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Outline

* Review last class

— Used Bessel functions to solve radial
diffusion equation

» Laplace’s equation in two-dimensional
rectangular coordinates

+ Solution by separation of variables

* Result has sine, cosine, and hyperbolic
sine and cosine

+ Sine and cosine eigenfunction expansion

Califieni Seate University
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Review Radial Diffusion

» Governs diffusion (heat conduction) in
cylinderfort=0and 0<r<R
—u(r,t) is temperature, species concentration
— Initial condition u(r,0) = uy(r)
—u(0,t) is finite and u(R,t) = ug
—v(r,t) = u(r,t) —ug has v(R,0) = 0

» Differential equation gy 106 &u
— = r

=a
for both u and v at ror or
—v is Sturm-Liouville
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Review Separation of Variables
* Assume v(r,t) = P(r)T(1)

A 7 KN
u_APOTO] 5y 1O 7o
ot ot ~-Z_ot__ 0 Te=<___ .
\ ~
alﬁriu:alﬁr5[P(r)T(t)]:\ﬂT(t 10, P~
ror or ror or . ror or -

______

* Divide by aP(r)T(t)
1107 _ 1 10 oP(r)_
aT({t) &t P(r)ror or
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Review General Solution v(r,t)

» Have exponential solution in time and
Bessel's equation for radial function

ar(t) 2
T = AT T(t) = AeH
irdp(r)w%er(r):O * This is form of

dr dr Bessel's equation

* v(r,t) = T(t)P(r) where equation is P(r) =
BJy(Ar) + CY(Ar)
— Joand Y, are (order zero) Bessel functions
of first and second kind, respectively
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Review J . Plot

essel Functions of the First Kind for Integer Orders
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Review Y, Plot

Bessel Functions of the Second Kind of Integer Order
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Review Radial Solution

+ Radial diffusion d dP() (0 a-\opm
equation for P(r) &rT{? T—ﬂz" r‘;F:(f)_O
_R(L=ZEY
* Transformed d[_dy v,
. —|z—=|+| ——+k°z |y=0
Bessel equation dz[ dz}
+ Solution to second (general v) equation
isy = AJ,(kz) + BY (kz)
+ Radial diffusion with v=0and p(r) =ris
P(r) = Ady(Ar) + BYy(Ar)

Califieni Seate University
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Review Radial Solution Il

» v(r,t) = T(t)P(r) where T(t) is exponential
decay P(r) = Ady(Ar) + BYy(Ar)

* Solution applies in regionto 0 <r<R

* Must have P(r) finite atr=0

» Since Y,y(r) —» -~ as r —» 0 we must
have B = 0 for P(r) to be finite atr = 0

+ Condition P(R) = 0 requires J,(AR) =0
 Eigenvalue solutions are J,(A,r) where
AR = o, Which are zeros of J,

Califieni Seate University
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Zeros of J,

Bessel Functions of the First Kind for Integer Orders
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Review Radial Solution Il

+ Solution is sum of all eigenfunctions

u(r,t) =Y Coe ™I (A1) +Uy AR =
m=1
+ Initial condition, v(r,0) = uy(r) — ug
gives C,, by eigenfunction expansion
R R

[0 0 (Uo(r) —ug)dr T3 (m) g (1) ~ug Jar

C. = 0 _0
m R RZ ;
ﬁ_r,[Jo(kmr)]Zdr 7[‘J1(7‘m R
¥ i Seate | !ll\oul:\ll N _=_ - -i
Northridge | P! "
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Review Radial Solution IV

» Constant initial condition u(r) = U

R
IrJo(xmr)(U —ug)dr
_0

C.= _ 2U-ug) _ 2U-ug)

" AnRI(AmR)  apodi (o)

RZ

> [3,.mRF

& 2U —ug) g [ r) Ule _
u(r,ty=) ——FR-e "R Jla. ,—|+U uU-
r ;amojl(amo) ° °R i :tR .

fl 5=
77
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Radial Diffusion
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Review Diffusion Equation

Rectangular Radial
ou o%u ou 10 au
ot ox’ ot ror or
0<x<L t>0 0<r<R t>0
u(0,t)=0,u, u(Rt)=0,u,
u(L,t)=0,ug u(r,0) =u,(r)
u(x,0) = uy(x) u(o,t) finite

