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Outline

* Review last class
— Gradient and convection boundary condition

« Diffusion equation in radial coordinates
+ Solution by separation of variables

* Result is form of Bessel's equation

* Review Bessel functions

+ Eigenfunction expansion in Bessel
functions
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Review Homework Problem

» Page 561 problem 5: find u(x,t) forO<x <L
2
u_ 6 ou _ou =0 u(x,0)=f(x
ot ax OX|yep  OX|yop
« Start with separation of variables solution
u(x,t) = e “[C,sin(Ax) + C, cos(Ax)]
2 .
u/ox = e *C, cos(Ax) — C, sin(Ax)]
* For ou/ox|,.,=0,C,;=0
. For 8u/6x|X - =0, A = nn/L forinteger n
I\orthrudg.,e

Review Homework Problem I

General solutlon is sum of all elgenfunctlons

u(x,t) = ZA@‘X " cos(L,X) Ay _T

v .n _ 0 for cosines. nmx
General orthogonal .[f(x)cos 3 dx
relationship for A, A =

nmx
fcos ( )dx
L

0

Final cosine result has A,

:ﬁ f (x)dx —J' i (x)cos( nnxj

4
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Review Convection Problem

‘Soldtion’Region’

T.
Flux q,.

Conduction-convection
heat balance at x =L

California Seate Universit
Northridge

0L = _kF = h(Tx:L Tac)
Symmetry OT 0 Xkt
Condition ~,|
X | o X ot T-T,
g = — T = —2 ® =
L L T,s T,

Review Dimensionless Problem

d D|ffus.|0n aT aZT a@ aZ@
equation —=a— —=—
o2 | ar o
- Initial  T(x,0) = f,(x) | e(£,0) = ) =T
condition a T -T,
+ Symmetry boundary | =9 |
condition 0
+ Convection boundary condition
K h( -T.)=0 o [ty o
6x x=L . k o
alfei st et * Homogenoug
Northridge boundary condition
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Review Finding A,

w kA
. LT nL
—1
w 77,77réf7,7ff k/hL =1
_§ , k \ ine ]

cot A
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Review Initial Conditions

. l{sual formula for C, butlkm #mn
[©4(8)cos(hyE)de 21, [O4(E)cOS(hE)dE
Cm _0 . — 0
[ cos? (k&)

« Constant initial temperature, T,, gives O, = 1

cos(A)sin(h,) + A,

1
2, { (1) cos(rnE)dE 2sin(,,)

C = =
" cos(hy)sin(hy) + A, COS(hy)SiN(Ay,) + Ay

Califieni Seate University
Northridge

Review Solution

» General sQJutilon _________ .
2 [Oo(E)cos(E)dE)
1) =Y "+2 167" cos(h,E)

v cos(Ay)sin(Ay,) + Ay

L

Solution for T(x,0) = T, (©g=1)

0 H —szr
O, 1) = z Zsm(km)e_ CoS(A &)
1 Cos(Ay)sin(hn,) + A,
* Need root-finding method to obtain
eigenvalues, A, = (hL/k) cot A,
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Review Solution for hL/k = 1

1
—tay =02 tay=0.05 o9
0.9 =0 1: 04
—
08 —
u=05 I
= 07
u=0.75 —
g 6 uzo?s | | ——
I} — ——
% tau=1__ | I T
@ 05 — T—
8 T—— T
4 T —— \
2 o4 \\
é tau=15 ——
8 03
o tauk2
0.2
—|
tdu=3
01
tau=4
0
0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 09 1
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Dimensionless Temperatu

Review Solution for hL/k = 10

°
©

°
®
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°
>

°
o

o
=

°
w

o
0

°

o

N @,
\ % %, %\,
~ V \
tau=0.35 s\\
1 05
tau=0.75 ‘
tdu=1
tau=15 \

o 01 0.2 03 04 05 0.6 0.7 0.8 09 1
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Review Summary

 Create Sturm-Lioville problem for non-
zero spatial boundary conditions
— Define u(x,t) = v(x,t) + w(x)
—Use u — u, in original equation

