u,(x,y)
u=0 —
x=0 x=L Y=0
 Solution u=0 y=H
hereis u=0 u = ug(y)
U,(X,
californ i( |-..\)-:|) u=0 =0
Northridge x=0 x=LY~™

Review General Superposition

+ Can obtain solution for several nonzero
boundaries by creating a separate
solution for each nonzero boundary
— Three-dimensional problems can have up

to have six separate solutions for u(x,y,z)

*+ Swap xandy and swap Hand L in
solution for u(0,y) = u(L,y) = 0 to get
solution for y(x,0) = u(x,H) =0

» Sety = H -y in solution for u(x,H) =
u,(x) to get solution for u(x,0) = u(x)
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Review x and y Swap

« Sum two solutions shown below

u = uy(x) y=H
u=|\0 u=0| ° uyx,y)found
previously
u=0 —
x=0 X=L y= 0
« Swap xand y u=0 y=H
to getuy(x,y) u=0 u =|ug(y)
from u,
Callfieni Seate Lniversit u= O —_ 0
Northridge x=0 x=LY"®
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Cylindrical Laplace Solutions

Review x-y Swap Solution

u(x,y) = icn sin(4,x)sinh(4,Y) A, = n%

n=1
u,(x, ) = 3 B, sin(x,y)sinh(x, x) K="/,
n=1

C = 2 B _#.
" sinh(4,H )L " sinh(x,L)H

juN (x)sin(2,x)dx [ue (y)sin(x,y)ay

u(x,y) = i[cn sin(4,x)sinh(4,y) + B, sin(x, y) sinh(x;, x)]
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Review Coordinate Transform

» Swap location of one zero boundary

u = uy(X) y=H
u=|\0 u=0 * u,(x,y) found
previously
u=0 _ with uy (x)
x=0 X =L y= 0 N
* Uy(X.y) = Uy(x,H-y) =0 y=H
« Useug(x)in u=0 u=lo
ocoo) | g ]
Northridge x=0 x=LY~

Review y < H —y Solution

U, (x,y) = 3C, sin(4,x) sinh(4,) A ="/
=1

2

L
o~ S AL s

Y
S

0 06y) = 3B, SIASIHAH ) 4=

/7
7
7’

_-

2 ko
B = [ 4 x)d
= S L s
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Cylindrical Laplace

u(r,L) = uy(r) + Solve Laplace’s equation
in a cylinder for u(r,z)
» Zero boundaries at the
sides and bottom
-u(R,z)=0
220 —u(r,0)=0
+ Specified top boundary
16 ou o _o - u(rb)=uym

ror or 02 . Finite solution atr=0

Califieni Seate University
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What do We Expect?

* Note similarity to radial diffusion equation
—u is finite at r = 0 for both problems
2
12r@+87220 lgr@_iaizo
ror or oz ror or oot
u(R,2) =ur(2) U(R,z) =ur(2)

+ Separation of variables result for P(r) in
Laplace’s equation should be similar to
result for diffusion equation
— Bessel function eigenfunctions in r direction

California Seate Universit
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What do We Expect? |l

+ Also similar to Laplace equation for u(x,y)

10 ou o4
——r—+—=0 u(r,00=0 u(r,L)=up(r
For o T2 =0 U0 =0 u(nL)=uy(r)
o%u o
—+——=0 u(x,00=0 u(x,H)=up(x
o oy (x0)=0 u(x,H)=uy(x)
+ Separation of variables result for Z(z) in
radial equation should be similar to result
for Y(y) in rectangular coordinates

— Hyperbolic sine/cosine solution for Z(z)
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Separation of Variables

* Proposed solution u(r,z) = P(r)Z(z)
» Separation of variables and ODE
solutions give starting point for solution
1 d rdP(r) 1 d°Z(2)

— =— =}
rP(r)dr dr Z(z) d7?

