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Overview

* Review last class
— Laplace equation solutions for homogenous
boundary conditions on three boundaries
» Solutions of Laplace’s equation for more
than one nonzero boundaries
— Superposition solutions
— Superposition for gradient and other
boundary conditions
* Cylindrical coordinates
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Review Laplace’s Equation

Similar to Diffusion Equation

» Used to express equilibrium fields of
engineering variable like temperature,
species concentration, electrostatic
potential and ideal fluid flow

« Written in general coordinates as Vu=0

Cartesian Vi=—+—+—

2 2
Cylindrica | Vzuflg[ auj 19u &

== r=|+S5=—+—
ror or) r?o6* oz°
2 2
Spherevzu=%£(r26uj+ 5 _12 6Li+i27c’it:+coz¢67u
reor rsin“¢ 66° r° o¢ r- o¢
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or

Diffusion Laplace
1ou &% _ou_du
adt o oy°  oxt
0<x<L t=0 0<x<L 0<y<H
u(0,t)=0 u0,y)=0
u(L,t)=0 u(L,y)=0
u(r.t) = uy(r) u(x,H) = uy(r)
open boundary int | u(x,0)=0
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Separation of Variables

Diffusion Laplace
o L@ | .1 ()

aT(t) ot Y(y) oy’
_ 1 X 1 aX(X)
X(x) ox° TX(x) ox

Y (y) = Asinh(Jy)
T(t)=Ae“™ | & Dcosh(ly)
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X = 0,L Boundary Conditions
Diffusion Laplace

X(x)= X(x)=
Bsin(4x) + Ccos(AX) | Bsin(Ax) + C cos(x)

C=0 foru(0,t)=0 | C=0foru(0,y)=0
n
ﬂ:nTﬂforu(L,t):O /1=T”foru(L,y)=0

. [ nax
X, (X)= anm(Lj

6

NzX

X,(x)=B, sin(L)
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y = 0 Boundary Condition General Solution; Fitted Condition
Diffusion Laplace Diffusion Laplace
- u(x.t) = u(x,y) =
Y (0) = Asinh(40) & - _ _
No equivalent + Dcosh(,10) =0 ;Cne sin(4,x) Z;Cn sinh(4,y)sin(4,x)
condition "=
Must have D =0 =Nz _
because of open & A A = n%
boundary in time . n
)= Asint( "2 | WD =00 = | G, H)=u, (0 -
Z;,Cnsin(/inX) > C, sin(4,r)sinh(4,H)
n= n=1
Northridge ’ Northridge ’
Eigenvalue Expansion for C Review Constant Boundary
Diffusion Laplace « If uy(x) = U, the solution for u(x,y) is
'fuo(x)sin(nTﬂxjdx L ()si nax )y
Uy (X)SInj —— |[dX -
m: ! i ( L J ~ Cr? ™5, sin[(zntl)ﬂx)sinh[(znT_l)ﬂyj
sin? dx nﬂH)L ). uy) ==y b Joobooob
A sinh| —— smz(—jdx Y) = -
) —Z-Jﬁj ————— _‘(nﬂxj\\ /[_ _L___;[ _____ L) '\f "l (2n +l)sinh((2”+1)7’H) :
U= up(x)sin dxi [_--ok N AT N S - L ‘
Le L) —fuN (x)sm[—)dx/; e -’
i - NS T p L) » u/U = depends on x/L, y/L and H/L
sinh[nT) + Plot on next page for H/L = 1
Northridge ? Northridge 0

Contours for Boundary Potential L= 0 except for U= 1 at y =1

Review Gradients as Fluxes

+ Laplace and diffusion equation are based
on conservation of fluxes which are
(negative) gradients of potential

+ Laplace equation gives equilibrium where
net flux from region should be zero

 Provided notes showing that net outflow
is zero for first Laplace solution

" ou " ou ¢ ou " ou
Net outflow:j— dy—I— dy+J— dx—j— dx =0
0 X0 " g Xt T W0 g Wlyen
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Review Gradient Boundary

» Zero gradientatx =0

2 2
%@y—‘i—O 0<x<L, 0<y<H
a =u(L,y)=u(x,00=0 u(x,H) =uy(x)
Xl(o,y)
aH =y ] Y =H
u,(0,y) =0 ulLy)=0
L ux0)=0 | y=0
x=0 x=L
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Review Zero Gradient Solution

* General solution

u(x,y) = icn cos(4,x)sinh(4,y) A, = %
n=0
2 0 @n+1)z
C =———|uy(x)cos(A x)dx A ="
" sinh(/lnH)Ll (9 cos(2,x) " 2L

* Solution for uy(x) = U, a constant

u(x y):Qi(—l)”cos(/lnx)sinh(/lny) 5 _(n+z
L& A,sinh(4,H) T

r_.rhrm- a1 Seate University 14
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Rectangular Laplace Summary

* Problem: homogenous boundary
conditions exceptaty = H

» Separation of variables solution gives
u(x,y) = X(x)Y(y) = [Asin(Ax) + Bcos(Ax)] *
[Csinh(Ly) + Dcosh(Ly)] (Start here!)