» Solve by separation of variables
— Time solution will be exponential

» Apply boundary conditions to determine
eigenvalues

— Also gets constants C, and C, which
determines functions that are in solution

California Seate Universit
Northridge
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» Write solution as sum of all possible
eigenfunctions with individual constants
» Use eigenfunction expansion to match
initial conditions
— If a solution for u(x,t) = v(x,t) + w(x) is used
the eigenfunction expansion must be for
Ug(X) — w(x)
+ Solution is sum of all eigenfunctions
with constants determined from
matching initial conditions

r_.rhrm- a1 Seate University 13
Northridge

Cylindrical Diffusion Equation

« General diffusion I:E?u Vg N
equation for three nE‘a )

dimensions ' “—-‘\

Cartesian VU~ ou o & One-dimensional
i u —?4“67z+§ radial equation
FTTTTS PSS 2 2
Cylindrical ( V?u :Eﬁ(rij%% Loy
S rarCor) rf o0t o

rZorl or

2
SphereVzu—ig r2 20U +%5Li+ 1 0u +cot2¢¢lu
or) rising06*> r*og’ 1’ o4

r_.rhrm- a1 Seate University 14
Northridge

Radial Diffusion Equation

» Governs diffusion (heat conduction) in
cylinderfort=0and 0<r<R
—u(r,t) is temperature, species concentration
— Initial condition u(r,0) = uy(r)
— No boundary condition at r = 0 except that
u(0,t) is finite
* du/or|. = 0 by symmetry

+ Diffusivity, a, is ou 186 au
material property az ?5 o
(length)?/(time)

Rorthridge s

New Variable for u(R,t) = ug

» u(r,t) = v(r,t) + ug
—v(r.t) satisfies diffusion equation
—v(R,t) =0 and v(0,t) is finite
» Gives a Sturm-Liouville problem for radial function

* Since ug is a constant, u(r,t) is a solution
to the original problem

— It satisfies the differential equation and the
boundary conditions

ou_o(v+ug)_ 10 ou_ 10 0ov+up)
ot ot ror or ror or

Callifiorni Stase Univensity 16
Northridge

Separation of Variables
» Assume v(r,t) = P(r)T(t)

u _ G[P(r)T(t)] :P()aT(t) T

ot (NN S Teeel_
lﬁriu 12 APOTOI 10 PO
ror or ror or ‘\ ror ar !

- Divide by aP(NT(t) 7~ -
11T _ 110 PMN_ »
aT(t) & P()ror  or

Northridge "
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Solve ODEs to Get v(r,t)

» Have exponential ODEs in time and
Bessel's equation for radial function
ar(t)

2 22
= AA O T() = A
ir dP(r) + 22tP(r) =0 * This |s’form of_
dr dr Bessel’s equation

+ Solution of Bessel's equation is P(r) =
BJg(Ar) + CYy(Ar)
— Jgand Y, are (order zero) Bessel functions

wn Of first and second kind, respectively
Northridge *
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Review Bessel’s Equation Gamma Functions
dzy(zx) Lldy X —sz Y =0 » Function I'(x) generalizes factorials to
dx X dx X non-integer arguments

* Arises in mechanical and thermal . =
L . + Definition r(x)= [ttt
problems in circular geometries !

» The value of v is a known parameter
» Use power series solution technique

Analog of (n+1)! = (n+1)n! T(x+1)=x(x)
For integer x, T'(n+1) = n! = nI'(n)