Califieni Seate University
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Review Separation of Variables

Rectangular Radial
P 1 0OT(t) 2 1 6T(t)=
ar (t) ot afl (t) ot
_ 1 9°X(x) 1 6(r 6P(r))
aX(x) ox? arP(r)or\ or
T(t)=Ae " | T(t)=Ae"™
Rotheidge s

Review Zero Boundaries

Rectangular Radial
X(x) = P(r) =
Bsin(Ax) + C cos(Ax) BJ,(Ar) + CY,(4r)

C=0 foru(0,t)=0
y) :nT” foru(L,t)=0

. (nax
X, (x) = anm(L)

C =0 finiteu(0,t)=0
A= % for u(R,t)=0

r
Pn(r) = ano(ano R)

Califieni Seate University
Northrlidge
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Review General Solution

Rectangular

Radial

u(x,t) =
ZCne‘lim sin(4, x)

n=1 in _ n%

u(x,0) =uy(x) =

u(r,t) =
>'Ce 35 (A,r)

n=1
. an
A

u(r,0) =Uug(r)

> C,sin(4,x) > C,Jo (A1)
n=1 At
Northridge i

Review C, Equations
Rectangular Radial
R
L r
Iuo(x)sin(mjdx !u(’(r)r%(a"o R)dr _
5 L _ T . =
j‘sinZ(nﬂdeX }[I’Jg(anoRjdl’
0 L < r
ok X Iuo(r)rJo[anoR)dr
= uo(x)sin(—jdx o
o } o i)
5 V1 Cno
Northridge *
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Laplace’s Equation

Laplace’s Equation

» Used to express equilibrium fields of
engineering variable like temperature,
species concentration, electrostatic
potential and ideal fluid flow

- Written in general coordinates as Vu=0
ou 0u o

:E+W+§

,li[ ﬂ] 10 du

Tror r’ 00*  oz*

Cartesian V2

Cylindrical V2

r
or
lf)(zauj 1 0% 1 0% cotgadu
== —rr=|+ + =

Spherical Viu=— =
P r?or

"
r’sin¢ 00> r?og* 1 o¢
19

or
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Two-dimensional Problem

» Apply to rectangular region 0 < x <L
and0<y<H

+ Simple boundary conditions: u is zero
at three surfaces and specified at other

y=H
ou azu_o
u=0 u=0 WﬂLW—
x=0 x=L

Califieni Seate University
Northridge

0= Un(%)

20

Separation of Variables

« Assume u(x,y) = X(X)Y(y)

Ou _ XYW _y (y EX

6x2 6x2 axz

L IOy 0
ayz ayz ayZ

« Divide by X(x)Y(y)
1L X _ 1 oY) _ »
X(x) ox° Y(y) o’

Califieni Seate University
Northrlidge
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Solve ODEs to Get u(x,y)

» Two ODEs with known general solutions
d?X(x)
dx?

2

caxw=0 YW vy -0
dy

X (x) = Asin(Ax) + B cos(Ax)

Y (y) = Csinh(4y) + D cosh(1y)

u(x, y) = X (X)Y (y) = [Asin(4x) + B cos(1x)]e
[Csinh(ly) + D cosh(1y)]

Califieni Seate University
Northridge =

Boundariesatx=0and x =L

+ Since u(x,y) = X(x)Y(y), we must have
X(0) = X(L) =0 foru(0,y) =u(L,y)=0

» Since X(x) =0atx=0and x =L, X(x) is

the solution to a Sturm-Liouville problem

X(x) = Asin(Ax) + Bcos(Ax)

X(0) =0 = Asin(0) + Bcos(0) =>B =0

X(L) =0 = Asin(AL)

* Must have AL = n1r (n an integer)

» Eigenfunction is sin(ntrx/L)

Califoenis Seate Universit
Northridge =
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Solution without u(x,H) = uy(x)