2 —————
2O _rzr-0 {20 AE) B

%f%Mer(r) = 0 ,‘ P(r) =CJ,(4r)+ DY, (,u),"
Calloria st sty \’l u(r,z) = P(r)Z(z) -
Northridge N
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Boundary Conditions

* u(r,0) = 0 for all r requires Z(0) =0
Z(0)=0=Asinh(0) + Bcosh(0)=B =0
* Finite solution at r = 0 requires D =0

* u(R,z) =0 for all z requires P(R) =0
P(R)=0if J,(AR)=0so A R=qa
zeros of J,

+ Solution is sum of all eigenfunctions

u(r,z) =Y C,sinh(1,2)3,(4,1)  A,R=a,,
m=1

the

mO0?»
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Boundary Conditionatz =L

» Radial equation for P(r) is a Sturm-
Liouville problem so we use eigenfunc-
tion expansion for y = L boundary
—Regionis 0 <r <R and p(r) = r is weight

function .
uy () =u(r,L)=>"C, sinh(,L)J,(4,r)
R m=1
er (4,1)u, (r)dr
C — —

JR'rJ (A4,,Nuy (r)dr

" smh(l L)j r[3,(4,r)Fdr smh(/l |_) [.] (4.R)J

15

horthrudg.,e

Example: uy(r) = U, a Constant

R r=R
J'r.] (A,r)Udr {Ll(imr)}
2U ﬂ r=0

"R sinh(4, L[, (4 R)T

C,= =

m

sinh(4, L) [J 4.RT

o R (sz) ‘AR=a |
_ . _ U
sinh(2,L)R*[3,(4,R)f  sinh(2,L)4,RY, (2,R)

+ Substitute C, equation into general

Califiornia Seate University
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solution .
u(r,z) =Y. C, sinh(4,2)3,(4,r)

m=1

Example: uy(r) = U, a Constant

2U 2U

Cp==

" sinh(2,L)4,R3,(2,R) smh[ 0 L) no RJ[ mo Rj
R JR R

c U

Sim—(amo %jamo‘]l(amo)

u(r,z) = ZCm sinh(amo %}Jo(amo %J
m=1

C sinh(a Z)

A mo o
u(r,z)=y} 2> T R Jo| a OL
1%0d1 (@) L) o
m=11%mo mo/ sinh amOE \

1 17

- ~d
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Northridge R ’
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Radial Solution of Laplace Equation with U(z=1) =1

r O




Cylindrical Laplace Solutions

ufx y) Contours for uf@,1) =1

February 16, 2009

Important Observation

* In solving PDEs by separation of
variables, individual terms have the
same behavior in any equation
(diffusion and Laplace so far)

— Terms like d2u/dx2, with homogenous

boundary conditions give eigenfunctions
that are sines and/or cosines

— Terms like (1/r) o [rou/or] / or, with
homogenous boundary conditions give
Bessel functions as eigenfunctions

20

Califieni Seate University
Northridge

Two Boundary Changes

 Laplace’s Equation in two-dimensional
cylindrical region0<z<Land0<r<R
— Boundary conditions u(R,z) = ug(z) Other

boundaries: u(r,0) = 0, du/oz|,., =0

—u(0,z) is finite (zero gradient)

* Here we have homogenous boundary
conditions in z direction
— Want Sturm-Liouville solution in this

direction to get eigenfunction expansions for
nonzero boundary atr = R

21
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Separation of Variables

* Useu(rz)=P(NZ(z) 10 odu, u 0

to solve equation ror or o2
* Pick separation of variables constant to

give sine and cosine solution in z

1 d dP)_ 1 dZ()_
rP(r) dr dr Z(z) dz?

920), 270)=0  2(z)= Asingiz)+B

a7 ——+XZ(2)= (2) = Asin(1z) + Bcos(Az)
?r@ PP(r)=0  P(r)=Cl,(Ar)+ DK, (ir)
I\orthrudg.,e

22

Modified Bessel Functions

* L0 = (i), K(x) = Y (ix), i2 = -1
+ Satisfy modified differential equation

d’y dy

2 2 2

X W"’X& (X TV )y=0 Since J, ~
xY, I, and

+ Equation above transforms to |k, are real

2
i[zﬂ} Y _R2zly=0
dz| dz z
+ Solution is z = Al (Ax) + BK(A )
Northridge

23
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Ka(x)

Modified Bessel Function Plots
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Boundary Conditions