known as Frobenius method « Used for coefficients of Bessel functions
» Have two linearly independent solutions with noninteger order
Northridge " Northridge 2
Bessel Functions, First Kind Bessel Function Plot
essel Functions o1 e FIrs Ind for Integer Orders
» Separate expressions for integer and non- .
integer values of v M
» Use n for integer values of v v
J (X)_i (_1)mX2m+v - J (X)_i (_1)mX2m+n :j X\
AT L2 P (m 4 v+ 1) MY L2 (m 4+ n) £ \ y/\m/\
« First few terms “ AN 7
(xY' 1 1 (xY 1 x)' - N
J“(X)_(Ej {n!_ﬂ(n+l)![zj +2!(n+2)![§] +} \/ \S O
\ A
* Plots for n = 0,1, and 4 on next chart e 2 s 4 s s 7 s 5w ommow ou o
Northridge z Northridge #
Bessel Functions, Second Kind Bessel Function Plot
. Yn(x) |5 deﬂned as fo”ows for integer v :/D“ } Bessel Functions of the Second Kind of Integer Order
72 1 . @ (_1)m—1XZm m 1| m+n1‘ 1 :i /\
Yot = ﬁ{J"m(m 2 ”} X ;{ZZm*“*zm!(m +n)!(;k v 2 kj} "
T~ e AT Y Ca-st ya
Ao TMEm=-1)x Hw . . 01 /
1+ X —{W ,Not present in equation for Y, o
\_\mzo 2 m!(n1+n)! \ e
--------- 2 S NAL A X
« General solution to Bessel’s equation wt ]/
given by Bessel functions of order n or v o [l
—Y(x) = Ady(x) + BY(x) for integer v = n ] / Y, becomes infinite
— y(X) = AJV(X) + BJ_V(X) for n0n|nteger A% “.:‘ I as x approaches zero
Northridge ® Northridge #
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Bessel Equation Solutions

+ If we want a solution for x = 0 we cannot
use Y, (X) so a general solution that
includes x = 0 is y(x) = AJ,(x)

» Formally define Y (x) for non-integer v

Y () = (cos wr)J_V(x) -3, (%
sinvr

+ In limit as n approaches an integer, this
definition approaches Y (x)
+ Gives y(x) = AJ,(x) + BY,(x) for any v

25

Califieni Seate University
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Bessel Function Summary

Califieni Seate University
Northridge

- Bessel's equation, x2d2y/dx2 + xdy/dx +
(X2 - v2)y = 0, main applications are to
problems in radial geometries.

 Physical problem gives value for v

» The general solution to Bessel's
equation is y = C,J,(x) + C,Y(x) where
C, and C, are constants that are
determined by the boundary conditions
on the differential equation.

26

Bessel’'s Equation Summary |l

» J,(x) and Y (x): Bessel functions, order
v, first and second kind, respectively.
— have oscillatory behavior
— found in various tables and computer

library solutions
—Atx=0,Jy(x)=1and J(x)=0forn#0
— As x approaches zero, Y, (x) approaches
minus infinity

» Can transform some equations into the

form of Bessel's equation.

27

Radial Diffusion Solution

Califieni Seate University
Northrlidge

» Transform Bessel's equation whose
solution is y = AJ,(x) + BY ()

* Define z = x/k so y = AJ,(kz) + BY,(kz)

» Transformed equation is

4, dy+[ +kzsz:0
z

dz dz
 Radial diffusion equation has v =0
i,—dip_l_;frp —0 °* Solutionis P =
dr dr AJg(Ar) + BYy(Ar)

28

Califieni Seate University
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Transformation Details
y 2
* Bessel's xzd—¥+xd—y+(x2—v2)y:0
equation dx dx
 Define z = x/k so that x = kz
— dy/dx = dy/d(kz) = (1/k)dy/dx
—d2y/dx? = = d?y/d(kz)? = (1/k2)d2y/dx2
— Substitute into Bessel’'s equation and divide
entire equation by z

{( 7)* = 1d% +kz1dy (kzzz—vz)y}

Bessel as Sturm-Liouville

K2 dz?  kdz
2 2
ZL¥+Q _Y k% y= izﬂ+ —V—+k22 y=0
sz, A2 z dz dz z )
'\orthrudg.,e

+ Compare transformed Bessel’s equation
to Sturm-Liouville problem

2
Bessel's equation di[z%] [ V—+k2sz:o
A YA

Sturm-Liouville j(r(z)w}[q(zhﬂp[z)]y:o
z dz

* Bessel is Sturm-Liouville equation with
r(z) = 'p(Z) =z, q(z) = -v2/z and A = k2