» Boundary conditions atx=0and x =L
give A or B and eigenvalue, A

+ Eigenfunction expansion at y = H gives
coefficients in infinite series solution of all
eigenfunctions

Califieni Seate University
I\-'orthrlidge

Exercise

+ Solve problem from last class with boundary
condition at y = H changed to a gradient

» Use previous solution of similar problem as
starting point — in this case have most of the
work done

qugy=gyx) | ¥Y=H
o°u 0% _0
u=0 u=0 W'i‘y =
u=0 =0
y
x=0 Xx=L
u(x,y) = C,sin(4,x)sinh(4,y) A, = n%

Callifiorni Stase Univensity n=1
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Exercise Solution

+ Start with potential solution

u(x,y) = 3C, sin(,x)sinh(4, y) 4 —nz

n=1

» Take the gradient

w = icn sin(4,x)4, cosh(4,y) A ="
n=1
» Apply y = H boundary condition
gy (x)= u(xH) _ icn sin(4,x)4, cosh(4,H) A, =7

Califoenia Seate Unifersi n=1
Northridge

Exercise Solution Il

» Get eigenfunction expansion
o2
cosh(2,H)A, L

 For constant gradient, g\ (x) = Gy

L
_[QN(X)Sin(/Inx)dx 2, =27
0 L

L L
ZJGN sin(2,x)dx —Zf“‘cos(inx# 21&[1—(—1)”]
—__0 — n 0

"~ cosh(4,H)4,L  cosh(2,H)AL  cosh(Z H)AL

u(x,y) = 4G, i sin(4,x)sinh(4,y) A :n%
n=1,
18

54 cosh(4,H)AL
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More than One Nonzero Boundary

 Laplace’s equationforO<x<Land 0 <
y < H with boundary conditions shown

» Do not have homogenous boundary
conditions in any coordinate direction

+ Solution is sum of two simpler solutions

=H
U = uy(x) Y
u=0 u = ug(y)
u=0
=0
x=0 x=|y

r_.rhrm-.. Seate Unigersity 19
Northridge
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Superposition Solution

« Solution is u(x,y) = u;(X,y) + Us(X,y)

u = uy(X) y=H

u=|\0 u=0 * u,(x,y) has
ulLy)=0
u=20 _
x=0 x=LY=0
u=0 y=H
* Uy(X,y) has

uHx) =0 Y50 u =|ug(y)
Califiorni Seate Universit u = O —_ 0
Northridge x=0 x=LY®

Superposition Solution Il

* u(xy) = uy(xy) + Uy(x,y)

* u,and u, satisfy Laplace’s equation and
their sum satisfies boundary conditions
—u(x,0) = uy(x,0) + uy,(x,0)=0+0=0
—u(x,H) = uy(x,H) + u,(x,H) = uy + 0 = uy
—u(0,y) =us(0,y) +uy(0,y)=0+0=0
—u(Ly) =uy(Ly) + up(Ly) =0 + ug = ug

+ Solution for u, is same as solution for u;
with x and y (and L and H) interchanged

r_.rhrm-.. Seate University 21
Northridge

Superposition Solution Ill

« Sum two solutions shown below

u=uy(X) y=H
u=|0 u=0| ° uyx,y)found
previously
u=0 _
x=0 xX=L Y~ 0
« Swap xand y u=0 y=H
togetuy(xy) u=0 u =[ug(y)
from u,
Califiorni Seate Universit u = O —_ 0
Northridge x=0 x=LYZ

Superposition Solution IV

* U(X’y) = U1(X,y) + UZ(X!y)

u (X, y) =§Cn sin(4,x)sinh(4,y) A, = n%
2 5 .
Co=—— A, X)d
" sinh(/inH)LJ;uN(x)sm( XK
u,(x,y) = 2 B, sin(x, y)sinh(x, x) K, = n%
2

H

- in(x.y)d
"= e LA !ug(y)sm(f(ny) y
o 8
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General Superposition

+ Can obtain solution for several nonzero
boundaries by creating a separate
solution for each nonzero boundary

* A three-dimensional problem, with non-
zero conditions on each face would
have six separate solutions for u(x,y,z)

* A solution for the nonzero boundary at,
for example, y = 0 instead of y = H can
be handled by a coordinate transform

» Can also handle gradient boundaries

x'_.’hfm-.. Seate Lniversit 24
Northridge
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Same PDE withy=H -2z

o7 oyoy o(H-2)a(H-2) o(-z)o(-z) o2

u@,y) =u(Ly)=

ou du
¥+¥_ u(x,0) = 0; u(x,H) = ug(x)
New coordinate: y=H -z
ou 0 éu 0 du o ou _ou?