» Boundary condition aty = 0, u(x,0) = 0,
gives Y(0)=0

* Y(0) =0 = Csinh(0) + Dcosh(0)=D =0

» With B = 0 and D = 0, solution is u(x,y)
= Asin(Ax) Csinh(Ay) with A = nr/L

* General solution is sum of each
eigenfugction multiplied by a constant

u(x y) =Y. sin(4x)sinh(y) 4, = ”T”

n=1

Califoenis Seate Universit
Northridge #
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Separation Constant: A2 or —\2

* Have two choices in separation

1 X _ 1 azY(y):_/12
X(x) ox* Y(y) o
1 PX_ 1 az\((y)zk2
X o YY) oy

» The first choice gives X(x) as sines and
cosines; the second choice gives Y(y)
as sines and cosines
— Make choice to get sines and cosines in

i OOrdinate with two zero boundaries
I\orthrldg.,e

25
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Why Use sinh?

* Two equivalent solutions for the
equation d?y/dx? — A2y =0
—y =Asinh Ax + B cosh Ax
—-y= CeM+DeM

» Show equivalence from definitions of
sinh z = (e? — e2)/2; cosh z = (% + €7)/2
—C=(A+B)2andD = (B-A)2

* For y(0) = 0, sinh and cosh solution
gives only one function, sinh

Califieni Seate University
Northridge

Boundary aty=H

S BT
_N_(Z‘I u(x,H) = ZC S'n( - jsmh(l_)/

n=1

. 'Use eigenfunction expansion to get -
/ boundary condltlon aty=H e

___________

ic smh(

mnH
L

Nor't]ii-id'gé

j_([sm(mijsm(nm)dx C smh[ LH)JL'sinZ(%]dx

Orthogonal Eigenfunctions

» Solve for C,

ju (x)sm( jdx Iu (x)sm(m )d

C,= = 3
sinh( jjsinz(mﬂx)dx smh( )
L ) L 2

+ Uses orthogonality for eigenfunctions

Jan{ 2 i 22, i L

Northridge ®

Boundary Condition Gives C_,

» Simplest case is uy(x) = U, a constant

J'u (x)sm( ]dx J'U sm[ )dx

UL
o ~—(1-cosmx)

C,=
smh[

* 1 —cos(mtr)=1-(1) =0 for even n and
1—(=1)=2foroddn

+ Write series using m = (2n+1) to get
only odd terms

29

California Seate Universit
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max), maAH\L . (maH
- sinh| —— |—= sinh| ——
L)-!SIn(L)dX '[LJZ '(L

2
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Constant Boundary Condition

 Solution for u(x,y) is

S sm((zn+1)nx)sinh((2n+1)ny)
& L L

T &
T e §
L0 (2n +l)sinh((2mLL1)TEHj

___________

________

* u/U = depends on x/L, y/L and H/L
+ Plot on next page for H/L = 1

30
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Contours for Boundary Potential U =0 except for U =1 at y = 1

Similar to Diffusion Equation
Diffusion Laplace
lou o% ot ol
adt ot oy?  ox?
0<x<L t>0 0<x<L 0<gy<H
u(0,t)=0 u(0,y)=0
u(L,t)=0 u(L,y)=0
u(x,t) =ug(x) u(x, H) =uy (x)
openboundary int | u(x,0)=0
o ' Northridge *

Separation of Variables x = 0,L Boundary Conditions
Diffusion Laplace Diffusion Laplace
“ , Yy o Bsin(Ax) + Ccos(AX) | Bsin(Ax)+ C cos(Ax)
_ 1 9°X(x) 1 0°X(x)
CX(X) X’ TX(x) X’ C =0 foru(0,t)=0 C=n0 foru(0,y)=0
T
=27 foru(L,t) =0 A== foru(L,y)=0
Y (y) = Asinh(Jy) L -
T(t)= Ae™™ | 4+ Dcosh(Jy) X, (X) = anin(rtzxj X,(x) =B, sin(Lj
Northridge ® Northridge *
y = 0 Boundary Condition General Solution; Fitted Condition
Diffusion Laplace Diffusion Laplace
. u(x,t) = u(x,y) =
Y (0) = Asinh(40) & - _ _
No equivalent + Dcosh(40) =0 ;Cne sin(4,X) [}’ C, sinh(4,y)sin(4,x)
condition Must have D =0 A= nz/ " 4 =Nz
because of open L n = A
boundary in time
Y ()= Asint( " | U0 =)= | y(x,H) = uy () =
L o ' N
C.sin(4X) N¢ o ;
Zﬂ: nzzllcn sin(4, r)sinh(4, H)
Northridge ® Northridge ®