* u(r,0) = PZ =0 for all r requires Z(0) =0

* Z(0)=0=Asin(0)+Bcos(0)=B=0

* Finite solution at r = 0 requires D =0

* odu/oz|,., =0 for all r requires dZ/dz|,., =

AA cos (AL) = 0; 2AL = n1 (odd integer n)

* P(r)is finiteatr=0onlyif B=0

+ Solution is sum of all eigenfunctions
U(r2)= "> CpSin(hpn2)lg(hpl) A =(2m +1)i

m=0
California Seate University 25
Northridge

February 16, 2009

Boundary Condition atr = R

+ Equation for Z(z) is a Sturm-Liouville
problem; use eigenfunction expansion
in sin(A,z) for r = R boundary

Ue(2) =U(R,2) = 3 C, sin(4,2) 1, (4,R)

L
[sin(2,2u(2)dz 4~ msn -
5 2L

C, = .
Io(ﬂmR)J[sin(/lmz)]zdz
Norihridge e

Boundary Condition atr= R |l

» Denominator integral in C, equation

j[sin(l z)]zdz _| x_sin(4,2) cos(4,2) - _ L sin(4,L)cos(4,L)
A T2 22 T2 22,

o m

_L
2

Ucos(4)| _y SOs(y L) -1

L
« Numerator ~ [sintm2)udz=
0

Ao Ao
integral in (n 10
. Cl -
C,, equation __ 2 __ 2w
for Up = U @2n+)7z @2n+Y)x
R 2L
Californi Seate University
Northridge 7

Boundary Condition at r = R |

* Resultforug(z)=U, ;1 —@n+)X
m 2L

Radial Laplace Eguation with Ufr= R) = 1 and zero gradient at z =L
1

0s

0s

a7

06

w05

0.4

03

0z

0.1

o
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a constant
Tsin(ﬂmz)Udz 2tV
C o3 _@n+)z _ 4U
1y (2R [lsin(2,2) dz lo(ﬂmR)g (@n+ D, (2R)
sin((2n+1)ﬁ E)I ((2n+1)7rLj
W& 2 L) 2 L
u(r,z)=—7,
T 3 @n+1)1 ((2n+1)7r5)
Califioeri Seate U I ’ 2 L
Romtielias o
Exercise

» Solve previous problem changing the
boundary condition at z = L from a zero
gradient to a zero potential

10 ou du o u(r,0)=u(r,L)=0 u(R,z)=ug(2)

ror or o uis finiteatr =0

* Pick starting point from previous solution
u(r,z) =[Asin(4z) + B cos(4z) [Cl, (Ar) + DK, (Ar)]
— D =0to eliminate K, (= — atr = 0)
—-B=0foru(r,0)=0

o ZNT/L (0 an integer) for u(r,L) = 0
Northridge

30
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Hollow Cylinder Solution

 Laplace’s Equation in two-dimensional
regon0szs<LandRsrsR,

— Boundary conditions u(R,,z) = ug(z) with all
other boundaries zero: u(r,0) = u(R;,z) =
u(r,L)=0

* u(r,0) = 0 and u(r,L) = 0 will give Strum-

Liouville solution in z direction

— Expect modified Bessel functions in r
direction similar to previous problem

— Cannot drop K, without r = 0 in region

r_.rhrm- a1 Seate University 31
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Separation of Variables

* Proposed solution u(r,z) = P(r)Z(z)
» Usual separation of variables process

and ODE solutions give

2
1 d dhn_ 1 dZ()_

rP(r)dr dr Z(z) dZ?
2
‘ dzzgz) +XZ(2)=0  Z(z)=Asin(iz) +Bcos(iz)
a  dP(r) —ArP(r)=0
dr dr
Northridge

P(r)=Cl,(Ar)+ DK, (Ar)

32

Boundary Conditions

* u(r,0) = PZ =0 for all r requires Z(0) =0

*+ Z(0)=0=Asin(0)+Bcos(0)=B=0

* u(r,L) = PZ = 0 for all r requires Z(L) =
Asin (AL) = 0 so that AL = n1T (integer n)

* U(R,z) = PZ = 0 for all z requires Cl,(AR;)
+ DK,(AR)) = 0 so D = —ClI,(AR,)/K,(AR))