e 30

‘!'i-’lgﬁfi;-'i:cuig.,e
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Radial Diffusion Solution |l Radial Diffusion Solution Ill
* Radial diffusion Er@{:g\&f(ﬁ P( =0 + Start with general solution P(r) = AJy(Ar)
equation for P(r) dr dr \rl"< + BY/(Ar)
* Transformed d[zdy:|+[:‘<%‘+k\2\z\jy_0 + Solution applies in regionto 0 <r<R
Bessel equation  dz| " dz z Y, « Must have P(r) finite atr =0
- Solution to second (general v) equation * Since Y(r) — -« asr — 0 we must
isy = AJ (kz) + BY (kz) - e have B = 0 for P(r) to be finite atr=0
1T is weight! . .
+ Solution to radial diffusion (v = 0)‘\_tu_n_cgi§n/' + Condition P(R) = 0 requires Jo(AR) =0
equation is AJy(Ar) + BY,(Ar) « Need solutions, a, of equation Jo(a.) = 0
— Call solutions to Jy(a) = 0 the zeros of J,
Northridge ¥ Northridge #
Zeros of Bessel Functions Bessel Function Zeros, o,
Bessel Functions of the First Kind for Integer Orders
» \ 11 Jo(@mo) =0 | Ji(am) =0 | Jy(amy) =0

os IfJ,(@) =0, ais a zero of J,,.

o Initial point where J,(0) = 0 m=1| 240483 3.83171 5.13562
- is not a useful zero of J, m=2| 5.52008 7.01559 8.41724
o \ % m=3| 8.65373 10.17347 11.61984
i / o m=4| 1179153 | 13.32369 | 14.79595

m=5

Wl T VA VAAVANERN IRV 7N
N [ A\ VAN 14.93092 | 16.47063 17.95982

0

o \/ / < N Ref: Abramowitz and Stegun, NBS AMS 55
a N/~ Note increase by about & between successive
e 1 2 3 4 s 5 7 s 3 w0 onm o owon zeros
l'_.'hflu' 21 Spate University x 33 l'_.'hflu' 1 ate Lniversity 34
Northridge Northridge
Zeros of J, Zeros of J,
Bessel Functions of the First Kind for Integer Orders Bessel Functions of the First Kind for Integer Orders
1 1
o\ A

07 07
06 06
05 05

" N~
v 73 S\ RS
N

—

3(x)

01

0

IRV VAN : N AN

4
7N

N/
0 1 Zalol 4 uzos 7 8a309 10 " a48 13 14 agg 0 1 2 3 al‘l 5 6 021 8 9 aSl " 12 1Ja4114 15
Californi Sease Universit x 35 Californi Sease Universit x 36
Northridge Northridge
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Zeros of J,

Bessel Functions of the First Kind for Integer Orders
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AN\
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L X
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37

Bessel Eigenfunctions, J.(a...)

« Different eigenfuctions are all Bessel

functions of the same order, n

— Unlike sines and cosines we can have
many different Bessel functions

— For both kinds of functions, the eigen-
functions are given by the zeros

—sin(nz) = 0 or cos[(2n+1)rn/2] = 0

—Jn(am,) = 0 does not have fixed intervals
like the sine and cosine

— For radial solution, J4(AR) = 0 gives A R =
Omo; define Ko = amg/R, S0 A, = Ky

l'_.’||f|'|'.| State University 38
Northridge

Sine Eigenfunctions

Sine nrx for Different n Values

- -//V/W N

: | N T X [ A |
< L ION/L
b VR UYL N
NV IERVANR YA Ay
\/ \/ VY \/ \/

s Lnives

-1
lfocni e Lnigeraty
‘Northridgia 02 03 04 05 06 07 08 09 1

39

Bessel (J,) Eigenfunctions

Bessel Function Jy(a,,0X)

Here R=1so

- \ 3o = Ko
AT
S BIIYANRVA e
b I VN X \
w7 \ /" X / \ AN
04 ~~—
* 1] 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
Califiornia Seate University x 40
Northridge