Solution at Opposite Boundary
* Move zero boundary fromy=0toy=H
U= Un(x) y=H
u=\0 u=0[ ° Uyxy)found
previously
u=20 -
x=0 =L y=0
 Define u=0 y=H
z=H-y _ _
=0 =10
z=0aty=H N .
z= IrH aty= 0 U = ug(x) =0
Northridge x=0 x=LY=

Opposite Boundary Solution

o 2
'\\Cn WIUN\(X)Sln(ﬂ X )dx

~
N \
‘\
_--~—-—l-|-'h_

-
-’
>

B-_ %
" sinh(2,H)L g2
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u(xy)= Zc sm(/l X)sinh(2,y) A, :n%

Uy (X, ) = ZB sm(ﬂhx)smh(ﬂh (H- y)) , 2,=N7,

-
2 J‘(’Jg(x)sin(/lnx)dx

27

u(0,z) =u(L,z)=0

u(x,y =0)=u(x,z=H)=

u(x,y = H) = u(x,z = 0) = ug(x)
Northridge

26

Superposition Example

* Problem with two nonzero boundaries

» Solve by superposition

» Can use original solution with three zero
boundaries and u = uy(x)

u=uyx)=U

u=uy(y) =V

u=20
x=0 x=Ly

Califiornia Seate University
Northridge

u(x,y) = 42

Superposition and Transform
* u(xy) = us(xy) + uy(x,y) using swap
u=uyx)=U y=H
u=Io u=0| ° uyx,y)found
previously
u=0 -
x=0 x=LY=0
* Uy(X,y) with u=0 y=H
X =L-X u:uw(y):v ufxO0
Callfieni Seate Lniversit U=O _0
Northridge x=0 x=LY~"

Superposition Solution

* u4(x,y) from chart 30 of February 17 class

= sin(2,x)sinh(4,y) @n+rz
, -~ n n A =
hOy) = Z; A,sinh(4,H) " L

» Swap x and y and use L — x for x
_ AV &sin(x,y)sinh[x, (L—x)]
U (x.y) = H nz;‘ K, Sinh(K' L)

{U sin(4,x)sinh(4,y) Vsin(xny)sinh[xn(Lx)]}
A,sinh(A,H) H i, sinh(x, L)

_(@n+Y)7
" H

n=0

30
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Contours ForJ=1atx=0and y =1

Gradient Superposition

» What if we have specified, nonzero
gradients at more than one boundary?
» Example boundary conditions: u, =
du/ox and u, = du/dy nonzero as shown
+ Other boundaries homogenous

y=H
uy = GN(X)
au+bu, =0 u, = Gg(y)
au+pu, =0 y=0
California e University. X = 0 x=L 32
% Northridge

Gradient Superposition |l Gradient Superposition |
+ Solution components have zero gradients © U(XY) = Ug(Xy) + Uy(X,y)
U, = Gy(X) U, (X,y) * uqand u, satisfy Laplace’s equation and their
y N sum satisfies boundary conditions
au +bu, =0 u,=0 = au(x,0) + Bu,(x,0) = au(x,0) + B(uy),(x,0) +
au + Bu, =0 aly(x,0) + B(Up),(x,0) = 0 + 0 =0
—au(0.,y) + bu,(0.y) = au;(0.y) + b(u;),(0.y) +
Uy (X,y) au,(0,y) + b(u,)(0,y) =0+ 0=0
u,=0 = Uy (xH) = (uy),(x,H) + (up),(x,H) = Gy + 0 = Gy
_ _ — ULy) = (U)dLy) + (U(Ly) = 0 + Gg = G
au+bu,=0 Ue = Gely) + Solution for u, is same as solution for u, with
au + Bu, =0 x and y (and L and H) interchanged
Rortheidge 33 Rortheidge g

Two Dimensional Cylinder Cylinder Problem Diagram
 Laplace’s Equation in two-dimensional

regon0<z<Land0s<r<R u(r,L) = un(r)
—u(r,z) is temperature, concentration, etc.
— Top boundary condition u(r,L) = uy(r)

+ Solve Laplace’s equation
in a cylinder for u(r,z)

» Zero boundaries at the
— Other boundaries: u(r,0) = u(R,z) =0 sides and bottom
—u(0,z) is finite L “u(Rz)=0
- —u(r,0)=0
+ Laplace’s 0 ) z=0 . s uir 'f') 4 tob bound
equation for 10 rﬁ” 19u du -0 pecified top boundary

+
. . 2 2
cylinder withno ror or 00° oz
angular variations
Northridge 3

= u(r,L) = uy(r)
* Finite solutionatr=20
Northridge -
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What do We Expect?