+ Solution is sum of all eigenfunctions

SR k| 2, =T
Ko(4R) 3

u(r,2=3c, sin(zmz)[lo(zmr)—

Callifiorni Stase Univensity 33
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Boundary Condition at

r=R

» Equation for Z(z) is a Sturm-Liouville
problem; use eigenfunction expansion
in sin(A,z) = sin(mmz/L) atr = R,

lo(ZR5)

Ko(AnR)

UR(Z) = U(Rov 7)= icm Sin(ﬂ'mz)|:lo(imRo)_

Tsin(lmz)uR(z)dz
C 0

o)

Boundary Condition atr=R |l

» Denominator integral in C,,, equation

JL‘[Sin(l dz = X _sin(4,2)cos(4,2) - _ L sin(4,L)cos(4,L)
0 " - 2 0 -

_L
24, 2 24, 2

L
UL COS(MJ

L
. .Numeraf[or J.Sin[MjUdz:f
integral in o L mz
C,, equation - o
forug=U 2= oddm
_ypcosmm)-1_ | M7
N mzr
Calloenis Sste Uiy 0 even m
Northridge 3

F=ry—_ £
KO((zn +l)IZRIJ
L

" I, (R o
{IoumRo) K, Roﬂ [fsncz,2)F e
Rorthridge g
C,forug(z) = U
. lsin(lmz)uR(z)dz )‘m 7L f
" (AR oo e mT/L for
{IMRD)—Ko(lle)Ko(ﬂmR(,)M binofe
2EU only
_ mzx
lo(ZnR) t
|:|0(/1mRo)_Ko(lmRi)Ko(lmRo)}E
@n+)mR Define F, and G, to
'“( L j simplify result for u(r,z)

California Seate Universit
Northridge

G, = IO(MJ_ FnKo(MJ
L L

36
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Results for up(z) = U

Sin[(2n tl);zz){lo((Zn +1)7zrj_ FnKo((zn +1)ar ﬂ

4 & L L
u(r,z)=—
(r.2) 7 20: (2n+1)G,
sin((2n+1)7zz] Io[(2n+1)7zr &j—FnK{(Zn*l)”r &J
u(r,z)zii 2L R, L R, L
u 7T (2n+1)G,
IO[(szl)zzf-'ei &] G, - IO((2n +1)7ZROJ_ FnKo[(zn +1)7zR0j
N\ T =) L L
" K [@n+)aR R,
R L U_f[rZRoRi]
Ng}ifirluﬁﬁé u R, L L Ry i

February 16, 2009

Contours for Solid Annulus with Ri/Ro = .5 and H/Ro =1

Another Hollow Cylinder

 Laplace’s Equation in two-dimensional
regon0<sz<lLandR srsR,
— Boundary conditions u(r,L) = uy(z) with all
other boundaries zero: u(r,0) = u(R;,z) =
u(Ry,z) =0

» Laplace’s 0

equation for

10 ou 1¢u du
cylinder withno T or or 06° oz

angular variations

l'_.[|if|x|"_| Seate University 39
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Separation of Variables

* Proposed solution u(r,z) = P(r)Z(z)
» Usual separation of variables process
and ODE solutions give
1 d dr()_ 1 d°Z(z) _

rPrydr dr  Z(z) d7Z

P2
d?z(2)
dz?

irdP(r)
dr dr

-2Z(2)=0  Z(z) = Asinh({z) + Bcosh(iz)

+22rP(r)=0  P(r)=CJ,(Ar)+ DY, (4r)

l'_.[|if|x|"_| Seate University 40
Northridge

Boundary Conditions

*+ Z(0)=0=Asinh (0)+Bcosh (0)=B=0

* u(R;,z) and u(R,,z) = 0 with u = PZ for all z
requires P(R;) = P(R;) =0
— CJy(AR)) + DY((AR;) = CJo(AR,) + DY,4(AR,) = 0

J(R) Y,(R)TC] [0
J,(AR)) Y,(AR,)| D] |0
* Must have zero determinant zero to avoid

trivial solution C=D =0

41
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Boundary Conditions

Do JeORY YoUR)]_ 3 URIG(R,)
FL3UR) Yo(ARo) |~ — I, (R4 (AR)