ME 501B — Engineering Analysis 6



Laplace’s Equation

February 9, 2009

Eigenvalue Expansion for C_

Diffusion Laplace

t . (nax )
z[uo(x)sm[l_)dx ) juN(x)sin(%jdx

Calllornet Stase Dniversty
Northridge i

Gradients as Fluxes

 Laplace and diffusion equation are based
on conservation of fluxes which are
(negative) gradients of potential

» Laplace equation gives equilibrium where
net flux from region should be zero

* Details at end of presentation show the
net outflow is zero for the solution here

Gradient Boundary Condition

+ Consider the following problem

2 2
5—‘;+6—;’:0 0<x<L, 0<y<H
ox= oy

M YLy =u(0)=0  u(xH)=uy(x)
Xl(o,y)
TH =00 ] Y= H
U,(0,y) =0 ulky) =0
u(x0)=0 =0
X = O X = Ly

Califieni Seate University
Northridge *

i ou " ou t ou " ou
Net outflow:f— dyfj— dy+J.— dxf‘[— dx=0
0 Xlx=0 0 XL 0 oy y=0 0 oy y=H
Rorthidge 38
Gradient Condition |l

* Apply new boundary conditions to the
previous separation of variables result

u(x, y) = X (X)Y (y) = [Asin(4x) + B cos(1x)]e
[Csinh(2y) + D cosh(dy)]

u = Z_;: = X" (X)Y (y) = A[Acos(Ax) — Bsin(1x)]e

[Csinh(Zy) + Dcosh(1y)]

40
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Boundariesatx=0and x =L

* Foruy=0atx=0andu=0atx=L, we
have X'(0) = X(L) =0 so X(x) is the
solution to a Sturm-Liouville problem

* X(x) = Asin(Ax) + Bcos(Ax)

* X'(x) = AAcos(Ax) — ABsin(Ax)

* X’(0) = 0 = Mcos(0) — ABsin(0): A=0

* X(L) =0 =Bcos(AL)

* Must have AL = m1r/2 (m an odd
integer; use m = (2n + 1)

+ Eigenfunction is cos[(2n+1)mx/2L]

Califoenis Seate Universit
Northridge “

Solution without u(x,H) = uy(x)

» Boundary condition aty = 0, u(x,0) = 0,
gives Y(0)=0

* Y(0) =0 = Csinh(0) + Dcosh(0)=D =0

» With A= 0 and D = 0, solution is u(x,y) =
Bcos(Ax) Csinh(Ay) with A = (n+1/2)11/L

* General solution is sum of each
eigenfunction multiplied by a constant

u(x, y) =Y Cncos(tyX)sinh(hny)  Ap= (2n+Dz
= 2L
Northridge “
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Boundary aty = H

Boundary Condition Gives C_,
+ Eigenfunction expansion

» Simplest case is uy(x) = U, a constant
Uy (X) =u(x,H)=>"C, cos(ryx)sinh(h,H) A _ @2+l L L
il n n " 2L IuN(x)cos(knx)dx _[U cos(h,X)dx %(sinknL—sino)
« Usual solution process gives C,=2 —=" =" C
sinh(A,H)= sinh(A,H)= sinh(A,H)=
. . 2 2 2
J‘UN (x) cos(x,x)dx J‘UN (x) cos(r,x)dx e sinAL= S|n[(2n+1)7_t/2]_= 1 foreven n
c 5 5 and —1 for odd n which is (—=1)"
n= L - L 2U(-)" 4U (-1)"
sinh(x,H )| cos?(x,x Jdx sinh(nH ) Cn = i =
| (An )! (Apx)d 2 | JonLsinh(,H) (2n+1)nsinh((2n;i)nHj
Northridge © Northridge
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Constant Boundary Solution

