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1.
(30 points)
The plot at the right shows the initial conditions. f(x) = u(x,0) for the displacement, u, in a solution to the wave equation, where the initial velocity, g(x) = ((u/(t)t=0, is zero for all values of x.  Sketch the solution, u(x) at times ct = 0.1, 0.2, and 0.3.  The equation for the initial condition and a table of data used for the plot are shown below.
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	x
	0
	.1
	.2
	.3
	.4
	.5
	.6
	.7
	.8
	.9
	0

	f(x)
	0
	0
	0
	.5
	1
	1
	1
	.5
	0
	0
	0


The solution to the wave equation for zero initial velocity is u(x,t) = [f(x+ct) + f(x-ct)]/2.  The application of this formula for the three time values required are given in the table below.
	x
	0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1

	f(x)
	0
	0
	0
	0.5
	1
	1
	1
	0.5
	0
	0
	0

	Results for ct = 0.1

	x+ct
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1
	1.1

	f(x+ct)
	0
	0
	0.5
	1
	1
	1
	0.5
	0
	0
	0
	0

	x-ct
	-0.1
	0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9

	f(x-ct)
	0
	0
	0
	0
	0.5
	1
	1
	1
	0.5
	0
	0

	u(x,t)
	0
	0
	0.25
	0.5
	0.75
	1
	0.75
	0.5
	0.25
	0
	0

	Results for ct = 0.2

	x+ct
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1
	1.1
	1.2

	f(x+ct)
	0
	0.5
	1
	1
	1
	0.5
	0
	0
	0
	0
	0

	x-ct
	-0.2
	-0.1
	0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8

	f(x-ct)
	0
	0
	0
	0
	0
	0.5
	1
	1
	1
	0.5
	0

	u(x,t)
	0
	0.25
	0.5
	0.5
	0.5
	0.5
	0.5
	0.5
	0.5
	0.25
	0

	Results for ct = 0.3

	x+ct
	0.3
	0.4
	0.5
	0.6
	0.7
	0.8
	0.9
	1
	1.1
	1.2
	1.3

	f(x+ct)
	0.5
	1
	1
	1
	0.5
	0
	0
	0
	0
	0
	-0.5

	x-ct
	-0.3
	-0.2
	-0.1
	0
	0.1
	0.2
	0.3
	0.4
	0.5
	0.6
	0.7

	f(x-ct)
	-0.5
	0
	0
	0
	0
	0
	0.5
	1
	1
	1
	0.5

	u(x,t)
	0
	0.5
	0.5
	0.5
	0.25
	0
	0.25
	0.5
	0.5
	0.5
	0
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The values of f(x+ct),  f(x–ct) and u(x,t) are for ct = 0.1, 0.2, and 0.3 are plotted in the figures to the right and below.
In constructing the table above it is necessary to recognize that there is a periodic reflection of the initial conditions as shown in the table below the figures.  These initial conditions, which have the same values for -1 < x < 0 and 1 < x < 2, are used to determine the values of f(x+ct) for x+ct greater than one and values of f(x–ct) for x–ct less than zero.
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	x
	–1
	–0.9
	–0.8
	–0.7
	–0.6
	–0.5
	–0.4
	–0.3
	–0.2
	–0.1
	0

