Diffusion equation January 28, 2009

Overview

The Diffusion Equation * Review last week
+ Diffusion equation
— Physical meaning and derivation

Larry Caretto — Relation to Laplace equation
Mechanical Engineering 501B — Solution by separation of variables
Seminar in Engineering — Sturm-Liouville orthogonal eigenfunction

Analysis expansion for initial conditions
January 28, 2009 . ‘(:)Onr%iﬁgizlble for homogenous boundary
« Treatment of nonhomogenous boundary
conditions
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Review Sturm-Liouville Review Orthogonal Functions

* Homogenous equations fora<x<b + Defined as inner product integral with

d dy k,y(a)+ kzﬂ =0 p(x) from Stburm-LiouviIIe equation
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[a0)+p(ly=0  £y(0) +£2& L 0 « Get coefficients in eigenfunction
 Solutions, y,,, are complete set of expansions . £ 0
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Review Fourier Series Review Even/Odd Functions
» Based on periodic functions defined over * Odd function: f(-x
—L<x<L = f(x) (like sine) cosine
> Nnzx . (nzax  Even function: ok
f(x)=a a, cos| — |+b, sin| — . sine times
) °+n§[ “ ( L )* n [ ] H () = glx) (ke % cosine
) . cosine)
a :ij' f(x)dx a = 1 J‘ f (x)cos N7\ ax » Product of odd times even is odd
°oaL "L L
-L L -L « For odd f(x) * For even g(x)
. [ NzaX _ L L
bn :E .[_f(X)Sln[T)dX _JLf(X)dX—O jg(x)dX:ZJg(X)dx
Northridge : ° Northridge - ° °
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Review Half-Interval Series

» For even functions, there are no sine
terms in the Fourier series

» For odd functions there are no cosine
terms in the Fourier series

* In these cases can use integrals from 0
to L for the coefficients

» Can also use equations from 0 to L for
all functions, but get periodic behavior
outside this region
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Review Half-Interval Series Il

* Look at function below for L = 2
 Full series gives periodic results

Full /\
Series 1
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Review Half-Interval Series Il

» Expanding function for 0 < x £ L = 2 with
a sine series gives odd periodic repetition

Review Half-Interval Series IV

» Expanding function for -L < x < 0 with a
sine series gives odd periodic repetition

Sine

Sine
Series 1

\ /

Series \ 1 \ \
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Review Half-Interval Series V

» Cosine series for 0 < x < L = 2 with gives
even periodic repetition

Review Half-Interval Series VI

» Cosine series for —L < x < 0 gives even
periodic repetition of different region

/\

Cosine Series
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—r{Cosine Series
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Diffusion and Laplace Equations

January 28, 2009

« Partial differential equations related to
conservation principles of fluxes
governed by potentials
— Heat transfer from temperature gradient
— Mass diffusion from concentration gradient
— Current from electrostatic potential
— Magnetic fluxes
— Ideal fluid flow from velocity potential

» Laplace is steady state case of diffusion

t'_.r||!'|:|' a1 Seate University 13
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Derivation Basics

» Consider a flux, f, that is a gradient of a
potential, u, f = —padu/ox

» The net outflow is fl,, 4, AA — flLAA

+ Dividing by AV = AAAX gives the net
outflow per unit volume = (f|,, 4 — fl\)/AX
which is df/ox as Ax approaches zero

+ Substituting the potential definition gives
the net outflow (per unit volume) as
d[—padu/ox]/ox

t'_.r||!'|:|' a1 Seate University 14
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Derivation Basics Il

» A conserved quantity has zero net
outflow for steady processes with no
source terms
— This gives J[-padu/dx]/ox = 0 or

A[-padu/dx]/ax + d[-paduldylidy +
d[-padu/oz]/oz = 0; constant properties
pa gives Laplace’s equation
2 2 2
aiu + aiu + aiu = VZU = O
X2 6y2 oz2
» Can be two-dimensional
» Changes with coordinate systems
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Derivation Basics llI

» For transient processes, a net
outflow causes a decrease in pu
— This gives dpu/ot = d[padu/ox]/ox +

dlpaduldyl/oy + d[paduloz]/oz

— For constant properties p and a we
have the diffusion equation

ou ou du S )
—=q S+ 5+ |=aVUu
a o o @&

» Can have one or two space dimensions
» Changes with coordinate systems
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Derivation Basics |V