+ This is eigenvalue equation for A

 Substitute a,,, = AR, into this result to
show that eigenvalues depend on radius
ratio, R/R,

J{am E]Yo(am)—%(amw{am Ffi}o

0 0

('_.[liflxr-_l State I_m\.-:\nl 42
Northridge
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Finding Eigenvalues = f(R/R,) Boundary Conditions
025 : , Jo(AR) Y,(AR) | C| |0
JO[ E—JY (@)~ Ju(ctn )v[ %J:o 3,(R,) Y,(AR,)|D| |0
005 [l AA A » Second row of matrix gives CJy(AR;) +
- W v DYo(AR,) = 0 or C = -DY,(AR,) / Jo(AR,)
‘ \{/ \/ + Radial solution is P(r) = CJy(Ar) + DY{(Ar)
015 S » Combine these to get P(r) = -D [ Y,(AR,)
= [ 0R) 1 500 + DYolA)
» Multiply by Jo(AR,) and add m subscript
" Rorthridse _« __ w  w _ w © Northridge “
Boundary Conditions |l Boundary Condition at z = L
P(r)=-D Yo(AnRo)do(Anr) DY, (4. 1) « Equation for P(r) is a Sturm-Liouville
Jo(ZnRo) problem; use eigenfunction expansion
P(r) = ——2 [V, (4 R)J, (A1) = 3y (AR, ()] in Pr(r) = Yo(AnRoMo(Anr) = Jo(AnRo) -
Jo(4nRo) Yo(Ar)atz=1L
* Define new constant: C, = —-D/J,(A,Ry) uy (r) =u(r, L) :ic sinh(4, L)P, (4,1)
P (1) =C,,P, (A1) = Co [Yo (A Ry) o (AF) = o (A Ry Yo (1) ] " \ N
jru (r)P(/1 ndr [;zz, Jo(A,R)] jru (r)P, (4, r)dr
+ Solution is sum of all eignefunctions C = - L
B " ! -7 7sinh(4, L)2[J (,1 R)-JZ(AR )],
U(r,2) =Y C, SInN(A,2)[Y (A Ro) 3o () = 3o (A Ro)Yo (A1) sinh(4, L>J I f)] r s
?\Iortilljudg.?,'e ® '\orthrudg.,e - ©
Solution for uy = U, a Constant Solution for uy = U, a Constant
EZAREN R)]“ rU-P——\r)dr\ u(r,z)=Ur Zsmh(/lmz) Jo(4nR) o (Z)
f__--n-- . Integrals from 7 sinh(4,L) Jo(4,R) +J3(4,R,)

c
" Sinh(2, 202 (R) i (AR N Carslaw and

Ol R)]{Z[J AR -3 OR)] \ Jaeger, » Convert to dimensionless form; we

2 reviously showed that o, = f(R/R
TS Rj Jﬁ%RR))] Conduction of previously show o = f(R/R,)
ﬂUJo(imRi)m i Heat in Solids, _ . o i (r,z)/U
T SIn(A D5 (2, R) + I3 (ZaRo)] Oxford, 1959. u(r,2) _”ismh[amRoL] J{%RTJP(’[%RTJ depends
u = L on z/L,

w62 —Un Zsmh(/i ) 3, ARI)P(AT) e e IR L ERNON R RR,
) i )

= sinh(4,L) J5(24,R) + J4(4,R;) e and L/R
Northridge i Northridge “®
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Contours for golid annulus with Ri/Ro = .5 and H/Ro = 1

Possible Cylinder Problems

+ Can have solid or hollow cylinder

» Can use superposition to handle more
than one nonhomogenous boundary

» Can have boundary conditions in terms
of potential, gradients, or a linear
combination of the two

 Functions used for solutions depend on
the direction for the homogenous
boundary

50

L g Califieni Seate University
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Possible Cylinder Problems |l

* Homogenous radial boundaries give
radial eigenfunction solution as Bessel
functions and vertical solution as
hyperbolic sine and cosine

* Homogenous vertical boundaries give
eigenfunction solution as sines and
cosines and radial solution as modified
Bessel functions

» For solid cylinders with r = 0 in domain,
Y, or K, are not present

s'_.'h!'- ek State Univensity 51
Northridge
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