Bessel Function Expansion

* General
eigenfunction
expansions

» Bessel eigen-
functions: J,(k,,X) et

a

F(0 = a,%n ()

1) =3 2,3, (kX)

b R
PO f A% 23, (KeoX) T (X)X
_a - _0

m R

S
[pOdyadx

Califoenis Seate Universit
Northridge

X3, (k) Pl
0

p(x) = x is weight function

41

Normalization Integral

* Integral of xJ, (k,,X)dx depends on n
and definition of k.,

* For n =0 general result is

R

[0t ox :%Z[JS(kmnRH 3 (R

» For Jy(k,,nR) = 0 this simplifies to

[, (kP ex =R

32 (knR))]
0 2 !

» General result uses Struve H function

x'_.rl.rm-.. Spate Universit 42
Northridge
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Integrals to Compute a_,

* Integrals with Bessel functions may
give complicated results
— Use symbolic int function of MATLAB
» Some simple cases are possible
using equations on page 194 of

Kreyszig 0
(%3, 40k ik =2 2lsX)
my-1

+ Useful only when desired power of x
matches the Bessel function order

43

Califieni Seate University
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Example: f(x) = 1

+ Construct Bessel function expansion for f(x) =
1in region 0 < x < 1 using J, in case where
Jo(kmoR) =0 forR =1

* Here we have a “simple” integral with v —1 =
0so v =1

2ij (k.oX) T (X)dx 2j J (_F”{lo'x}\(l)d( )

R, (kyoRT Bl |

= _X

z{w 2|:‘Jl(an10)_0:| - R
CGlmo %mo — 2

[3: (o) %o d1 (Otno)

a, =

S0

i\.ltr) rthnlthg.,réx mo)

Partial sum of

Example Expansion

Bessel Function Expansion for f(x) =1

1j —!\
| \\/_\ —
‘ //\‘ \ [=—1terms
/\’W\-?b‘ [=——2terms
/ ‘ N 3terms
\ \ Al 10 terms
\ \ | =50 terms
N\

45
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Back to Radial Diffusion Problem

» Have exponential ODEs in time and
Bessel's equation for radial function

aT() _ RaT() d dP(r)

dt dr dr
v(r,t) =T ()P(r) = Ae 4[BJ, (Ar) + CY,(ar)]

+ 2rP(r)=0

» Boundary conditions: C =0 and AR = a4

u(r,t)=>Coe ™Iy (A,N) +Uy AR =0t
m=1
Northridge

46

Initial Condition

» Radial equation for P(r) is a Sturm-
Liouville problem so we use eigenfunc-
tion expansion for initial condition
—Region is 0 £r <R and p(r) = ris weight

function

uo(r):u(r,O):ZCmJO(ﬂmr)JruR AnR =g

m=1

R
Jr‘Jo(}'mr)(uo ~Ug
C = 0 —

m

.TrJo(/imr)(Uo —Ug )dr

[rl,(2,0Far

R? 2
Californi State Universit 7 [Jl(ﬂ“m R)]
Northridge o 4
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Example: u,(r) = U, a Constant

h _ 3, (an) |
. =!r\lo(ﬂumr)(u uR)drzz(U_UR){ P 10
’ R?Z[Jl(/lmR)]z R®  [0,(4RFf
. \RL(LR)
AT e 2U-u)
RGARTE  ARL(GR)  @nedi(@n) |U=Us _
U —ug
) a"'QR ( r) o r
R PR M CHO R
I\-’orthrudge 8
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1.0 -
<
%, ! s s\
09 F s Jobs V59
— tay, - Bus, CN 7% \%|%
08 — S0g, %6 . %, % \®
% “s e
z o7t %7 %
S e
' o6} tay
g Uso 15
% 05 [——0 _ tauz02
< o4l ‘
=
3 |
03 F—————f@u=03 O\
0.2
tau=04
01 tau £ 0.5
tau = 0.6
0.0 fou =22
0 01 02 03 04 05 06 07 08 09 1
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