« Diffusion equation gives transient
process for systems where steady
state is Laplace’s equation

o’u ou u
& Y2t t A
a o o @

transient steady-state

j: Viu  Vu=0

» Can have different space dimensions

* @, called the diffusion coefficient or diffu-
_sivity, has dimensions of (length)?/time
Northridge "
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Multidimensional Equations

+ General diffusion M _ oo
equation for three ot
dimensions

2 2 2,
Cartesian V= aigﬁaizu 0 ‘ZJ
ox~ oy~ oz

1 6( au) 1 0% &4

=——|r—=|+S5=—=+—
ror

Cylindrica | Vau +
y or) r2o6* o7t

2 2,
SphereVzu:%ﬁ(rza—u)+72 _12 6—%+%6—g+cog¢a—u
resin“g 60° r° o¢ r° o¢

reor or
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Variable Properties

* Included in outer space derivative

opu .
%zV-(paVu): div(po grad u)
c . opu 0 ou 0 ou, 0 adu
artesian T = L po— + — PO — + — POl —
OXx OXx oy oy o0z oz

- opu 10 ou 10 ou 0 ou
Cylindrical =S par T+ pa—+——po—
ot ror or r°00 00 oz oz
3l P
Sphere aLu:izgpocrzﬁ+ 5 _12 0 pa oM, 1 0 pocsin¢a—u
ot roor or r?sin¢ a0 00 r’sing oo e}
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Diffusion Equation Solutions

» Governs heat conduction and species
diffusion fort= 0 and 0 < X < X5,
—u(x,t) is temperature, species concentration
— Initial condition u(x,0) = uy(x)
— Boundaries u(0,t) = u (t); u(X a0t) = ug(t)

« Diffusivity, a, is au ou
material property —=a_—5
(length)?/(time) o ox

20
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Separation of Variables
* Assume u(x,t) = X(x)T(t)

au _a[xeoT)] aT(t) -~

/X (X) N
ot ot \‘
S M .T(t)a X(x)

aXZ ax _____ /,
+ Divide by aX(x)T(t) Result is

11 a1y 1 *°X(x) function of t
aT({) ot  X(x) ox* equalto
function of x
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Separation of Variables Works

» Assumed solution, u(x,t) = X(x)T(t), gives
a function of x equal a function of t
+ Since x and t are independent, both sides
must equal a constant for this to be true
1 1 aT(t) 1 0°X(x) g
aT(t) ot X)) o
» Choose negative real constant, —A2, to
simplify later solution of resulting ordinary
differential equations (ODE)

22
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Solve ODEs to Get u(x,t)

» Have simple ODEs with known general

solutions
ﬁ_ raty  T(t)=AeF4

: d)igx) +2X(x)=0 X (x) = Bsin(Ax)+C cos(Ax)

u(x,t) =T (t)X (x) = Ae**[Bsin(Ax) + C cos(Ax)]
=e#[C,sin(AX) +C, cos(Ax)]
Northridge

23

Boundary Conditions

ME 501B — Engineering Analysis

* Look at case where u(0,t) = u(X,,.t) =0

+ Since u(0,t) = T(t)X(0) and u(Xt) =
T(t)X(Xmax) We can only satisfy these
boundary conditions if X(0) = X(x,
— Because the ODE for X(x) and its

boundary conditions are homogenous, X(x)
is the solution to a Sturm-Liouville problem

* X(x) = Bsin(Ax) + Ccos(Ax)
— How do we get X(0) = 0?

w=X(0) =0 =Bsin(0) + Ccos(0) =C
'\orthrudg.,e

max) =

24
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Boundary Conditions |l

* We must have C = 0 for X(0) =0
— Thus X(x) = Bsin(Ax)

» How do we get second boundary
condition that X(X,,,) = 0?