	x
	1
	1.1
	1.2
	1.3
	1.4
	1.5
	1.6
	1.7
	1.8
	1.9
	2

	f(x)
	0
	0
	0
	–0.5
	–1
	–1
	–1
	–0.5
	0
	0
	0


2.
(50 points)
Outline the solution to the two-dimensional diffusion equation with the boundary conditions shown below, for the potential u(x,y,t).
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Your answer should show the different smaller problems that you have to solve and the solutions to those problems that are given in the course notes or homework.  You do not have to evaluate integrals for your answer.
The solution is done by defining two separate problems such that u(x,y,t) = v(x,y,t) + w(x,y).  The two components of the solution satisfy the following differential equations.
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The solution to this problem, shown below, is found on chart 37 of the lecture for March 2.  The solution below has been modified to substitute v(x,y,t) as the solution.
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The Cnm coefficient in this equation is given by the following double integral from chart 38 of the same lecture, where the initial condition has been changed from f(x,y) to v0(x,y).
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The second function, w(x,y) is a solution to Laplace’s equation.
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This solution can be found by superposition giving w(x,y) = w1(x,y) + w2(x,y) where w1 and w2 are solutions of the following equations.
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The solution for w1 is found from chart 30 of the February, 9 lecture with the variable changed from u to w and the boundary condition changed from U to U2.
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Because of the similarity of the two Laplace equation problems, the solution for w2 can be found from the solution above for w1 by exchanging x and y and exchanging H and L.  (The value for the initial condition is also changed from U2 to U1)
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Thus the overall solution for u(x,y,t) = v(x,y,t) + w(x,y) = v(x,y,t) + w1(x,y) + w2(x,y) becomes.
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The initial condition for v is v(x,y,0) = U0 – w(x,y) = U0 – w1(x,y) – w2(x,y).  Thus, the equation for the Cnm coefficient in the solution for v(x,y) becomes.


[image: image14.wmf][

]

(

)

(

)

ò

ò

å

ò

ò

å

ò

ò

÷

ø

ö

ç

è

æ

÷

ø

ö

ç

è

æ

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

÷

ø

ö

ç

è

æ

+

+

÷

ø

ö

ç

è

æ

+

÷

ø

ö

ç

è

æ

+

-

÷

ø

ö

ç

è

æ

÷

ø

ö

ç

è

æ

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

÷

ø

ö

ç

è

æ

+

+

÷

ø

ö

ç

è

æ

+

÷

ø

ö

ç

è

æ

+

-

=

÷

ø

ö

ç

è

æ

÷

ø

ö

ç

è

æ

-

-

=

¥

=

¥

=

H

L

n

H

L

n

H

L

pq

dxdy

H

y

q

L

x

p

H

L

n

n

H

y

n

H

y

n

U

HL

dxdy

H

y

q

L

x

p

L

H

n

n

L

y

n

L

x

n

U

U

HL

dxdy

H

y

q

L

x

p

y

x

w

y

x

w

U

HL

C

0

0

0

1

0

0

0

2

0

0

0

2

1

0

sin

sin

)

1

2

(

sinh

1

2

)

1

2

(

sinh

)

1

2

(

sin

4

4

sin

sin

)

1

2

(

sinh

1

2

)

1

2

(

sinh

)

1

2

(

sin

4

4

sin

sin

)

,

(

)

,

(

4

p

p

p

p

p

p

p

p

p

p

p

p

p

p


Although it is not required for this midterm, the value of this integral can be deduced from the result on chart 23 of the March 4 lecture and the derivation in the derivation presented in that presentation.
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3.
(20 points)
Consider the following formula for the first derivative.
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(a)
Write the Taylor series expression for each of the fk terms in this equation and substitute them into the expression to determine the order of the error for this formula.

The general expression for fi+k is taken from slide 10 of the March 16 lecture.
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Writing this expression for k = –2, –1, 1, and 2 (and expanding the remainder terms) gives
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Substituting these series expansions into the proposed expression for the first derivative and collecting common terms gives the following result.
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We see that all the terms in this series, except for the first derivative term and the last term are zero.  We are thus left with
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(b)
Compute the first derivative of ex at x = 0 using this formula for two different step sizes, h = 0.1 and h = 0.05.  Use these results to compute the order of the error.

For h = 0.1:
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Since the exact derivative of ex = ex, which equals 1 for x = 0, the error is 1 – 0.999996662696 = 3.3373x10-6.  For h = 0.5:
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For this step size, the error is 1 – 0.9999997916045 = 2.08395x10-7.  Using these two errors at two different step sizes in the equation for the order from the slope of a log-error versus log-step-size curve gives:
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