* Note similarity to radial diffusion equation
—u is finite at r = O for both problems

2
10 6u+87u_0 10 au lou

ror or 72 ror ar oot
U(R1Z)=UR(Z) U(R,Z)=UR(Z)

» Separation of variables result for P(r) in
Laplace’s equation should be similar to
result for diffusion equation

— Bessel function eigenfunctions in r direction
37
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What do We Expect? Il

+ Also similar to Laplace equation for u(x,y)

10 ou o4
- —+—= 0 u(r,0)=0 wu(r,L)=uy(r
ror o a2 (r0)=0 u(r,L)=uy(r)
o%u ol
—+—=0 u(x0)=0 u(x,H)=uy(x)
% oyl N
+ Separation of variables result for Z(z) in
radial equation should be similar to result
for Y(y) in rectangular coordinates

— Hyperbolic sine/cosine solution for Z(z)

38
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Separation of Variables

* Proposed solution u(r,z) = P(r)Z(z)
» Separation of variables and ODE
solutions give starting point for solution

1 d 0P 1 dZ2@)_
By dr dr 2@ @
TR r=0 (20 A Beos ey,

1
dir¥+ﬂzrp(r)_o 7 P(r)=CJy(4r)+DY, (/1r),'
roodr

¢/u(rz) = P(Z(z).~~
Northridge @ ~--""--------

Boundary Conditions

* u(r,0) = 0 for all r requires Z(0) =

* Z(0)=0=Asinh(0) + Bcosh(0)=B =0

* Finite solution at r = 0 requires D = 0

* u(R,z) = 0 for all z requires P(R) =0

* P(R)=0if Jo(AR)=0so AR =0, the
zeros of J,

+ Solution is sum of all eigenfunctions

u(r,z)=> C,sinh(4,2)J,(4,r)  A,R=ar
m=1

40

Califieni Seate University
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Boundary Conditionatz=L

» Radial equation for P(r) is a Sturm-
Liouville problem so we use eigenfunc-
tion expansion for y = L boundary
—Region is 0 £r <R and p(r) = ris weight

function .
Uy (r)=u(r,L)=>"C, sinh(4,L)J,(4,r)
R m=1 R
3,y (e J 9t 0
C,= -

) sinh(4,, L)j r[3,(4,n [ dr smh(/l Bl [J (4R)F

41

I\orthrudg.,e

Example: uy(r) = U, a Constant

R r=R
j'rJ (Ar)Udr {Li(lmr)}
C. = U ﬂr" r=0
m = 72 " >
sinh(4,L) % [.] @wRF R sinh(Z,L)[J, (4,R)]
R —
LD AR =y |
2U

- sinh(/imL)Rz[r.ﬂll(/imR)]z  sinh(4,L)£,R% (Z,R)

» Substitute C, equation into general

solution -
u(r,z) =Y C,sinh(4,2)J,(4,r)
m=L 42
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Radial Solution of Laplace Equation with Uiz=1) =1

Example: uy(r) = U, a Constant

2U 2U

C,=— =
sinh(2,,L) 2,RJ; (2,R) sinh[% L)MRJ [h R)
2 R R 'R
C, = 5 _
Sim—(U‘mo Rjamo‘ll(amo) n

u(r,z)= Zcm sinh(ogm0 %)Jo(amo %j
m=1

C. i z
el VR '2(.“?“ E)
u(r,z)=>% ==

r
‘JO{ j
m:llamoJl(amO) sinh(a 0 L)‘\ R
Ay mi 1
7

~
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U y) Contours for uf@,1) =1

Important Observation

* In solving PDEs by separation of
variables, individual terms have the
same behavior in any equation
(diffusion and Laplace so far)

— Terms like d2u/ox2, with homogenous
boundary conditions give eigenfunctions
that are sines and/or cosines

— Terms like (1/r) ¢ [roulor] / or, with
homogenous boundary conditions give
Bessel functions as eigenfunctions

L g r_.rhrm-.. Seate University 16
% Northridge

Superposition Summary

» Need superposition when we have more
than one nonzero boundary

» Get components that have all
boundaries zero except one

» Choose zero boundaries for potential or
gradient as appropriate

» Can usually get solutions of
superposition components by simple
variable exchanges or transformations

47
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