* X(Xmax) = 0 = Bsin(AXqy)

* This is true if B = 0 (which gives X
always zero) or if sin(AX,) =0
— 8iN(AXpay) = 0 if AXa = NTT (N an integer)

+ Eigenfunction is X(x) = B,sin(NTTX/X )

Northridge
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Eigenfunction Solutions

+ Original solution is u(x,t) = T(t)X(x)

» We found an infinite set of eigen-
functions for X, (x) = B sm(m'rx/xmax)

. We also found T(t) = Ae™"

* Have an infinite set of solutions where
Ay = NTOX Xy

U, (x,t) = Ae 1B sin(.t)

* General solution for u(x,t) is sum of all
individual eigenfunction solutions

Northridge

26

Initial Condition

* In general solution (sum of all
eigensolutions) write the product of two
constants AB,, as C,

u(x,t) =ZCne’”ﬁ“‘ sin(4, x) A, =

n=1 max
+ Setting t = 0 gives eigenfunction
expansion for the initial condition

Up (X) =u(x,0) =icne° sin( X J ZC sm( X

m max
27
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Finding C,

» We already know the answer

» This is a Sturm-Liouville problem so the
eigenfunctions are a complete,
orthogonal set
—p(x) = 1 and X,(x) = sin(NTX/Xyay)

b
[ pO0X 0 (xup ()
c - (Xnlp) 3
T %) b
[ POOX 00X ()
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Derivation of C, Equation

* We can derive the C, equation on the

previous page

— Since the X(x) is the solution of a Sturm-
Liouville problem we have an infinite set of
orthogonal eigenfunctions

— Multiply basic equation for the initial
condition by sin(mnx/x.,,,) and integrate
from 0 to X .«

Tx sin( )r:mx J{uo(x) = gcn sin( :nx de

0 max max
Califoenis Seate Universit
Northridge ®

» Consider each side separately

Derivation of C, Equation Il
Txuo(x)sin[r: ] Txic sm[

mmX
sin
0 max Xmax

:icn szin[Tnstin[ n7x de:Cm szm (mnx]d
0 0

n=1 max max

3

+ Uses orthogonality for eigenfunctions

s H mizX H max5mn
.([ sm[xmaxjsm( WJ J‘ sin [ jdx—2

Califoenis Seate Universit
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Initial Condition Gives C_,

+ Solve previous result for C,,
y General result for

ha . [ max any initial condition
j Uy (X)sin dx oo
C — 'max

=S 42 Iuo(x)sin[mﬂx]dx
J'Sinz mazx dx Xinax 0 Xinax
0 Xmax

» Simplest case is uy(x) = U, a constant

Xm

Xmax ax
C,= 2 I sin(mﬂdex: XZU {—%cos[mmﬂ :%[l—cos(mzr)]

Xmax 0 Xmax max Xmax / Jg

r_.rhrm-.. Seate Unigersity 31
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Constant Initial Condition

* 1—cos(mtm)=1-(1)=0forevenm
and 1 —(-1)=2forodd m
—C,, =0 for even m and 4U/mn for odd m
» Write series using m = (2n+1) to get
only odd terms with increment of one

(2n+1)? z%at
e . [ (@2n+Dax
€ mex sinf ——————

4U X
u X,t - max
xH V4 nzz(; 2n+1
* u/U = depends on X/X,, and at/X .2
Northeidge &

Diffusion Equation Solution

t=001 t=0.02

1=0.03

/\-ﬂmr_

+="0.08

+="0:10

t=0.125

+="0115

0.2 03 04 0.5

calliShia e Unigerity O
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Northridge e 4= gy(time)/x,., 2

Nonzero Boundaries

+ Sturm-Liouville eigenfunction expansion
requires zero boundary conditions

» For nonzero boundaries, u(0,t) = u, and
U(Xmaxt) = Ug, split solution into two
functions u(x,t) = v(x,t) + w(x)

* Have to satisfy original PDE: —=a—

av+w)  d%(v+w) v N [ otw

=0 j—t
ot ox? ot ox

r_.rhrm-.. Seate University 34
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Nonzero Boundaries Il

* Have two differential equations
o o o’w  d2w

=o— and —=— =
ot ox? ox?  dx?

* To satisfy u(0,t) = u_ and u(Xyt) = Ug,
set v(0,t) = V(X a0t) = 0, w(0) = u_and
W(Xmax) = UR
—u(0,t) = v(0,t) + w(0) = 0 + ug = ug
- U(Xmaxvt) = V(Xmaxvt) + W(Xmax) =0+ u.=ug
— Differential equation and boundary

aimssgopditions on u are satisfied
Nort]m&% %
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Nonzero Boundaries Summary

o u(x,t) = v(x,t) + w(x) satisfies the PDE
W = w(x) onlyp, - - = ~.d2w/dx?2=0
au  du | ov ;o\ d'w
—=0— =i ot Fa—F+toa—
ot ox? Lo ot Xt ox
Equal by Vdefinition_ _ - -~
» The boundary conditions on v(x,t) and
w(x) satisfy the conditions on u(x,t)
-u(0,t) =v(0,t) +w(0) =0 +u_ =u_
- U(XmaX!t) = V(XmaX!t) + W(Xmax) =0+ Ug = Ug
+ Initial condition: v(x,0) = u(x,0) — w(x)
Northridge %
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w(x) Is Steady Solution