Laplace Equation Solution -- Zero Side Gradient

* Substitute C, and X, = (2n+1)n/2L into
general solution for u(x,y)

o cos((zn+1)T[X)sinh((2n+1)nyj
wey) -3 2L 2L z
’ T -0 (2n +1)sinh(7(2n+1)ﬁH)
2L

* u/U = depends on x/L, y/L and H/L
* Plot on next page for H/L = 1

Califiornia Seate University
Northridge
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Summary Details of Zero Net Flux
* Review radial diffusion equation « For heat flux g, = —kaT/ox q, = —koT/oy
— Solution in Bessel functions + Net heat flux leaving region is integrated
— Eigenfunction expansion of Bessel heat flux at all four boundaries
functions to match initial condition
— Can handle other boundary conditions Net output:?kﬂ dy _Tkﬂ dy +f|ﬂ dx—jkﬁ dx
« Laplace equation also solved by o Xho o XKl o Ny 0 Wy
separation of variables . -
— Three zero boundaries and non nonzero Rema'”'”g Charts evalu?te net output
boundary — Take derivatives of solution for u(x,y) as
— Zero net flux into region for one case I(X,.y.), evaluate atx=0,x=L,y=0,andy
— Also did zero flux boundary condition = H; integrate and add as shown above
Northridge Y Northridge &
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x-Direction Gradients Integrated x-Direction Inflow
@D G 21D« Same inflow o 204Dy (@n+1)zy
u(x,y)—ﬁism( L j i [ L j atx=0and x a s M ou _,EEM
o (2n+l)sinh(%J =L as x L sinh(i(2n +L1)”H] Xy = 1smh&(2n+l_l)mj
@n+)ax) . ((@n+1)zy h((Z +1)7zyj
@_gicos( 3 Jsmh( C j expected by J‘au dy Ja“ o 215“ o j’ﬂi sin 3 N
x L& Sinh[(2n+l)7ij symmetry of ) x|, Xt Xl ) L& ((2n+1)7ij
L solution L
. = + =_ H
cos(0) = 1 and cos[(2n+1)r] = -1 so {Cosh((2n+1)ﬂy)} Cosh((Znﬂ)ﬂHjil
i h((2n+l);zyj sin ((2n+1)zzy) 8 i L 5 i L
af e L au W & L Tz . ((2n+1 2n+1
s L Z g Ty &X:f*TEW ™ n i E1e D ”*L)”Hj 7 an im0
e Liniyersity L California Stase University
Northridge Lo Northridge %
y-Direction Gradients Net y-Direction Outflow
e Sm((ZnJIr_l)ﬂXj sin [(ZHT_]-)”YJ . COSh(O) =1 Sin((2n+1)7lxj {_Cos((szrl)ﬂXﬂL
ux)=""3 (2n+1)sinh((2n+l)m_|) and tanh(x) ERTRESS L) s )
L = Sinh(x)/ 5 Oy y=0 » Lo Sinh((ZnJrLl)ﬂHj T i (2n +£)iinh£%
. . sm((zn+l)ﬂx}cosh((2n+l)”y) COSh(X) sin (2n+1)2x J —cos (@n+)ax ' N\
Lyt - [ gy L L s L,
&y L S,mh[(2n+l_l)ﬂHj Y tanh[(zn+L1);zH] x ",l'(2n+l)tanh[(zn+1)ﬂHj
(2n+1)2x .((2“+1)7IX) . ,/’:/’
u ZEEM au 7ﬂim7'- £ ou tou w2 77 1
o, L [(2n+1)zij Ny L h[MJ I yzodx_gay:dez7;(2n+1) ((2n+1)m—|]_t h[(2n+l)7zHJ
L L
Califiornia Seate University 51 Califiornia Seate University 52
Northridge Northridge
Total Net Outflow Is Zero
P ,/,’— ————————————————————————
foul . Fou L|8U 1 1 B 1
iE L Iy LIS N ;(Znﬂ) ((2n+1)7zH) tanh((2n+l)7zH)
\ L 1
\ \ ~< - — /)
\ v T o= T (2n+ D Tee—o--
VoMot HaTl N sU < cosh L
R A e i 2n+1)H
N0 Fheo o Kb Tp A (2n+1)sinh(%)
Sumds PR
zero T \'|Equal and opposite ]
78U i 1 1 '
V& ‘{@n+D)| ((2n+1)7ij . ((2n+1)7ij \
" sinh '
Northridge I . O /
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