« Solution for d?w/dx? = 0 with w(0) = u_ and
W(Xmax) =ug isw = u. + (UR - uL)X/Xmax

+ Solution for v is same as previous solution
for u with u(0,t) = u(X;,,t) =0

v(x,t) =3 C e sin(4,x) A= ;—”
n=1 max

« Initial condition for v(x,0) = u(x,0) — w(x) =
uO(X) - [ u + (UR - UL)X/Xmax ]

r_.rhrm- a1 Seate University 37
Northridge

January 28, 2009

Nonzero Boundaries IV

- 2 -
o _(Lﬂjm nax Y Lem b
u(x,t)="y.Ce '™ sin( AU +——EX
e X ! X \
\ n=1 max l' N max _
v(x,t)\‘ ----------- - \\__/’ W(X)
= . [ nax u —u
u(x,0) =uy(x)=>.C, sm(]+ u +———=Lx
n=1 Xmax Xmax

+ Use eigenfunction expansion for v(x,0) =
uO(X) —u - (uR - uL)X/Xmax
—v(x,0) is a Sturm-Liouville solution
Rorthridge 38

Nonzero Boundaries V

« Same eigenfunction expansion used for
zero boundary problem gives

X [ =€ = " " === ==~

2 Tep—c Uy —U, Sy . ( max
Cm:—J Up(X) —u, ——B—=Lxisin dx
7/
Ximax 0 _‘~__-___)_(max ) X

u(x,t)= icne{xnmi] “ Sin[ nzx
n=1

max

u,—u
+U, +———Ex
X

max

Callifiorni Stase Univensity 39
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Nonzero Boundary Example

+ Solution from previous slide

(n” }2

< 7 a . [ nax u,—u

u(x,t)=y.C,e ™’ sinf —— |+u, +——="x
n=1 Xmax

max

Xmax

2 Ug —Uu . [ nmx
Cn= I {uo(x)u,_ R_—L x |sin| —— |dx
Xmax 0 Xmax Xmax

» The solution for uy(x) = U, a constant, is
found from equations above by setting
Uy(X) = U and integrating to get C,

Callifiorni Stase Univensity 20
Northridge

Nonzero Boundary Result

+ Solution details (not covered in lecture)
for uy(x) = U, are on slides 46-52
— Final form shows that (u(x,t) — u )/(Ug —u,)

is a function of x/X,,, at/L? and (ug —
u )(Up —uy)

2
nm
u(t)-ug _Ug-u | x 2 i ie_[xmﬂx]atsin nmx
Upg-U,  Up—U | Xmax T n

2
0 —| at
+2[2—uR ULJ Z 1e [x’"“j sin[nnxj
T Uo-uy Joi3s N

x'_.rhfm- i1 Spate Liniversit g "
Northridge
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T
S 0! ° o
s |9 7 e
1 _o®
4 i \ _o——
08 L
[
~ 07 =of
=ML
& 08 o
ML
3 oF
; {2 —
5
= o0
E g
20
-
o (Ur-u))/(Up-u) =05 [
N 1/ = o (time)/(Xmax)? | |
. : R | I
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
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Other Boundary Conditions

* Look at gradient and mixed boundary
conditions

+ Show how making differential equation
dimensionless can lead to Sturm-
Liouville problem in initial formulation

» Will consider these next class and on
homework for next week

+ Can give cosine eigenfunctions and
irregular eigenvalues

t'_.r||!'|:|' a1 Seate University 43
Northridge

Diffusion Equation Summary

» Create Sturm-Lioville problem for non-
zero spatial boundary conditions

— Define u(x,t) = v(x,t) + w(x)
—Use u — u, in original equation

» Solve by separation of variables
— Time solution will be exponential

» Apply boundary conditions to determine
eigenvalues (also gets constants in
solution)

t'_.r||!'|:|' a1 Seate University m
Northridge

Diffusion Equation Summary |l

» Write solution as sum of all possible
eigenfunctions with individual constants

» Use eigenfunction expansion to match
initial conditions
— If a solution for u(x,t) = v(x,t) + w(x) is used
the eigenfunction expansion must be for
Ug(x) — W(X)
+ Solution is sum of all eigenfunctions
with constants determined from
matching initial conditions.

Califieni Seate University
Northridge ©

Nonzero Boundary Example
» Constant initial condition, uy(x) = U,

X
2 Ug —U - mmx
Cn = j Ug—u, ——=—Lx|sin dx=1,-1,
Xmax 0 Xmax Xmax
X X
2Ug—up ) F . max 20ug —uy )P max
_2o-u) J. sin| —— |dx Izzw .f xsin| —— |dx
Xiax 0 Xmax Xmax 0 Xmax
2 Xmax
Iy = (Ug—Up) Xmax —COS[ mnX]
Xmax mn Xmax ) Jo
X
20ug —Up )| ¥Eax o [ MAX ) Xma max ||
Iy =——5—=| 555 8in| —— |- —=-Xco0s
X m?xn X mn X
Callfornin Stase I_:m.-mrlr.]ax max max 046
Northridge
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Nonzero Boundary Example Il
* First integral

=Mm{_co{wﬂw _ 200 =80) Ko [ o)+ 1]

Xmax mn Xmax / |, Xmax mn

* 1 —cos(mn) = 0 for even m and 2 for
odd m

mm

| M m Odd
1=
0 m even

Califoenis Seate Universit
Northridge “

Second Integral
P ) _UL)[)('Z““sin[nmj—)(r““xcos( mmx me

2 m?n? Xmax mn Xmax 0

Xmax

20ug —up )| x2ax (. .
_“{’?T‘:Z(smmnsmo)}

2
Xmax

XFax
2(ug _UL)[O]7 2(ug — Uy ) Xmax
- Xfax

2ug —uy) [Lmax Xmax COS(mm)— Xmax (g COS(O)}
mn mn

Xmax €0S(mm)

Because cos(mmn) = 1 2(ug —uy) modd
when m is even and —1 mn

) 1, =
when mis odd "2
72(UR _UL)

Califisrni Seate Universt
Northridge o meven 48

ME 501B — Engineering Analysis




Diffusion equation

Nonzero Boundary Exampile Il

Cn=li—1, :M[l—cos(mn)]{—wcos mn}

mn
MUo-u) 2p-u) oy 1—cosmn =
C - mn mn {0 m even
o=
2ug—u,) m even 2 modd
mmn
4 2Aug-u) m odd
c mr malU,-u,)
m —
(Uo - UL) - -
Prra— M meven
Northridge mr(U, —u, )
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Nonzero Boundary Example |V

+ We want to get dimensionless form to
plot results with significant parameters
— Show (u(x,t) — u )/(U, — u, ) to be function

Of X/Xaxs Ot/ Xmas? @nd (ug — u )/ (Ug —uy)
« Alternative analysis if u, = U uses (u(x,t) -
u)/(ug — uy)
« At least one analysis is possible because u(x,t)
=Upifu . =ug=U,

» Use equation from last chart for C./(U,

u,) in general solution

50
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Nonzero Boundary Example V

» General solution for any ugy(x)
2

0 | = ] at
u(x, t)—ZC e [Xm“ sin[ nﬁxj+u fERUL
Xmax Xmax
. Subtract u, from both sides and divide by U, — u,

0 [ nn jzat
u(x,t)—u C 7 . [ nmx Ug —U X
( ) L _ n e Xmax Sln( j_{_ R™HML 2 |
UO_UL UO_UL UO_UL Xmax

n=1 Xmax

» Write separate sums with odd and even n
equations for C/(U, — u, ) from previous result

51
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Nonzero Boundary Example VI

2
nm

uxb-ug i _ 2Aug-u) e[i] “ gin[ X
Ug—u nt neUg—u,) Xmax

n=135,..

o0 —(—n" Jzal
u u .| NmX Ug —u X
z |: R™ L) }e Xmax sm( ]+ R L

n=2.46,. N7 uO UL) Xmax ) Yo —UL Xmax

2
nm
u()-ug _ug-u | x 2 i le_(xm“jmsin nmx
T

UO_U:L UO_U:L Xmax Xmax

>

2
0 | at
+E 2— URULJ Z Ee (x’“ﬁx) sin( nnx]
£l Oln-l UO ul—” n £

Northridge
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